PLANE 


LRIGONOMETRY. 


London: C. J. CLAY anv SONS, 
CAMBRIDGE UNIVERSITY PRESS WAREHOUSE, 
AVE MARIA LANE. 


Cambridge: DEIGHTON, BELL AND CO. 
DLeipsig: F. A. BROCKHAUS. 
few Work: MACMILLAN AND CO. 


PLAN E 


TRIGONOMETRY 


BY 


S. L. LONEY, M.A. 


LATE FELLOW OF SIDNEY SUSSEX COLLEGE, CAMBRIDGE, 
PROFESSOR AT THE ROYAL HOLLOWAY COLLEGE. 


CAMBRIDGE: 
AT THE UNIVERSITY PRESS. 
1898 


[All Rights reserved. | 


Cambringe : 
PRINTED BY C. J. CLAY, M.A. AND SONS, 


AT THE UNIVERSITY PRESS. 


PREFACE. 


HE following work will, I hope, be found to be a 
fairly complete elementary text-book on Plane Trigo- 
nometry, suitable for Schools and the Pass and Junior 
Honour classes of Universities. In the higher portion of 
the book I have endeavoured to present to the student, 
as simply as possible, the modern treatment of complex 
quantities, and I hope it will be found that he will have 
little to unlearn when he commences to read treatises of 
a more difficult character. 

As Trigonometry consists largely of formule and the 
applications thereof, I have prefixed (on pages x to xvi) a 
list of the principal formulze which the student should 
commit to memory. These more important formule 
are distinguished in the text by the use of thick type. 
Other formule are subsidiary and of less importance. 

The number of examples is very large. A selection 
only should be solved by the student on a first reading. 
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On a first reading also the articles marked with an 
asterisk should be omitted. 

Considerable attention has been paid to the printing 
of the book and I am under great obligation to the 
Syndics of the Press for their liberality in this matter, 
and to the officers and workmen of the Press for the 
trouble they have taken. 

I am indebted to Mr W. J. Dobbs, B.A., late Scholar 
of St John’s College, for his kindness in reading and 
correcting the proof-sheets and for many valuable sug- 
gestions. 


For any corrections and suggestions for improvement 


I shall be thankful. 
Ss. L. LONEY. 


Royat Hontoway CoLurGs, ~ 
Ecuam, SURREY. 
September 12, 18938. 
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PART I. 


GEOMETRICAL TRIGONOMETRY. 


CHAPTER I. 


MEASUREMENT OF ANGLES, SEXAGESIMAL, CENTESIMAL, 
“AND CIRCULAR MEASURE. 


1. In geometry angles are measured in terms of a 
right angle. This, however, is an inconvenient unit of 
measurement on account of its size. 


2. In the Sexagesimal system of measurement a 
right angle is divided into 90 equal parts called Degrees. 
Each degree is divided into 60 equal parts called 
Minutes, and each minute into 60 equal parts. called 
seconds. : 

The symbols 1°, 1’, and 1” are used to denote a degree, 
a minute, and a second respectively. 

Thus 60 Seconds (60”) make One Minute (1’), 

| 60 Minutes (60’) __,, » Degree (1°), 
and 90 Degrees (90°) __,, , Right Angle. 

This system is well established and is always used in 
the practical applications of Trigonometry. It is not 
however very convenient on account of the multipliers 60 
and 90. 
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~ 3. On this account another system of measurement 
called the Centesimal, or French, system has been 
proposed. In this system the right angle is divided into 
100 equal parts, called Grades; each grade is subdivided 
into 100 Minutes, and each minute into 100 Seconds. 

The symbols 1%, 1’, and 1° are used to denote a Grade, 
a Minute, and a Second respectively. 


Thus 100 Seconds (100") make One Minute (1°), 
100 Minutes (100°) __,, » Grade, (1%), 
100 Grades (1008) ¥ » Right angle. 


- 4, This system would be much more convenient to 
use than the ordinary Sexagesimal System. 
As a preliminary, however, to its practical adoption, a 
large number of tables would have to be recalculated. 
For this reason the system has in practice never been used. 


-§. To convert Sexagesimal into Centesimal Measure, 
and vice versa. 
Since a right angle is equal to 90° and also to 1008, we 
have | | 


90° = 1008. 
> _ 10° 2 
= and =F). 


Hence, to change degrees into grades, add on one- 
ninth ; to change grades into degrees, subtract one-tenth. 


Ex, 36° = (36 “ x 36) = 40s, 
d ote (64-2. x64) =(64—6°4)°=57°6° 
an a ~ 710% ? =( _ ) = « 


If the angle do not contain an integral number of 
degrees, we may reduce it to a fraction of a degree and 
then change to grades. 
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In practice it is generally found more convenient to 
reduce any angle to a fraction of a right angle. The 
method will be seen in the following examples ; 


Ex. 1. Reduce 63°14’ 51” to Centesimal Measure. 
17’ 


We have 51 = 96 = 85’, 
* ie) 
and 14’ 51’= 14°85’ = ne = *2475°, 
63°2475 


63° 14! 51" = 63-2475° = gy tt angle 
= ‘70275 rt. angle 
= 70-2758 = 708 27:5 = 708 27° 50°. 
Ex. 2. Reduce 94%23' 87" to Sexagesimal Measure. 
946 23° 87" = 942387 right angle 


90 
84°81483 degrees 


____ 60 
48-8898 minutes _ 


60 
53-3880 seconds 


“, 948 23° 87° =84° 48’ 53-388”. 


6. Angles of any size. 
Suppose AOA’ and BOB’ to be two fixed lines meeting 
at right angles in O, and suppose 
a revolving line OP (turning about ee een 
a fixed point at QO) to start from 
OA and revolve in a direction 


Pp 
opposite to that of the hands of a a‘ Eins 
a CAN 
| Pg P4 

B’ 


For any position of the re- 
volving line between OA and OB, 
such as OP,, it will have turned 
through an angle AOP,, which is less than a right angle. 
1—2 
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For any position between OB and OA’, such as OP,, 
the angle AOP, through which it has turned is greater 
than a right angle. 

For any position OP;, between OA’ and OB’, the 
angle traced out is AOP;, ie. AOB+ BOA'+ A’OPs, we. 
2 right angles + A’OP;, so that the angle described is 
greater than two right angles. 

For any position OP,, between OB’ and OA, the angle 
turned through is similarly greater than three right angles. 

When the revolving line has made a complete revo- 
lution, so that it coincides once more with OA, the angle 
through which it has turned is 4 right angles. 

If the lme OP still continue to revolve, the angle 
through which it has turned, when it is for the second 
time in the position OP,, is not AOP, but 4 right angles 
+ AOP,. 

Similarly when the revolving line, having made two 
complete revolutions, is once more in the position OP,, 
the angle it has traced out is 8 right angles + AOP,, 


7. If the revolving line OP be between OA and OB 
it is said to be in the first quadrant; if 1t be between OB 
and OA’ it is in the second quadrant; if between OA’ and 
OB’ it is in the third quadrant; if it is between OB’ and 
OA it is in the fourth quadrant. 


8. Ex. What is the position of the revolving line when it has turned 
through (1) 225°, (2) 480°, and (3) 1050° ? 

(1) Since 225°=180°+45°, the revolving line has turned through 
45° more than two right angles and is therefore halfway between OA’ 
and OB’, 

(2) Since 480°=360° + 120°, the revolving line has turned through 
120° more than one complete revolution, and is therefore between OB 
and OA’, and makes an angle of 30° with OB. 
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(3) Since 1050° =11 x 90° + 60°, the revolving line has turned through 
60° more than eleven right angles and is therefore between OB’ and OA 
and makes 60° with OB’. 


EXAMPLES. 1. 


Express in terms of a right angle the angles . 


1, 60°. Q. 75°15’. 3, 638°17' 25”. 
4, 130° 30’. 5, 210° 30’ 30”. 6, 370° 20 48”. 
Express in grades, minutes, and seconds the angles 
7, 30°. -8. 81°. 9, 138° 30’. 10, 35° 47/15”. 
11, 235° 12’ 36”. 12, 475° 13" 48”, 


Express in terms of right angles and also in degrees, minutes, and 
seconds the angles 


13, 1208. 14, 45835° 24". 15. 39845' 36". 
16, 2552 48° 81”. 17, 7598 45° 60". 


Mark the position of the revolving line when it has traced out the 
following angles: 


18. : right angle. 19, 34 right angles, 20. 181 right angles. 
21, 120°. 29, 315°. 93, 745°. 24, 1185°. 95, 1508, 
26. 4208 27, 8758. 


28. How many degrees, minutes and seconds are respectively passed 
over in 11} minutes by the hour and minute hands of a watch ? 


29, The number of degrees in one acute angle of a right-angled 
triangle is equal to the number of grades in the other; express both the 
angles in degrees. 


30. Prove that the number of Sexagesimal minutes in any angle is 
to the number of Centesimal minutes in the same angle as 27:50. | 


31. Divide 44°8’ into two parts such that the number of Sexagesimal 
seconds in one part may be equal to the number of Centesimal seconds in 
the other part. 


Circular Measure. 


9. A third system of measurement of angles has 
been devised, and it is this system which is used in all 
the higher branches of Mathematics, 
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The unit used is obtained thus; 

Take any circle APBB’, whose centre is O, and from 
any point A measure off an arc 
AP whose length is equal to the 
radius of the circle. Join OA and 
OP. 

The angle AOP is the angle 
which is taken as the unit of cir- 
cular measurement, 2.e. it is the 
angle in terms of which in this 
system we measure all others. 

This angle is called A Radian and is often denoted 
by 1°. 


10. It is clearly essential to the proper choice of a 
unit that it should be a constant quantity; hence we must 
shew that the Radian is a constant angle. This we shall 
do in the following articles. 


11. Theorem. The length of the circumference of a 
circle always bears a constant ratio to tts diameter. 


Take any two circles whose common centre is O. In 
the large circle inscribe a regular | 
polygon of nm sides, ABCD.... = 
Let OA, OB, OC,... meet the OOS c 
smaller circle in the points a, 0, Zt 
¢, d... and join ab, be, ed,.... za 
Then, by Euc. vi. 2, abcd... is 


a regular polygon of n sides in- 
seribed in the smaller circle. 


Since Oa = Ob, and OA = OB, 
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the lines ab and AB must be parallel, and hence 
(Hue. VI, 4), 
Also the polygon ABCD... being regular, its perimeter, 


ze. the sum of its sides, is equal to n. AB. Similarly for 
the inner polygon. 

Hence we have 
Perimeter of the outer polygon ».AB AB OA 
Perimeter of the inner polygon n.ab ab Oa 


This relation exists whatever be the number of sides 
in the polygons. 

Let then the number of sides be indefinitely increased 
(z.e. let » become inconceivably great) so that finally the 
perimeter of the outer polygon will be the same as the 
circumference of the outer circle, and the perimeter of the 
inner polygon the same as the circumference of the inner 
circle. 

The relation (1) will then become 

Circumference of outer circle OA 
Circumference of inner circle Oa 
Radius of outer circle 
~ Radius of inner circle ’ 
Circumference of outer circle 
Radius of outer circle 
Circumference of inner circle 
Radius of inner circle 
Since there was no restriction whatever as to the sizes 
of the two circles, it follows that the quantity 
Circumference of a circle 
Radius of the circle 
is the same for all circles. 


Hence 
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Hence the ratio of the circumference of a circle to its 
radius, and therefore also to its diameter, is a constant 
quantity. | 


12. In the previous article we have shewn that the 

ratio Cre is the same for all circles. The value 
Diameter 

of this constant ratio is always denoted by the Greek 


letter 7 (pronounced Pi), so that a is a number. 


Hence ~ Circumference _ the constant number 7. 
Diameter | 

We have therefore the following theorem; The cir- 

cumference of a circle is always equal to 7r times 


its diameter or 27 times its radius. 


13. Unfortunately the value of 7 is not a whole 
number, nor can it be expressed in the form of a vulgar 
fraction, and hence not in the form of a decimal fraction, 
terminating or recurring. 

The number 7 is an incommensurable magnitude, we. a 
magnitude whose value cannot be exactly expressed as the 
ratio of two whole numbers. 

Its value, correct to 8 places of decimals, is 


3°14159265.... 


The fraction = gives the value of 7 correctly for the 


7 
; 22 2 
first two decimal places; for 7 3°14285.. 


aa 


The paetion is a more accurate value of 7 being 
355 


correct to 6 places of decimals; for i137 3°14159208.. 
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[N.B. The fraction - may be remembered thus; write down the 
first three odd numbers repeating each twice, thus 113356; divide the 
number thus obtained into portions and let the first part be divided into 
the second, thus 113) 355(. 


The quotient is the value of 7 to 6 places of decimals.] 
To sum up. An approximate value of 7, correct 


to 2 places of decimals, is the fraction “2 5 a more 


accurate value is 3°'14159.... 
By division we can shew that 


1 _ 3183098862... 
vin 


14. Ex. 1. The diameter of a tricycle wheel is 28 inches; through 
what distance does.its centre move during one revolution of the wheel? 
The radius 7 is here 14 inches. | 
The circumference therefore = 2.7 .14=287 inches. 
‘ 22 
Taking 7+ =e 


2 ; : 
the circumference = 28 x - inches=7 ft. 4 inches ap- 


proximately. 
Giving w the more accurate value 3‘14159265... the circumference 


= 28 x 3°14159265... inches =7 ft. 3°96459... inches. 


Bx. 2. What must be the radius of a circular running path, round 
which an athlete must run 5 times in order to describe one mile ? | 


ax 1760, i.e. 852, yards. 


Henee, if 7 be the radius of the path in yards, we have 27r=352, 
16 
“ vis 
176 x7 
22 


The circumference must be 


1.€, 7 yards. 


Taking r= = , we have r= = 56 yards nearly. 


1 
Taking the more accurate value — ‘31831, we have 


r=176 x ‘31831 = 56:02256 yards. 
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EXAMPLES. II. 


1, If the radius of the earth be 4000 miles, what is the length of its 
circumference? 


2, The wheel of a railway carriage is 3 feet in diameter and makes 
3 revolutions in a second; how fast is the train going? 


3. A mill sail whose length is 18 feet makes 10 revolutions per 
minute. What distance does its end travel in an hour? | 


4, The diameter of a halfpenny is an inch; what is the length of a 
piece of string which would just surround its curved edge? 


5, Assuming that the earth describes in one year a circle, of 
92500000 miles radius, whose centre is the sun, how many miles does the 
earth travel in a year? 


6. The radius of a carriage wheel is 1 ft. 9 ins,, and it turns 
through 80° in sth of a second; how many miles does the wheel travel in 


one hour? 


15. Theorem, The radian ts a constant angle. 


Take the figure of Art. 9. Let the arc AB be a 
quadrant of the circle, ze. one quarter of the circum- 
ference. 


By Art. 12, the length of AB is therefore 7 > where 7 


is the radius of the circle. 

By Euce. vi. 33, we know that angles at the centre of 
any circle are to one another as the arcs on which they 
stand. 


Hence ZAOP arcAP  r_2 
: ZAOB arcAB a9. 7’ 
— . 
9 
be. £AOP ==. Z AOB. 


But we defined the angle "AOP to be a Radian. 


THE RADIAN. ll 


e 


.ZAOB 


Hence a Radian = 


| dS 3 | bo 


Xa right ‘le, 
= a right angle 


Since a right angle is a constant angle and since we 
have shewn (Art. 12) that 7 is a constant quantity, 16 
follows that a Radian is a constant angle, and is therefore 
the same whatever be the circle from which it is derived. 


16. Magnitude of a Radian. 


By the previous article a radian 


2 | _ 180° 
=e right angle = — 
180 = 57 2957795" 


~ 314159265... 
= 57°17’ 448" nearly. 


17. Since a Radian == xa right angle, 


therefore a right angle = 5 . radians, 


so that 180° = 2 right angles = 7 radians, 
and 360°=4 right angles = 27 radians. 

Hence when the revolving line (Art. 6) has made a 
complete revolution it has described an angle equal to 
2a radians; when it has made three complete revolutions 
it has described an angle of 67 radians; when it has made 
n revolutions it has described an angle of 2n7 radians. 


? 


18. In practice the symbol “c” is generally omitted 
and instead of “an angle 7°” we find written “an 
angle 7.” 
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The student must notice this point carefully. If the 
unit, in terms of which the angle is measured, be not 
mentioned, he must mentally supply the word “radians.” 
Otherwise he will easily fall into the mistake of supposing 
that a stands for 180°. It is true that 7 radians (7°) 1s 
the same as 180°, but 7 itself is a number, and a number 
only. 


19. To convert circular measure into sexagesimal 
measure or centesumal measure and vice versa. 

The student should remember the relations, 

Two right angles = 180° = 200% = 7 radians. 

The conversion is then merely Arithmetic. 


Ex. (1) *45re°= -45 x 180°=81°= 908. 


(2) ae 180° = 2 x 2008. 
T Tv T 
(3) 40° 15’ 36” = 40° 153’ = 40-26° 
= 40°26 x im 29360 radians. 


(4) 402 15° 36° = 40°15368 = 40-1536 x sa radians 
= ‘2007687 radians. 
20. Ex.1. The angles of a triangle are in a. P. and the number of 


grades in the least is to the number of radians in the greatest as 40: 7; 
Jind the angles in degrees. 


Let the angles be (#—y)°, 2°, and (#+y)°. 
Since the sum of the three angles of a triangle is 180°, we have 
180=2-y+u+xr+y=3s3z, 
so that x= 60. 
The required angles are therefore 
(60-y)°, 60°, and (60+4)°, 


Now (60 —y)°=7 x (60—y), 


and (60+ y)°= x (60+ y) radians. 


60 
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Hence > (60-9) : jap (00+) 2: 40 : 2, 
a OS 
wr 6O+y m7’ 
1.€. 5 (60—-y)=60+y, 
4.€. y = 40. 


The angles are therefore 20°, 60°, and 100°. 


— Bx. 2. Hapress in the 3 systems of angular measurement the magni- 
tude of the angle of a regular decagon. 


The corollary to Hue. I. 32 states that all the interior angles of any 
rectilinear figure together with four right angles are equal to twice as 
many right angles as the figure has sides. 

Let the angle of a decagon contain « right angles, so that all the 
angles are together equal to 10x right angles. 

The corollary therefore states that 


10% +4= 20, 
Bx 
so that w= 5 right angles. 


But one right angle 
= 90° = 1008 = 5 radians. 
Hence the required angle 


=144°=1608= 7 radians. 


EXAMPLES. IIT. 


Express in degrees, minutes, and seconds the angles, 


1° 4c : e 
1. 3° 2. 3° 3. 107°. 4, 1°. 5 Bo 
Eixpress in grades, minutes, and seconds the angles, 
Ane T1e : 
6. fs e 7. e . 8. 107 ° 
Express in radians the following angles: | 
9, 60°. 10. 110°30’. 1], 175° 45’. 12. 47° 25’ 36”. 


18. 395°. 14, 608. 15, 110830°. 16, 345825 36°. 
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17. The difference between the two acute angles of a right-angled 


. 2 ek 
triangle is BT radians; express the angles in degrees. 


‘ . 3 
18, One angle of a triangle is “ grades and another is 5x degrees, 
TX 


75 radians ; express them all in degrees. 
v0 : 


19. The circular measure of two angles of a triangle are respectively 


whilst the third is 


1 1 , ; : 
5 and 3) what is the number of degrees in the third angle? 

90. The angles of a triangle are in a. Pe. and the number of degrees 
in the least is to the number of radians in the greatest as 60 to 7; find 
the angles in degrees. 

91. The angles of a triangle are in 4, Pp. and the number of radians 
in the least angle is to the number of degrees in the mean angle as 1: 120. 
Find the angles in radians. 

99. Find the magnitude, in radians and degrees, of the interior 
angle of (1) a regular pentagon, (2) a regular heptagon, (3) a regular 
octagon, (4) a regular duodecagon, and (5) a regular polygon of 17 sides. 

23. The angle in one regular polygon is to that in another as 3: 2; 
also the number of sides in the first is twice that in the second; how 
many sides have the polygons? 

94, The number of sides in two regular polygons are as 5: 4, and 
the difference between their angles is 9°; find the number of sides in 
the polygons. 

25. Find two regular polygons such that the number of their sides 
may be as 3 to 4 and the number of degrees in an angle of the first to the 
number of grades in an angle of the second as 4 to 5. 

26. The angles of a quadrilateral are in a. Pp. and the greatest s 
double the least; express the least angle in radians. 

27, Find in radians, degrees, and grades the angle between the 
hour-hand and the minute-hand of a clock at (1) half-past three, 
(2) twenty minutes to six, (3) a quarter past eleven. 


21. Theorem. The number of radians wm any angle 
whatever is equal to a fraction, whose numerator is the arc 
which the angle subtends at the centre of any circle, and 
whose denominator is the radius of that circle. 
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Let AOP be the angle which has been described by a 
line starting from OA and revolv- | 
ing into the position OP. iy . 

With centre O and any radius 
describe a circle cutting OA and A 
OP in the points A and P. 

Let the angle AOB be a radian, 
so that the arc AB is oe to the 
radius OA. 

By Eue. vi. 33, we ws 

ZAOP  ZAOP arc AP _ arc AP 
A Radian ZAOB arc AB Radius ’ 
so that ZAOP = 82 4AP 4 Radian, 
Radius 


Hence the theorem is proved. 


22. Ex.1. Find the angle subtended at the centre of a circle of 
radius 3 feet by an are of length 1 foot. 
. : 1 
The number of radians in the angle = Sawer een 
radius 3 
Hence the angle 
fe ete ee ee er _ 2 6. A00" . sarunle 
= radian = oe right angle = 37 * oOF = —— =19 
; 22 
taking a equal to 7: 


Ex. 2. Inacircle of 5 feet radius what is the length of the are which 
subtends an angle of 33°15’ at the centre ? 


If x feet be the required length, we have 


= =number of radians in 33° 15’ 


oe 
= T9897 (Art. 19). 
_188 
~ 720" | 
133 133 22 
_€=7qyt w feet = ia * 7 feet nearly 


= 285 feet nearly. 
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Ex. 3. Assuming the average distance of the earth from the sun to be 
92500000 miles, and the angle subtended by the sun at the eye of a person 
on the earth to be 32’, find the sun’s diameter. 


Let D be the diameter of the sun in miles. 

The angle subtended by the sun being very small, its diameter is very 
approximately equal to a small arc of a circle whose centre is the eye of 
the observer. Also the sun subtends an angle of 32’ at the centre of this 
circle. : 

Hence, by Art. 21, we have 


D e e , 
§9500000 =the number of radians in 32 
8° 
=the number of radians in ig 
3° | um _ on 
—15 * 180 675° 
185000000 . 
=—75 a miles 


_ 185000000 x ae miles approximatel 
=~ BiB 7 PP 


=about 862000 miles. 


Ex. 4. Assuming that a person of normal sight can read print at such 
a distance that the letters subtend an angle of 5’ at his eye, find what is 
the height of the letters that he can read at a distance (1) of 12 feet, and 
(2) of a quarter of a mile. 

Let x be the required height in feet. 

In the first case, « is very nearly equal to the are of a circle, of radius 
12 feet, which subtends an angle of 5’ at its centre. : 


Hence j= number of radians in 5’ 
gota 
= 73 * 180 
 g=-— feet = Fea x 2 feet nearly 


180 180 7 


1 22, 1. 
=F x 7 inches = about F inch. 


MEASUREMENT OF ANY ANGLE IN RADIANS. 17 


In the second case the height y is given by 


Gay rg = BUmber of radians in 5’ 
> oe T 
12 * 180’ 
11 11 22 


so that feet nearly 


ae alam Tolar 
= about 23 inches. 


EXAMPLES. IV. 


1, Find the number of degrees subtended at the centre of a circle by 
an are whose length is ‘357 times the radius, taking 7 =3-1416. 


9, lxpress in radians and degrees the angle subtended at the centre 
of a cirele by an are whose length is 15 feet, the radius of the circle 
being 25 feet. 

8. The value of the divisions on the outer rim of a graduated circle 
is 5’ and the distance between successive graduations is ‘1 inch. Find 
the radius of the circle. 

‘4, The diameter of a graduated circle is 6 feet and the graduations 
on its rim are 5’ apart; find the distance from one graduation to 
another. 

5, Find the radius of a globe which is such that the distance between 
two places on the same meridian whose latitude differs by 1°10’ may be 
half-an-inch., | 

6, Taking the radius of the earth as 4000 miles find the difference 
in latitude of two places, one of which is 100 miles north of the other. 

7, Assuming the earth to be a sphere and the distance between 
two parallels of latitude, which subtends an angle of 1° at the earth’s 
centre, to be 691 miles, find the radius of the earth. 

8. The radius of a certain circle is 3 feet; find approximately the 
length of an arc of this circle, if the length of the chord of the are be 
3 feet also. 

9, What is the ratio of the radii of two circles at the centre of which 
two ares of the same length subtend angles of 60° and 75°? 


10. If an are, of length 10 feet, on a circle of 8 feet diameter 
subtend at the centre an angle of 1438°14'22”; find the value of r 
to 4 places of decimals. 


2: 2 
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11, Ifthe circumference of a circle be divided into 5 parts which are 
in a.p., and if the greatest part be 6 times the least, find in radians 
the magnitudes of the angles that the parts subtend at the centre of the 
circle. 


12, The perimeter of a certain sector of a circle is equal to the length 
of the arc of a semicircle having the same radius; express the angle of 
the sector in degrees, minutes, and seconds. 


13. At what distance does a man, whose amenv is 6 feet, subtend an 
angle of 10’? 


14, Find the length which at a distance of one mile will subtend 
an angle of 1’ at the eye. 


15. Find approximately the distance at which a globe, 54 inches in 
diameter, will subtend an angle of 6’. 


16. Find approximately the distance of a tower whose height is 
51 feet and which subtends at the eye an angle of 5,3’. 


17. Achurch spire, whose height is known to be 45 feet, subtends 
an angle of 9’ at the eye; find approximately its distance. 


18, Find approximately in minutes the inclination to the horizon of 
an incline which rises 34 feet in 210 yards, 


19. The radius of the earth being taken to be 3960 miles, and the 
distance of the moon from the earth being 60 times the radius of the 
earth, find approximately the radius of the moon which subtends at the 
earth an angle of 16’. 


20. When the moon is setting at any given place the angle that is 
subtended at its centre by the radius of the earth passing through the given 
place is 57’. If the earth’s radius be 3960 miles, find approximately the 
distance of the moon. 


21. Prove that the distance of the sun is about 81 million geo- 
graphical miles, assuming that the angle which the earth’s radius 
subtends at the distance of the sun is 8°76”, and that a geographical 
mile subtends 1’ at the earth’s centre. Find also the circumference and 
diameter of the earth in geographical miles. 

22, The radius of the earth’s orbit, which is about 92700000 miles, 
subtends at the star Sirius an angle of about -4”; find roughly the 
distance of Sirius, 


CHAPTER IL. 


TRIGONOMETRICAL RATIOS FOR ANGLES LESS THAN 
A RIGHT ANGLE, 


23. IN the present chapter we shall only consider 
angles which are less than a right angle. 

Let a revolving line OP start from OA and revolve 
into the position OP, thus tracing out 
the angle AOP. 

In the revolving lme take any 
point P and draw PM perpendicular 
to the initial line OA. Oo a 

In the triangle MOP, OP is the 
hypothenuse, PI is the perpendicular, and OM is the base. 

The trigonometrical ratios, or functions, of the angle 
AOP are defined as follows; 
ap , be. aa , Is called the Sine of the angle AOP; 


OM . Base 


P 


OP” Le. Hyp.’ ” » Cosine 5 | %9 
a4 1.6. a , * » Tangent sped 3 
es , we. — : , ,  Cotangent 5 2 
, we. an me . ,»  Cosecant 3 »9 
-_ Ue. ae. us 5»  Secant ‘5 ” 
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The quantity by which the cosine falls short of unity, 
z.e. 1—cos AOP, is called the Versed Sine of AOP;; also 
the quantity 1—sin AOP, by which the sine falls short of 
unity, is called the Coversed Sine of AOP. 


24. It will be noted that the trigonometrical ratios 
are all numbers. 

The names of these eight ratios are written, for 
brevity, | 
sin AOP, cos AOP, tan AOP, cot AOP, cosec AOP, 
sec AOP, vers AOP, and covers AOP respectively. 

The two latter ratios are seldom used. 


25. It will be noticed, from the definitions, that the 
cosecant is the reciprocal of the sine, so that 
a 
sin AOP © 
So the secant is the reciprocal of the cosine, 2.¢. 
| 1 
cos A OP’ 
and the cotangent is the reciprocal of the tangent, 1. 


1 
tan AOP’ 


cosec AOP = 


sec AOP = 


cot AOP = 


26. To shew that the trigonometrical ratios are always 
the same for the same angle. 

We have to shew that if in 
the revolving line OP any other 
point P’ be taken and P’M' be 
drawn perpendicular to OA, the 
ratios derived from the triangle 
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OP’M’ are the same as those derived from the triangle 
OPM. | 

In the two triangles the angle at O is common, and 
the angles at Mand M’ are both right angles and there- 
fore equal. | 

Hence the two triangles are equiangular and therefore, 
MP MP 
OP OP’ 
AOFP is the same whatever point we take on the revolving 
line. 

Since, by the same proposition, we have 

OM OW, MP_ MP 


OP = of ™* o= OF? 


it follows that the cosine and tangent are the same 
whatever point be taken on the revolving line. Similarly 
for the other ratios. 


by Euc. vi. 4, we have == z.€. the sine of the angle 


If OA be considered as the revolving line and in it be taken any 
point P” and P’M” be drawn perpendicular to OP, the functions as 
derived from the triangle OP’ M" will have the same values as before. 

For, since in the two triangles OPM and OP’M”", the two angles 
P"OM" and OM"P" are respectively equal to POM and OMP, these 
two triangles are equiangular and therefore similar, and we have 


MP" _MP 14 OM" _OM 
OP” ~ OP’ OP" OP’ 


27. Fundamental relations between the trigonometrical 
ratios of an angle. 

We shall find that if one of the trigonometrical ratios 
of an angle be known, the numerical magnitude of each of 
the others is known also. 

Let the angle AOP (Fig., Art. 23) be denoted by 0. 

In the triangle AOP we have, by Huc. 1. 47, 

MPP OM? 0 Po cavesaaasiiee ...(1). 
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Hence, dividing by OP?, we have 


(op) * (op) = 
1.0, (sin 6)? + (cos 6) = 1, 


The quantity (sin @)? is always written sin? @ and so for 
the other ratios. 
Hence this relation is 


sin?@ + cos’? =1............00c0ee (2). 
Again, dividing both sides of equation (1) by OM?, we 


have 
MP\? OP\? 
(om) +1= (om) - 
1.8. (tan 0)? + 1 =(sec 6), 
so that sec?O = 1+ tam? ........c ce cceee (3). 
Again, dividing equations (1) by MP? we have 
OM OP\? 
1+ (arp) = (zp) 
1.0. 1 + (cot 0)? = (cosec 0, 
so that cosec’@ = 1 + cot’?é. pdasemees (4). 


Also, since sin @ = HP and cos 6 = OM 


OP OP’ 
sn@ MP | OM MP 


we have cos 8 OP 7 OP = OM = tan 6. 
Hence tan 6 = a (5). 
cos@ 
cos § 


Sinilarly , cot = a a (6). 
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28s. Ex.1. Prove that ye =cosec A —cot A. 
1+ cos A 


Wolaver * eS cos A _ Ry ua (L—cos 4)? 
1+cosd~ ‘1 —cos? 4 
1—cos A ah cos A 
ae Fis coz A sind 


? 


by relation (1) of the last article, 


= 1 _ cos A 
“gin Ad sin A 


=cosec d - cot A. 


Ex. 2. Prove that 


sec? A -+cosec? A=tan A+cot A. 
We have seen that sec? d=1+ tan? 4, 
and. cosec? dA =1+ cot? A. 


*, sec? 4 + cosec? 4d = tan? 4 +2+cot? A 
=tan? 4 +2 tan A cot 4A + cot? 4 


=(tan A +cot A)?, 


so that A sec? A +cosec? A =tan 4+ cot A. 


Ex. 3. Prove that 
(cosec A — sin A) (sec A —cos A) (tan A+cot A)=1. 


The given expression 


= 1 nA 1 re sin A | cos 4 | 
~\snd >" cosa” cos A sin A 


_1-sin?4 1-cos?d_ sin? A+cos? A 
~ gind ° eosdA “° sindAcosd 


cos? Asin? d 1 
~ gind ° cosd * sin A cos A 


=o I 


23 
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EXAMPLES. V. 


Prove the following statements. 


i; 
2. 


12. 
13. 
14, 


15. 


16. 
17. 


cos* A —sin* A +1=2 cos? A. 
(sin A + cos A) (1—sin A cos A) =sin? A + cos? A. 


sin A 1+cos A 


cess sin 4 pie eoneee. 


cos® A+sin® 4-1-8 sin? 4 cos? A, 


1-—sin A. 
OT A=4F A. 
Mien 


cosec A cosec A 


pees ae = 2 sec? A. 
cosec Ad-1 cosecA+1 ss 
cosec A Sixey 
cot A4+tan A : 
(sec A-+cos A) (sec A — cos A)=tan? A+sin? 4. 
: =sin A cos A 
cot A+tan A ° 
1 
=see 4d+tan A, 


sec 4 —tan dA 


l-tand_ cotA-1 
1+tan A cotA4+1° 


1+ tan? 4 _ sin? A 
1+ cot?4 ~~ cos? A° 


sec 4 — tan A 


OO _— 2 e 
ora eae 1-2 sec A tan A +2 tan? A 


tan A cot A 


ie a d cosec A +1. 


cos A sin 4 


Toten © tears 


=sin 4+cos A. 


(sin A+ cos A) (cot A + tan A) =see A + cosec A. 


sec? A — sec? 4 = tan’ 4+ tan? A, 
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18. 
19, 
20. 
il, 
22. 


23. 
24, 


25. 


26, 


27. 
28. 


29, 


30, 
dl. 


32. 
33. 


34. 
35. 


cot? A + cot? A =cosec* A — cosec? A. 
r/cosec? 4 —1= cos A cosec A. 

sec? A cosec? A = tan? A + cot? A +2. 

tan? A — sin? A =sin‘ A sec? A. 

(1+ cot A —cosec A) (1+ tan A+sece A)=2. 


1 ee 1 
cosecA—cotd sinA sind cosecd+cotA’ 


cot A cos A _ cot A --cos A 
cot A+cosA  ecotAcosd ~ 


cot 4 +tan B 
—_—_———. = cot A tan B. 
cot B+tan A 
1 fe 1 Pe re 1 — cos? a sin? a 
es a ee AEST ScRe ERS ae aE a OS Seo 
sec?a—Cos?a  cosec*a—sin? a 2 4+- Gos? a sin? a 


sin® A — cos® A = (sin? A — cos? A) (1 — 2 sin? A cos? 4), 


cos A cosec 4 —sin A sec A 


. = cosec A — sec A, 
cos 4+ sin A 


tanA+secd—-1 1+sin A 
tan A—secd+1  cosdA ° 


(tan a+ cosec 8)? — (cot B — sec a)*= 2 tan a cot B (cosec a+ sec f). 
2 sec? a — sect a — 2 cosec? a + cosec! a= cot? a — tan‘ a. 


1—sin 4 
aa 1+2 tan A (tan A —sec 4). 
(cosec 4 + cot A) covers A — (sec A +tan A) vers A 

= (cosec 4 — sec A) (2— vers A covers A). 


sec A cosec A 


1+cot A+tan A) (sin A — Ei Sh RISO 
(1+cot 4+ tan A) (sin 4 —cos A) SW Beare a 


2 versin A+ cos? A =1+Vversin? A. 


29. Limits to the values of the trigonometrical ratios. 


From equation (2) of Art. 27 we have 


sin?@ + cos?6 = 1. 
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Now sin?@ and cos’0, being both squares, are both 
necessarily positive. Hence, since their sum is unity, 
neither of them can be greater than unity. 


[For if one of them, say sin? 0, were greater than unity, the other, 
cos? 6, would have to be negative, which is impossible. ] 


Hence neither the sine nor the cosine can be numeri- 
cally greater than unity. 
Since sin 8 cannot be greater than unity therefore 


1 ; 
cosec 0, which equals ao? cannot be numerically less 


than unity. — 
1 
cos 0’ 


So sec @, which equals cannot be numerically 


less than unity. 


30. The foregoing results follow easily from the figure 
of Art. 23, 

For, whatever be the value of the angle AOP, 
neither the side OM nor the side MP is ever greater 
than OP. 

: _ MP. 

Since MP is never greater than OP the ratio op 8 
never greater than unity, so that the sine of an angle is 
never greater than unity. 


Also since OM is never greater than OP, the ratio ae 


is never greater than unity, 2.e. the cosine is never greater 
than unity. 


31. We can express the trigonometrical ratios of an ~ 
angle in terms of any one of them. 
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The simplest method of procedure is best shewn by 
examples. 


Ex. 1. To express all the trigono- 
metrical ratios in terms of the sine. 

Let AOP be any angle 6. 

Let the length OP be unity and let 
the corresponding length of MP be s. 


By Eue. 1. 47, OM =VOP?— MP? =V1— 8°. 


‘ MP ss 
Hence sin 0 =p =7=5, 
eae “aie gs =V1—sin?6, 
OP 
ne MP s sin @ 
oe ~ OM vies ~ V/1—sin26’ 
OM _V1-8 1 —sin2@ 
ue. MP” 5s sind ”’ 
rr eae ae I 
MP sin @’ 
and er Pe ee i 


OM V{—s Vi—sin?d’ 
The last five equations give what is required. 


Ex. 2. 10 express all the trigonometrical relations v m 
terms of the cotangent. 


Taking the usual figure let the 
length MP be unity, and let the corre- 
sponding value of OM be a. 

By Hue. 1. 47, 


OP =V0M? + MP =V1+ 22 
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OM « 
Hence cot 0 = WP 71>” 
sin 9 — UF _ l eee re 
OP Vi+a2 V1+4 cot?@’ 
cos G OL et 
OP Vi+a 14 cot?d’ 
MP 1 1 
Cane Ma cor! 
seo Ga OP LVI te _ V1 + cot?? 
; OM « = eot@ ’ 
and cosec g= OF VE _ Vireo 


The last five equations give what is required. 
It will be noticed that, in each case, the denominator 
of the fraction which defines the trigonometrical ratio was 


taken equal to unity. For example, the sine is see and 


OP? 
hence in Ex. 1 the denominator OP is taken equal to 
unity. 

M 
MP’ and hence in Ex. 2 the side MP 
is taken equal to unity. 

Similarly suppose we had to express the other ratios 
in terms of the cosine, we should, since the cosine is equal 


The cotangent 1s : 


to S , put OP equal to unity and OM equal toc. The 


working would then be similar to that of Exs. 1 and 2. 
In the following examples the sides have numerical 
values. 
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Ex. 3. If cos 6 equal :@ jind the values of the other ratios. 


Along the initial line OA take OM equal to 3, and erect a perpen- 
dicular MP. 

Let a line OP, of length 5, revolve round O until its other end meets 
this perpendicular in the point P. Then AOP is the angle @. 


By Eue.1.47, MP=,/O0P?- 0OM?=,/5?-32=4. 


Hence clearly 


Qo] 
we) 


, cotd=-, nee ee and ee 


tan @= i 5 


. 4 
sin O=F 


a 


: ee | : 
Ex. 4. Supposing 6 to be an angle whose sine is 5: to find the numert- 


cal magnitude of the other trigonometrical ratios. 


1 é ; 
Here sin O=3, so that the relation (2) of Art. 27 gives 


L\4 P 
@ +cos* @=1, 


1.€. cos? @=1-—-=-— 


1.€. cos @= 


Hence tan d= 


1 = 2y? 
Gos 6 =a a= ; 


2/2 


vers 6=1-cosd=1-—)-, 


sec @= 


and covers @=1~-sin 0=1-5=4. 
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EXAMPLES. VI. 


1. Express all the other trigonometrical ratios in terms of the cosine. 
2. Express all the ratios in terms of the tangent. 

3. Express all the ratios in terms of the cosecant. 

4, Express all the ratios in terms of the secant. 

5. The sine of a certain angle is a3 find the numerical values of the 


other trigonometrical ratios of this angle. 


6. If sin <7 , find tan 6 and versin @. 


7, If sin day find tan A, cos A, and sec A. 


8, If cos 0=5 , find sin 6 and cot 6. 


Lg 


9, If cos A=, find tan A and cosec 4. 


3 : ; ‘ 
10. Iftan O=7; find the sine, cosine, versine and cosecant of @. 


, 29. 2 
: find the value of concede eee’ 


Thy te ee 7 cosed? 6+ sec? 0" 


12. If cot é ==, find cos 6 and cosec 6, 


18, If seod=5, find tan A and cosec A. 


14, If2sin 6=2~—cos 0, find sin @. 
' 15, If8siné=4+cos 8, find sin @. 
416. Iftan@+sec6@=1'5, find sin @. 
17, If cot @+cosec 6=5, find cos @. 
18. If 3 sect#?+8=10 sec? 6, find the values of tan 0. 
19, If tan?@+secé=5, find cos @. 
90, If tané+cot @=2, find sin 6. 
91, If sec?@=2+42 tan @, find tan @. 
2a (% +1) 


93. If tan @= Qa 1 


, find sin @ and cos 6. 
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Values of the trigonometrical ratios in 
some useful cases. 


33. Angle of 45°. 


| Let the angle AOP traced out Z 
be 45°. 
Then, since the three angles of 
a triangle are together equal to 
two right angles, oo 


ZOPM=180°—2Z POM-—2zPMO 
= 180° — 45° — 90° = 45° = 2 POM. 
“. OM = MP =a(say), 


and OP =VO0OM? + MP? = 2.4. 
a a 
“. sin 45 OP = gag a 
> OM a _1 
cos 45 ~ OP V2.a 2’ 
and. tan 45° = 1. 


34. Angle of 30°. 

Let the angle AOP traced 
out be 80°. 
Produce PM to P’ making 

MP’ equal to PM. a 

The two triangles OMP and Se 
OMP’ have their sides OM and : ee 
MP’ equal to OM and MP and “Sp? 
also the contained angles equal. 

Therefore OP’= OP, and 20P’P = z OPP’ = 60°, so 
that the triangle P’OP is equilateral. 
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Hence OP? = PP? =4PM = 40P? — 4a?, 
where OM equals a. 


', BOP? = 4a?, 
so that OP ==, and MP=40P = *. 
sin 30 =i <5 
cos 30° =" = aoe 
and tan 30° = oo ~ a3: 


35. Angle of 60°. 

Let the angle AOP traced 
out be 60°. 

Take a point V on OA, so 
that 

MN = OM =a (say). 

The two triangles OMP and 
NMP have now the sides OM — 
and MP equal to VM and MP re " a 
respectively, and the included 
angles equal, so that the triangles are equal. 


', PN=OP, and 2 PNM =2 POM =60°. 
The triangle OPW is therefore equilateral, and hence 
OP =ON =20M = 2a. 
. MP =VOP2— 0M? = 4a? — oF = V3 . a. 


34 TRIGONOMETRY. 


> MP Va 73 
Pen sin 60 Op 9, tos 
> OM a i il 
EO = OP og 2 
o sin 60° _ 
and tan 60 = cos G02 V2 


36. Angle of 0°. 
Let the revolving line OP have turned through a very 
small angle, so that the angle 


MOP is very small. P 
ce leh oe 
The magnitude of MP is 6 M A. 
then very small and initially, : 


betore OP had turned through an angle big enough to be 
perceived, the quantity MP was smaller than any quantity 
we could assign, t.e. was what we denote by 0 

Also, in this case, the two points M and P very nearly 
coincide, and the smaller the angle AOP the more nearly 
do they coincide. 

Hence, when the angle AOP is actually zero, the two 
lengths OM and OP are equal and MP is zero. 


oI. 0 
Hence sin 0° = OP = OP™ 
o OM OP 
cos 0° = OP OP =o 
and tan 0° =2=0, 
7 OM we cA 
Also cot 0° = the value of WP when M and P coincide 
=the ratio of a finite quantity to something infinitely 


small 
=a quantity which is infinitely great. 
Such a quantity is usually denoted by the symbol oo. 
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Hence cot O° = mw, 
ne OP 
Similarly cosec 0° = =~ = © also. 
) MP 


oe) a 
And sec 0° = ome 1. 


37. Angle of 90°. P 
Let the angle AOP be very nearly, but | 


not quite, a right angle. 
When OP has actually described a 
right angle the point M coincides with 0, 
so that then OM is zeroand OP and MP OM 


are equal. 


| ; » MP OP 
Hence sin 90 =Oop=op=h 
> OM 0 
cos 90° = OP = OP =0) 
MP a finite quantity 
van 0" OM an infinitely small quantity” 
=a number infinitely large = o 
OM 90 
cot 90° = MPT WP 20) 
90° = On in th f the t t 
sec ia ha co, aS in the case of the tangent, 
6 OP OP. . 
and cosece 90° = WP OP = 1. 


38. Complementary Angles. Def. ‘Two angles 
are said to be complementary when their sum is equal 
to a right angle. Thus any angle @ and the angle 
90° —@ are complementary. 

3—2 
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39. To find the relations between the trigonometrocal 
ratios of two complementary angles. 


Let the revolving line, starting from OA, trace out. 
any acute angle AOP, equal to 
0. From any point P on it 
draw PM perpendicular to OA. 

Since the three angles of a 
triangle are together equal to 
two right angles, and since OMP 
is a right angle, the sum of the 
two angles MOP and OPM isa 
right angle. 


They are therefore complementary and 
ZOPM = 90° — 6. 


[When the angle OP is considered, the line PM is 
the “base” and MO 1s the “ perpendicular.” 
We then have . 


tee _ MO 
sin (90° — @) =sin MPO = PO 


=cos AOP = cos 6, 


cos (90° — 6) =cos MPO =F =sin AOP =sin 6, 


tan (90° — @) = tan MPO= oye cot AOP = cot 0, 


cot (90° — 0) = cot MPO =o tan A OP = tan 6, 


cosec (90° — 6) = cosec MPO = = sec AOP =sec 0, 


and sec (90° — ) = =sec MPO= oye = cosec A OP = cosec 6. 
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Hence we observe that | 
the Sine of any angle = the Cosine of its complement, 
the Tangent of any angle=the Cotangent of its comple- 
ment, | 
and the Secant of an angle = the Cosecant of its comple- 
ment. 

From this is apparent what is the derivation of the 
names Cosine, Cotangent, and Cosecant. 


40. The student is advised before proceeding any 
further to make himself quite familiar with the following 
table. [For an extension of this table, see Art. 76.] 


60° | 90° 


Tangent 


Cotangent 


Cosecant 


If the student commits accurately to memory the 
portion of the above table included between the thick 
lines, he should be able to easily reproduce the rest. 
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For 

(1) the sines of 60° and 90° are respectively the 
cosines of 30° and 0°. (Art. 39.) 

(2) the cosines of 60° and 90° are respectively the 
sines of 30° and 0°. (Art. 39.) 


Hence the' second and third lines are known. 


(3) The tangent of any angle is the result of dividing 
the sine by the cosine. 

Hence any quantity in the fourth line is obtained by 
dividing the corresponding quantity in the second line by 
the corresponding quantity in the third line. 


(4) The cotangent of any angle is the reciprocal of 
the tangent, so that the quantities in the fifth row are the 
reciprocals of the quantities in the fourth row. | 
ee the sixth row is obtained 
sin 0 
by inverting the corresponding quantities m the second 
row. 


(5) Since cosec 6 = 


1 Sys OB 
(6) Since sec 0 = ary the seventh row is similarly 


obtained from the third row. 


EXAMPLES. VII 


1, If 4=30°, verify that 

(1) cos 2A =cos? A -- sin? A=2 cos? A —- 1, 
(2) sin2d=2 sin 4 cos 4, 

(3) cos 34 =4 cos? A —3 cos 4, 

(4) sin34=8sin A—4 sin’ A, 


2 tan A 
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2. If 4=45°, verify that 
(1) sin 24 =2 sin 4 cos 4, 
(2) cos 2A=1-2 sin? 4, 
2 tan A 
and (3) tan 2A = i—tan? A r 
Verify that 


3. sin? 30°+ sin? 45° + sin? 60° = ' 


4, tan? 30°+ tan? 45°+ tan? 60°= 41, 
5, sin 80° cos 60° -+ cos 30° sin 60°=1. 


e tks ae gu SW 
6, cos 45° cos 60 sin 45° sin 60°= 5/2 , 


39 


CHAPTER III. 
SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES, 


41. ONE of the objects of Trigonometry is to find the 
distances between points, or the heights of objects, 
without actually measuring these distances or these 
heights. 


42. Suppose O and P to be two points, P being at a 
higher level than 0. 

Let OM be a horizontal line 
drawn through O to meet in M 
the vertical line drawn through 


P 


P 


The angle MOP is called © ME 
the Angle of Elevation of 
the point P as seen from 0. 

Draw PN parallel to MO, so that PN is the hori- 
zontal line passing through P. The angle NPO is the 
Angle of Depression of the point O as seen from P. 

43. Two of the instruments used in practical work are the Theodo- 
lite and the Sextant. : 

The Theodolite is used to measure angles in a vertical plane. 
The Theodolite, in its simple form, consists of a telescope attached 


to a flat piece of wood. This piece of wood is supported by three legs 
and can be arranged so as to be accurately horizontal, 
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This table being at O and horizontal and the telescope being initially 
pointing in the direction OM, the latter can be made to rotate in a 
vertical plane until it points accurately towards P. A graduated scale 
shews the angle through which it has been turned from the horizontal, 
i.e. gives us the angle of elevation MOP. 

Similarly, if the instrument were at P, the angle NPO through which 
the telescope would have to be turned, downward from the horizontal, 
would give us the angle NPO. 

The instrument can also be used to measure angles in a horizontal 
plane. 


44. The Sextant is used to find the angle subtended by any two 
points D and # at a third point F. It is an instrument much used on 
board ships. 

lts construction and application are too complicated to be here 
considered. 


45. We shall now solve a few simple examples 1 
heights and distances, 


Ex.1. d vertical fagstaf stands on a horizontal plane; from a point 
distant 150 feet from its foot the angle of elevation of its top is found to be 
30°; find the height of the flagstaff. 

Let MP (Fig. Art. 42) represent the flagstaff and O the point from 
which the angle of elevation is taken. 

Then OM=1650 feet, and 2 MOP =30°. 

Since PAO is a right angle, we have 


MP = a 
Om te MOP = tan 30°= =a (Art, 33). 
_OM _ 150 150,/3 
ae ae mer = 50,/3. 
Now, by extraction of the square root, we have 
/3=1:732085.... 
Hence MP =50 x 1'73205... feet = 86°6025... feet. 


Ex.2. A man wishes to find the height of a church spire which stands 
on a horizontal plane; at a point on this plane he finds the angle of 
elevation of the top of the spire to be 45°; on walking 100 feet toward the 
tower he finds the corresponding angle of elevation to be 60°; deduce the 
height of the tower and also his original distance from the foot of the 
spire. 
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Let P be the top of the spire and A and B the two points at which 
the angles of elevation are taken. Draw 
PM perpendicular to AB produced and Pp 
let MP bex. 
We are given 4B=100 feet, 
ZL MAP =45°, 
and Z MBP=60°. 
We then have 


a cot 45°, 
a 


and ae = cot 60° = 


a3: 

Hence | AM=2x, and BM= = 5" 

- 100= pint Oo NOPE 

. 1OO=AM-BM=2 Be" JB 
100,/3 _ 100,/3 (./8 +1) 


= 45 5 50 (8 +4/3) 


= 50[3-+1°73205...]=236°6... feet. 


Also AM=2, so that both of the required distances are equal to- 
236'6... feet. 


Ex. 3. From the top of a cliff, 200 feet high, the angles of depression 
of the top and bottom of a tower are observed to be 30° and 60° ; ne the 
height of the tower. 


Let A be the point of observation and BA the height of the cliff and 
let CD be the tower, 

Draw AE horizontally, so that 2 HAC=30° and 
ZEAD=60°. 

Let « feet be the height of the tower and produce 
DC to meet AF in E, so that CE = AB ~ 4=200-«. 

Since £ADB= 4 DAE=60° (ue. 1. 29), 


200 
v3" 


200: 
- DB=AB cot ADB =200 cot 60°= 


200-2 CE 51 
Also Dp = Fy = tan 80°= 3° 
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DB 200 
ay ake oe 
200 


x = 200 — eas 1334 feet. 


so that 

Ex. 4. A man observes that at a point due south of a certain tower its 
angle of elevation ts 60°; he then walks 300 feet due west on a horizontal 
plane and finds that the angle of elevation is then 30°; find the height of 
the tower and his original distance from it. 


Pp 300] \W3r 


M A= M 
J/3 


B LS/3 


Let P be the top, and PI the height, of the tower, A the point due 


south of the tower and B the point due west of A. 
The angles PMA, PMB, and MAB are therefore all right angles. 
For simplicity, since the triangles PAM, PBM, and ABM are in 


different planes, they are reproduced in the second, third, and fourth 


figures and drawn to scale. 
We are given dB = 300 feet, 2 PAM=60°, and 2 PBM=30°. 


Let the height of the tower be x feet. 
From the second figure 


rae cot 60° =, ’ 
that Ae 


From the third figure 
ae = cot 30°=,/3, 


so that BIS s3 on, 
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From the last figure we have 
BM?=AM*+AB?, 


i.e. 832° = ; ve + 3002. 
' 8a2=38 x 3002, 
SSO tee w/b. 


=75 x 2°44949,., = 183-71... feet. 


Also his original distance from the tower 


oot ae 
=x cot 60 Sgr Ne 
= 75 x (1:4142...)=106-065... feet. 


EXAMPLES. VIII. 


1, A person standing on the bank of a river observes that the angle 
subtended by a tree on the opposite bank is 60°; when he retires 40 feet 
from the bank he finds the angle to be 30°; find the height of the tree 
and the breadth of the river. 


92. Atacertain point the angle of elevation of a tower is found to be 


such that its cotangent is - on walking 32 feet directly toward the tower 


its angle of elevation is an angle whose cotangent is _ Find the height 


of the tower. 


3, Ata point d the angle of elevation of a tower is found to be such 


2 on walking 240 feet nearer the tower the tangent 
3 


of the angle of elevation is found to be a what is the height of the 


that its tangent is 


tower ? 


4, Find the height of a chimney when it is found that on walking 
towards it 100 feet in a horizontal line through its base, the angular 
elevation of its top changes from 30° to 45°, 


5, An observer on the top of a cliff, 200 feet above the sea-level, 
observes the angles of depression of two ships at anchor to be 45° and 30° 
respectively ; find the distances between the ships if the line joining them 
points to the base of the cliff. 
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6. From the top of a cliff an observer finds that the angles of 
depression of two buoys in the sea are 39° and 26° respectively; the 
buoys are 300 yards apart and the line joining them points straight 
at the foot of the cliff; find the height of the cliff and the distance of the 
nearest buoy from the foot of the cliff, given that cot 26°=2°0503, and 
cot 39°= 1:2349, 


7, The upper part of a tree broken over by the wind makes an angle 
of 30° with the ground, and the distance from the root to the point where 
the top of the tree touches the ground is 50 feet; what was the height of 
the tree? 


8, The horizontal distance between two towers is 60 feet and the 
angular depression of the top of the first as seen from the top of the 
second which is 150 feet high is 30°; find the height of the first. 


9, The angle of elevation of the top of an unfinished tower from a 
point distant 120 feet from its base is 45°; how much higher must the 
tower be raised so that its angle of elevation at the same point may be 
60°? 

10, Two pillars of equal height stand on either side of a roadway 
which is 100 feet wide; at a point in the roadway between the pillars the 
elevations of the tops of the pillars are 60° “ane 30° ; find their height and 
the position of the point. 


11, The angle of elevation of the top of a tower is observed to be 
60°; at a point 40 feet above the first point of observation the elevation 
is found to be 45°; find the height of the tower and its horizontal 
distance from the ennts of observation. | 


12. At the foot of a mountain the elevation of its summit is found 
to be 45°; after ascending one mile up a slope of 30° inclination the 
elevation is found to be 60°. Find the height of the mountain. 


13. What is the angle of elevation of the sun when the length of its 
shadow is ,/8 times its height ? 


14, The shadow of a tower standing on a level plane is found to be 
60 feet longer when the sun’s altitude is 30° than when it is 45°. Prove 
that the height of the tower is 30 (1+-,/3) feet. 


' 15, On a straight coast there are three objects A, B, and C such 
that d4B=BC=2 miles. A vessel approaches B in a line perpendicular 
to the coast and at a certain point AC is found to subtend an angle of 
60°; after sailing in the same direction for ten minutes AC is found to: 
subtend 120°; find the rate at which the ship is going. 
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16. Two flagstaffs stand on a horizontal plane. A and B are two 
points on the line joining the bases of the flagstaffs and between them. 
The angles of elevation of the tops of the flagstaffs as seen from A are 
30° and 60° and, as seen from B, they are 60° and 45°, If the length AB 

be 30 feet, find the heights of the flagstaffs and the distance between 
them. 


17. P is the top and Q the foot of a tower standing on a horizontal 
plane. A and B are two, points on this plane such that AB is 


2 
82 feet and QAB is aright angle. It is found that cot PAQ=% and 


cot PBQ == ; 
find the height of the tower. 


18. A square tower stands upon a horizontal plane. From a point 
in this plane from which three of its upper corners are visible their 
angular elevations are respectively 45°, 60°, and 45°. Shew that the 
height of the tower is to the breadth of one of its sides as ./6(./5+1) 
to 4, 


19, <A lighthouse, facing north, sends out a fan-shaped beam of 
light extending from north-east to north-west. A steamer sailing due 
west first sees the lighthouse when it is 5 miles away from the lighthouse 
and continues to see it for 30,/2 minutes, What is the speed of the 
Steamer ? 


90. A man stands at a point X on the bank XY of a river with 
straight and parallel banks and observes that the line joining X to a 
point Z on the opposite bank makes an angle of 30° with XY. He then 
goes along the bank a distance of 200 yards to Y and finds that the angle 
LYX is 60°. Find the breadth of the river. 


91, A man, walking due north, observes that the elevation of a 
balloon, which is due east of him and is sailing toward the north-west, 
is then 60°; after he has walked 400 yards the balloon is vertically over 
his head ; find its height supposing it to have always remained the same. 


CHAPTER IV. 
APPLICATION OF ALGEBRAIC SIGNS TO TRIGONOMETRY. 


46. Positive and Negative Angles. In Art. 6 in 
treating of angles of any size we spoke of the revolving 
line as if it always revolved in a direction opposite to that 
in which the hands of a watch revolve, when the watch is 
held with its face uppermost. 

This direction is called counter-clockwise. 

When the revolving line turns in this manner it 1s said 
to revolve in the positive direction and to trace out a 
positive angle. | | 

When the line OP revolves in the opposite direction, 
i.e. in the same direction as the hands of the watch, it is 
said to revolve in the negative direction and to trace out 
a negative angle. This negative direction is clockwise. 


47. Let the revolving line start from OA and revolve 
until it reaches a position OP which 
lies between OA’ and OB’ and which 
‘bisects the angle A’OB’. 

If it has revolved in the positive 
direction it has traced out the positive 
angle whose measure is + 225°, 
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If it has revolved in the negative direction it has 
traced out the negative angle — 135°. 

Again, suppose we only know that the revolving line is 
in the above position. It may have made one, two, three 
... complete revolutions and then have described the 
positive angle + 225°. Or again it may have made 
one, two, three... complete revolutions in the negative 
direction and then have described the negative angle 
— 135°. 

In the first case the angle it has described is either 
225°, or 360° + 225°, or 2 x 360° + 225°, or 3 x 360° + 225° 
veeeet@, 225°, or 585°, or 945°, or 1805”... 

In the second case the angle it has described is — 135°, 
or — 360° — 185°, or — 2 x 860° — 135°, or —3 x 360° ~— 135° 
eas 1.€. — 135°, or — 495°, or — 855”, or — 1215”... 


48. Positive and Negative Lines. Suppose that 
a man is told to start from a given milestone on a straight 
road and to walk 1000 yards along the road and then to 
stop. Unless we are told the dzrection in which he 
started we do not know his position when he stops. All 
we know is that he is either at a distance 1000 yards on 
one side of ‘the milestone or at the same distance on the 
other side. | 

In measuring distances along a straight line it is 
therefore convenient to have a standard direction; this 
direction is called the positive direction and all distances 
measured along it are said to be positive. The opposite 
direction is the negative direction and all distances 
measured along it are said to be negative. 

The standard or positive directions for horizontal lines 
is towards the right. 
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The length OA is in the positive direction. The 
length OA’ is in the |. 
negative direction. If } 4 
the magnitude of the 
distance OA or OA’ be a, the point A is at a distance 
+a from O and the point A’ is at a distance — a from 0. 

All lines measured to the right have then the positive 
sign prefixed; all lines to the left have the negative sign 
prefixed. | 

If a point start from O and describe a positive distance 
OA and then a distance AB back again toward O, equal 
numerically to b, the total distance it has described 
measured in the positive direction is OA + AB 


we. ta+(—b), 1e.4a—6. 


A 


49. For lines at right angles to AA’ the positive 
direction is from O towards the top of the page, we. the 
direction of OB (Fig. Art. 47). All lines measured from 
O towards the foot of the page, ze. in the direction OB’, 
are negative. 


50. Zrigonometrical ratios for an angle of any magni- 
tude. 

Let OA be the initial line (drawn in the positive 
direction) and let OA’ be drawn in 
the opposite direction to OA. 

Let BOB’ be a line at right 
angles to OA, its positive direction 
being OB. 

Let a revolving line OP start 
from OA and revolving in either 
direction, positive or negative, trace 


L, T. 
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out an angle of any magnitude whatever. From a 
point P in the revolving line draw PM perpendicular 
to AOA’. 


[Four positions of the revolving line are given in the figure, one in 
each of the four quadrants, and the suffixes 1, 2, 3 and 4 are attached to 
P for the purpose of distinction. ] 


We then have the following definitions, which are the 
same as those given in Art. 23 for the simple case of an 
acute angle: 


5 is called the Sine of the angle AOP, 
ee Cosine .» > 
_ rr 3 Tangent 9 » 
re : . Cotangent 9 » 
ae ‘ secant %» z 
am a : Cosecant se, » 


The quantities 1—cos AOP, and 1—sin AOP are 
respectively called the VWersed Sine and the Coversed 
Sine of AOP., 


51. In exactly the same manner as in Art. 27 it may 
be shewn that, for all values of the angle AOP (= @), we 
have | 
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sin?@ + cos?@ = 1, 
sin 0 


= tan @, 
cos 
sec? = 1 +tan’?6, 
and cosec?§ = 1 + cot?é. 


52. Signs of the trigonometrical ratios. 


First quadrant. Let the revolving line be in the first 
quadrant, as OP,. This revolving line is always positive. 

Here OM, and M,P, are both positive, so that all the 
trigonometrical ratios are then positive. 


Second quadrant. Let the revolving line be in the 
second quadrant, as OP,, Here M,P, is positive and OM, 
is negative. | 

The sine, being equal to the ratio of a positive quantity 
to a positive quantity, is therefore positive. 

The cosine, being equal to the ratio of a negative 
quantity to a positive quantity, is therefore negative. 

The tangent, being equal to the ratio of a positive 
quantity to a negative quantity, is therefore negative. 

The cotangent is negative. | 

The cosecant 1s positive. 

The secant is negative. 


Third quadrant. If the revolving line be, as OP;, in 
the third quadrant, we have both J/;P; and OM; negative. 

The sine is therefore negative. 

The cosine is negative. 

The tangent 1s positive. 

The cotangent 1s positive. 

The cosecant is negative. 

The secant is negative. 
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Fourth quadrant. 
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Let the revolving line be in the 


fourth quadrant, as OP, Here M,P, is negative and 


OM, is positive. 


The sine 1s therefore negative. 
The cosine is positive. 

The tangent is negative. 

The cotangent is negative. 


The cosecant is negative. 


The secant is positive. 


The annexed table shews the signs of the trigono- 
metrical ratios according to the quadrant in which lies © 
the revolving line, which bounds the angle considered. 


B 
sin 
cos — 
tan —- 
cot — 
cosec + 
see — 
A’ O 
sin — 
cos - 
tan + 
cot + 
cosec — 
sec — 
B’ 


sin + 
cos) + 
tan + 
cot 3+ 
cosec + 
sec + 
A 

sin — 
cos 

tan — 
cot 3 —- 


cosec — 
sec 


53. Tracing of the changes in the sign and magnitude 
of the trigonometrical ratios of an angle, as the angle 


increases from 0° to 360°. 


Let the revolving line OP be of constant length a. 
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When it coincides with OA the 
length OM, is equal to a and, 
when it coincides with OB, the 
point M, coincides with O and OM, 
vanishes. Also, as the revolving 
line turns from OA to OB, the dis- 
tance OM, decreases from a. to 
ZeYO. 

Whilst the revolving line is in 
the second quadrant and is revolving from OB to OA’, the 
distance OM, is negative and increases numerically from 
0 to a [2.e. it decreases algebraically from 0 to — a]. 

In the third quadrant the distance OM, «creases 
algebraically from —a to 0, and in the fourth quadrant. 
the distance OM, increases from 0 to a. 

In the first quadrant the length MP, increases from 
0 to a; in the second quadrant M,P, decreases from a to 
0; in the third quadrant M,P, decreases algebraically 
from 0 to—a; whilst in the fourth quadrant M,P, 
increases algebraically from — a to 0. 


54, Sine. In the first quadrant as the angle in- 


creases from 0 to 90°, the sine, ze. MP, 


. 0) 
, increases from = 


to 7 ze. from 0 to 1. 
In the second quadrant as the angle increases from 
90° to 180°, the sine decreases from - to = 2.€. from 1 to 0. 
In the third quadrant as the angle increases from 180° 


to 270°, the sine decreases from : to — , 2é. from 0 to — 1. 
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In the fourth quadrant as the angle increases from 


270° to 360°, the sine increases from — to . 2.e. from 


—~1 to 0. 
55. Cosine. In the first quadrant the cosine, which 


: M 
is equal to = , decreases from - to z.€. from 1. to 0. 


In the second quadrant it decreases from ° to —, te. 
from 0 to — 1. 

In the third quadrant it increases from = to 1.e. 
from — 1 to 0. 

In the fourth quadrant it increases from ° to =, 1.€. 


from 0 to 1. 


56. Tangent. In the first quadrant J/7,P, increases 

from 0 to a and OM, decreases from a to 0, so that ae 

} 

continually increases (for its numerator continually in- 
creases and its numerator continually decreases). 

When OP, coincides with OA, the tangent is 0; when 
the revolving line has turned through an angle which is 
slightly less than a right angle, so that OP, nearly 
coincides with OB, then M,P, is very nearly equal to 

| . MP, . 
a and OM, is very small. The ratio OL is therefore very 
1 
large, and the nearer OP, gets to OB the larger does the 
ratio become, so that, by taking the revolving line near 
enough to OB, we can make the tangent as large as we 
please. This is expressed by saying that when the angle 
is equal to 90° its tangent is infinite. 
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The symbol © is used to denote an infinitely great 
quantity. | 

Hence in the first quadrant the tangent increases from 
Qto aw. . 

In the second quadrant when the revolving line has 
described an angle AOP, slightly greater than a right 
angle, M,P, is very nearly equal to a and OM, is very 
small and negative, so that the corresponding tangent is 
very large and negative. 

Also, as the revolving line turns from OB to OA’, M,P, 
decreases from a to 0 and OM, is negative and decreases 
from 0 to —a,so that when the revolving line coincides 
with OA’ the tangent 1s zero. 

Hence in the second quadrant the tangent increases 
from — 2 to 0. 

In the third quadrant both M,P; and OM, are negative, 
and hence their ratio is positive. Also, when the revolving 
line coincides with OB’, the tangent is infinite. 

. Hence in the third quadrant the tangent increases 
from 0 to «. 

In the fourth quadrant M,P, is negative and OM, is 
positive, so that their ratio is negative. Also, as the 
revolving line passes through OB’ the tangent changes 
from + 0 to — o [just as in passing through OB}. 

Hence in the fourth quadrant the tangent increases 
from — 0 to 0. | 


57. Cotangent. When the revolving line coincides 
with OA, M,P, is very small and OM, is very nearly 
M, 

: uP 

infinite to start with. Also, as the revolving line rotates 


equal to a,so that the cotangent, 2.e. the ratio 
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from OA to OB, the quantity Jf,P, increases from 0 to a 
and OM, decreases from «@ to 0. 

Hence in the first quadrant the cotangent decreases 
from 2 to 0. 


In the second quadrant M/,P, 1s positive and OM, 


negative, so that the cotangent decreases from 0 to = 


a.é. from 0 to — 00 | 

In the third quadrant it is positive and decreases from 
0 to 0 [for as the revolving line crosses OB" the cotangent 
changes from — to 0 |. 

In the fourth quadrant it is negative and decreases 
from 0 to — 00 


58. Secant. When the revolving line coincides with 
OA the value of OM, is a, so that the value of the secant 
is then unity. 

As the revolving line turns from OA to OB, OM, 
decreases from a to 0, and when the poles line 


coincides with OB the value of the secant is 5 1.8. ©. 

Hence in the first quadrant the secant increases from 
1 to 0. 

In the second quadrant OM, is negative and decreases 
from 0 to—a. Hence in this quadrant the secant in- 
creases from — oo to—1 [for as the revolving line crosses 
OB the quantity Olf, changes sign and therefore the 
secant changes from + to — 0 ]. 

In the third quadrant OM, is always negative and 
increases from —a to 0; therefore the secant decreases 
from —1to—o. In the fourth quadrant OM, is always 
positive and increases from 0 to a. Hence in this quad- 
rant the secant decreases from 2 to +1. 
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59. Cosecant. The change in the cosecant may be 
traced in a similar manner to that im the secant. 

In the first quadrant it decreases from o to +1. 

In the second quadrant it mcreases from +1 to +0. 

In the third quadrant it increases from — o to —1. 

In the fourth quadrant it decreases from —1 to — 0. 


60. The foregoing results are collected in the annexed 
table. 


B 
In the second quadrant the In the first quadrant the 
gine decreases from 1 to 0 gine increases from Otol 
cosine decreases from 0 to-—l cosine decreases from 1 to 0 


tangent increases from—o to 0 tangent increases from 0 to o 
cotangent decreases from 0Qto-—a« | cotangent decreases from o to 0 
secant increases from—o to—1 secant increases from 1 to o 
cosecant increases from 1to o | cosecant decreases from o to 1 


A’ O A 
In the third quadrant the In the fourth quadrant the 

sine decreases from 0 to-1 sine increases from—1to 0 

cosine increases from— 1 to 0 cosine increases from Oto 1 


tangent increasesfrom Oto o | tangent increases from--o to 0 

cotangent decreases from oto 0 cotangent decreases from 0 to-a# 

secant decreases from— 1 to-—m | secant decreases from oto 1 

cosecant increases from—o to-1 | cosecant decreases from-—1to—@ 
B’ 


61. Periods of the trigonometrical functions. 


As an angle increases from 0 to 27 radians «.e., whilst the 
revolving line makes a complete revolution its sine first 
increases from 0 to 1, then decreases from 1 to —1, and 
finally increases from —1 to 0, and thus the sine goes 
through all its changes returning to its original value. 
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Similarly as the angle increases from 27 radians to 
477 radians, the sine goes through the same series of 
changes, 

_ Also the sines of any two angles which differ by four 
right angles, «.e. 27 radians, are the same. 

This is expressed by saying that the period of the 
sine is 277, 

Similarly the cosine, secant, and cosecant go through 
all their changes as the angle increases by 2z7r. 

The tangent, however, goes through all its changes as 
the angle increases from 0 to mw radians, t.e. whilst the 
revolving line turns through two right angles. Similarly 
for the cotangent. 

The period of the sine, cosine, secant and cosecant is 
therefore 27 radians; the period of the tangent and 
cotangent is 7 radians. 

Since the values of the trigonometrical functions 
repeat over and over again as the angle increases, they 
are called periodic functions. 


*62. The variations in the values of the trigono- 
metrical ratios may be graphically represented to the eye 
by means of curves constructed in the following manner. 


Sine-Curve. 
Let OX and OY be two straight lines at right angles 
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and let the magnitudes of angles be represented by 
lengths measured along OX. 

Let R,, R,, R;,... be points such that the distances 
OR,, RR, R,R;,... are equal. If then the distance OR, 
represent a right angle, the distances OR,, OR;, OR,,... 
must represent two, three, four,... right angles. 

Also if P be any point on the line OX, then OP 
represents an angle which bears the same ratio to a right 


angle that OP bears to OF). 


[For example, if OP be equal to ; OR, then OP would represent one- 


third of a right angle; if P bisected Rj,R, then OP would represent 33 
right angles. | 

Let also OR, be so chosen that one unit of length 
represents one radian; since Of, represents two right 
angles, a.e. a radians, the length OR, must be 7 units of 
length, a.e. about 34 units of length. 

In a similar manner negative angles are represented 
by distances OR,’, OF,',... measured from O in a negative 
direction. 

At each point P erect a perpendicular PQ to represent 
the sine of the angle which is represented by OP; if the 
sine be positive the perpendicular is to be drawn parallel 
to OY in the positive direction; if the sine be negative 
the line is to be drawn in the negative direction. 


[For example, since OR, represents a right angle, the sine of which is 
1, we erect a perpendicular R,B, equal to one unit of length; since OR, 
represents an angle equal to two right angles, the sine of which is zero, 
we erect a perpendicular of length zero; since OR, represents three right 
angles, the sine of which is —1, we erect a perpendicular equal to —1, 
i.e. we draw RB, downward and equal to a unit of length; if OP were 


equal to one-third of OR, it would represent ; of a right angle, 7.e. 30°, 
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the sine of which is and so we should erect a perpendicular PQ equal 


to one-half the unit of length.] 


The ends of all these lines, thus drawn, would be 
found to lie on a curve similar to the one drawn above. 

It would be found that the curve consisted of portions, 
similar to OB, R,B,R,, placed side by side. This corre- 
sponds to the fact that each time the angle increases by 
27, the sine repeats the same value. 


*63. Cosine-Curve. 


The Cosine-Curve is obtained in the same manner as 
the Sine-Curve, except that in this case the perpendicular 
PQ represents the cosine of the angle represented by OP. 

The curve obtained is the same as that of Art. 62 if in 
that curve we move O to £&, and let OY be drawn along 
RB. 


*64. 'Tangent-Curve. 


In this case, since the tangent of a right angle is 
infinite and since OF, represents a right angle, the per- 
pendicular drawn at &, must be of infinite length and 
the dotted curve will only meet the line #,Z at an infinite 
distance. | 
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Since the tangent of an angle slightly greater than a 
right angle is negative and almost infinitely great, the 
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dotted curve immediately beyond LR,L’ commences at an 
infinite distance on the negative side, 2.e. below, OX. 

The Tangent-Curve will clearly consist of an infinite 
number of similar but disconnected portions, all ranged 
parallel to one another. Such a curve is called a Discon- 
tinuous Curve. Both the Sime-Curve and the Cosine- 
Curve are, on the other hand, Continuous Curves. 


*65. Cotangent-Curve. If the curve to represent 
the cotangent be drawn in a similar manner, it will be 
found to meet OY at an infinite distance above O; it will 
pass through the point £&, and touch the vertical line 
through #, at an infinite distance on the negative side of 
OX. Just beyond #, it will start at an infinite distance 
above £,, and proceed as before. 

The curve is therefore discontinuous and will consist 
of an infinite number of portions all ranged side by side. 
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*66. Cosecant-Curve. 


When the angle is zero the sine is zero, and the 
cosecant is therefore infinite. 

Hence the curve meets OY at infinity. 

When the angle 1s a right angle the cosecant is unity, 
and hence #,B, is equal to the unit of length. 

When the angle is equal to two right angles its 
cosecant is infinity, so that the curve meets the perpen- 
dicular through #, at an infinite distance. 

Again, as the angle increases from slightly less to 
slightly greater than two right angles, the cosecant 
changes from +ato—a#. 

Hence just beyond A, the curve commences at an 
infinite distance on the negative side of, 7.e. below, OX. 


*67. Secant-Curve. If, similarly, the Secant-Curve 


be traced it will be found to be the same as the Cosecant- 
Curve would be if we moved OY to A,B... 
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MISCELLANEOUS EXAMPLES. IX. 


1. In a triangle one angle contains as many grades as another con- 
tains degrees, and the third contains as many centesimal seconds as 
there are sexagesimal seconds in the sum of the other two; find the 
number of radians in each angle. 


9, Find the number of degrees in the angle at the centre of a circle 
whose radius is 5 feet which is subtended by an arc of length 6 feet. 


3. To turn radians into seconds prove that we must multiply by 
206265 nearly, and to turn seconds into radians the multiplier must be 
0000048. 


4, Ilfsing equal ~ find the values of cos @ and cot @. 


e244 oT 
me + Qn 
o. i os m+ Qnun + 2n2’ 
m* + 2mn 
prove that tan ae rT Pe . 
6. If cos 0 — sin @=,/2 sin 6, 
prove that cos §+sin 0=,/2 cos 6. 


7. Prove that 
cosec® a ~ cot® a=8 cosee? a cot? a+ 1, 


8. Express 2 sec? A — sect A — 2 cosec? A + cosec* A 
in terms of tan 4. 


9. Solve the equation 3 cosec? §=2 sec 6. 


10. A man on a cliff observes a boat at an angle of depression of 
30°, which is making for the shore immediately beneath him. Three 
minutes later the angle of depression of the boat is 60°. How soon will 
it reach the shore? 


11. Prove that the equation sin @=2x +o is impossible if x be real. 


12. Shew that the equation sec?@= ery is only possible when 
ys 


CHAPTER V. 


TRIGONOMETRICAL FUNCTIONS OF ANGLES OF ANY 
SIZE AND SIGN. 


[On a first reading of the subject, the student is recommended 
to confine his attention to the first of the four figures given in 
Arts. 68, 69 and 72.) 


68. Zo find the trigonometrical ratios of an angle 
(— 0) in terms of those of 0, for all values of 0. 
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Let the revolving line, starting from OA, revolve 
through any angle @ and stop in the position OP. 

Draw PM perpendicular to OA (or OA produced) and 
produce it to P’, so that the lengths of PM and MP’ are 
equal. 

In the geometrical triangles MOP and MOP’ we have 
the two sides OM and MP equal to the two OM and 
MP’, and the included angles OMP and OMP’ are right 
angles. | 

Hence (Euce. 1. 4), the magnitudes of the angles MOP 
and MOP’ are the same and OP is equal to OP’. 

In each of the four figures, the magnitudes of the 
angle AOP (measured counter-clockwise) and of the angle 
AOP’ (measured clockwise) are the same. 

Hence the angle AOP’ (measured clockwise) is | 
denoted by —@. 

Also MP and MP’ are equal in magnitude but are 
opposite in sign. (Art. 49.) We have therefore 


sin (~9) =" =p = ain 6, 
cos (— 6) == op = 008 6 
tan (—6)="p yp =a = — tan 8, 
cot (= 6)— OM OM _ _ooea 
cosee (— 8) = Vig =, =— cose G, 
and seo(—8)= = oar 8° 6 


m 
a 
Cr 
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Exs. sin (- 30°) = — sin 30°= — 3? 
tan (— 60°) = — tan 60°= — ,/3, 


and cos ( - 45°) = COS 15 =W ‘ 
69. To find the trigonometrical ratios of the angle 


(90° — 8) in terms of those of 6, for all values of 0. 
The relations have already been discussed in Art. 39, 


for values of @ less than a right angle. 
B 
N’ 


[ee 


ewe 


Z 


anwe 
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Let the revolving line, starting from OA, trace out 
any angle AOP denoted by @. 

To obtain the angle 90°- @, let the revolving line 
rotate to B and then rotate from B in the opposite 
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direction through the angle @, and let the position of the 
revolving line be then OP". 

The angle AOP’ is then 90° — @. 

Take OP’ equal to OP and draw P’M’ and PM per- 
pendicular to OA, produced if necessary. Also draw P’NV’ 
perpendicular to OB, produced if necessary. 

In each figure the angles AOP and BOP’ are numeri- 
cally equal, by construction. 

Hence in each figure 

ZMOP=2ZN'OP’=2 0PM, 
since ON' and M'P’ are parallel. 

Hence the triangles MOP and M’P’0 are equal in all 
respects, and therefore OM = M’P’ numerically, 


and OM’ = MP numerically. 
Also in each figure OM and M'P’ are of the same 
sign, and so also are MP and OM’, 
we. OM=4+ MP’, and OM =+ MP. 
Hence 


sin (90° — — @)=sin AOP'= pease 


‘OP’ OP 


: _ , OM MP _., 
cos (90 — 6) =cos AOP = 7p = Op ~sin 0, 


= cos @, 


; , MP OM 
tan (90 a 0) —tan AOP’= Om = WMP = cot 6, 
, OM MP_, 
cot (90° — #)=cot AOP' = = = OMT tan 8, 
; = , OP OP | 
sec (90° — 0) =sec AOP = Oar = rp = co8ee 0, 


: a OR 
and cosec (90° — 0) =cosec AOP’ = WP = Om 5 0. 


5—2 
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10. Lo jmd the trigonometrical ratios of the angle 
(90° + @) in terms of those of 6, for all values of 0. 


se ieloaientahatesnede tea 


Let the revolving line, starting from OA, trace out 
any angle @ and let OP be the position of the revolving 
line then, so that the angle AOP is 6. | 

Let the revolving line turn through a right angle from 
OP in the positive direction to the position OP’, so that. 
the angle AOP’ is (90° + @). 

Take OP’ equal to OP and draw. PM and PM 
perpendicular to AOA’. In each figure, since POP’ is a 
right angle, the sum of the angles MOP and POM’ is 
always a right angle. | 

Hence ZMOP=90°-Z2POM =z0PM. 


ANGLES OF ANY SIZE AND SIGN. 69 


The two triangles MOP and M’P’0 are therefore equal 
im all respects. 

Hence OM and M’P' are numerically equal, as also 
MP and OM’ are numerically equal. 

In each figure OM and M’P’ have the same sign, 
whilst JP and OM’ have the opposite, so that 


MP’ =+ 0M, and OM =— MP. 
We therefore have 


sin (90° + @) =sin AOP’ = oP = = rae cos 6, 
cos (90° + 6) =cos AOP' = our = _ =—sin 6, 
tan (90° + @) = tan AOP’ =H = a= ~ oot 0, 
cot (90° +6) = cot AOP’ = mel _ ae Llane 
sec (90° + 6)=sec AOP = _ = — = — cosec 0, 
and cosec (90° + @) = cosec AOP’ = — = a sec 8. 
Exs, sin 150°= sin (90° + 60°) = cos 60° = a 
cos 135° = cos (90° + 45°) = —sin 45° = — wt 
and tan 120°= tan (90°-+ 30°) = — cot 30°= — \/3. 


71. Supplementary Angles. 


Two angles are said to be supplementary when their 
sum is equal to two right angles, ze. the supplement of 
any angle @ is 180° — 0. 
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Exs. The supplement of 30°=180° — 30°=150°. 


The supplement of 120°=180° —- 120°= 60°. 
The supplement of 275°=180° — 275°= — 95°. 
The supplement of — 126°=180° — (— 126°) = 306°. 


72. To find the values of the trigonometrical ratios of 
the angle (180° — @) in terms of those of the angle @, for all 
values of 0. 


Let the revolving line start from OA and describe any 
angle AOP (= @). 

To obtain the angle 180°— @, let the revolving line 
start from OA and, after revolving through two right 
angles (ze. into the position OA’), then revolve back 
through an angle @ into the position OP’, so that the angle 
A’ OP’ is equal in magnitude but opposite in sign to the 
angle AOP. 

The angle AOP’ is then 180° — @. 
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Take OP’ equal to OP and draw P'M' and PM 
perpendicular to AOA’. 

The angles MOP and MOP’ are equal and hence the 
triangles MOP and MOP’ are equal in all respects. 

Hence OM and OM’ are equal in magnitude and so 
also are MP and M’P’. 

In each figure OM and OM’ are drawn in opposite 
directions, whilst MJP and M’P’ are drawn in the same 
direction, so that 


OM =— OM, and MP’=+ MP. 


Hence we have 


sin (180° — 6) = sin AOP’ = ra = = sin 6, 
cos (180° — @)=cos AOP’ = ae = —— — cos 6, 
tan (180° — 0) = tan AOP’ = a = ni == — tan 0, 
cot (180° — 0) =cot AOP’ = ae aed =— cot 6, 
sec (180° — @) = sec A OP’= a = —_ sec 0, 
and cosec (180° — 6) = cosec AOL’ = ae = a = cosec @. 
Exs. sin 120°=sin (180° — 60°) =sin 60° 5 


cos 135°= cos (180° — 45°) = — cos 45°= — 


and tan 150° = tan (180° ~ 30°) = — tan 30°= ~ 
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73. To find the trigonometrical ratios of (180° + @) an 
terms of those of 0, for all values of 0. 


The required relations may be obtained geometrically, 
as in the previous articles. The figures for this propo- 
sition are easily obtained and are left as an example for 
the student. | 


They may also be deduced from the results of Art. 70, 
which have been proved true for all angles. For putting 
90° + 0= B, we have 


sin (180° + 8) =sin (90° + B)=cos B (Art. 70) 

= cos (90° + 0) =—sin 6, (Art. 70) 

and cos(180°+ @)=cos(90°+ B)=—sin B (Art. 70) 
= — sin (90° + 0) =—cos 6. (Art. 70). 


So tan (180° + @) = tan (90° + B) = —cot B 
| = — cot (90° + @) = tan 8, | 
and similarly © cot (180° + @) = cot @, 
| sec (180° + 0) =— sec 8, 
and cosec (180° + @) = — cosec @. 


74. To find the trigonometrical ratios of an angle 
(360° + @) in terms of those of @, for all values of @. 


In whatever position the revolving line may be when 
it has described any angle @,1t will be in exactly the same 
position when it has made one more complete revolution 
in the positive direction, ze. when it has described an 
angle 360° + 6. : 
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Hence the trigonometrical ratios for an angle 360° + @ 
are the same as those for 6. 


It follows that the addition or subtraction of 360°, or 
any multiple of 360°, to or from any angle does not alter 
its trigonometrical ratios. 


75. From the theorems of this chapter it follows that 
the trigonometrical ratios of any angle whatever can be 
reduced to the determination of the trigonometrical ratios 
of an angle which lies between 0° and 45°. 


For example, 
sin 1765° = sin [4 x 360° + 325°] =sin 325° (Art. 74) 
= sin (180° + 145°) =—sin 145° (Art. 73) 
= —sin (180° — 35°) =—sin 35° (Art. 72); 
tan 1190° = tan (3 x 360°4+110°)=tan 110° = (Art. 74) 
= tan (90° + 20°) = — cot 20° (Art. 70) ; 
and cosec ( — 1465°) = — cosec 1465° (Art. 68) 
= — cosec (4 x 360° + 25°) =—cosec 25° (Art. 74), 


Similarly any other such large angles may be treated. 
First, multiples of 360° should be subtracted until the 
angle lies between 0° and 360°; if it be then greater than 
180° it should be reduced by 180°; if then greater than 
90° the formulae of Art. 70 should be used, and finally, if 
necessary, the formulae of Art. 69 applied. 
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76. The table of Art. 40 may now be extended to 
-some important angles greater than a right angle. 


Angle | 0° | 30° | 45° | 60° | 90°] 120° | 135° | 150° | 180°: 
J3 3h 4 1 | 
Sine 5 1 oF NE 5 0 
1 1 1 ft 
Cosine 5 0 3) 7yal7 = —l 
Pamgeny. 0.) 2st |) gle ee eras Sty Wee 0 
5 VB JB 
Cotangent | o | /3 | 1 : 0 re -1 | -/3 
é g 3 J3 IN o0) : 


Cosecant wo | 2 | /2 


secant ao ee wo} —-2 | -/2 |} —-—- | -l 


EXAMPLES. X. 
Prove that 
1. sin 420° cos 390° + cos ( — 300°) sin ( — 830°) =1. 
9. co0s570° sin 510° — sin 330° cos 390° = 0. 
and 3, tan 225° cot 405° + tan 765° cot 675° =0. 


What are the values of cos d—sin A and tan A4+cot A when 4 has. 
the values 


Qa 51 Uw llr 


Tv 
4, 3 ’ 5. oe ? 6. 4 - if 4. and 8. 3 : 


[Exs. X.] EXAMPLES. 75 


What values between 0° and 360° may 4 have when 


9, sinA= = 


’ 10. ce ee 11. tan A= —1, 
/2 . 2 


12. cot dA = — ,/3, 13, secA= -4 and 14, cosecd= —2? 
N 


Express in terms of the ratios of a positive angle, which is less than 
45°, the quantities 


15, sin(-65°. + 16, cos(-84°). 17. tan 137°, _ 


18, sin 168°. 19. cos 287°. 20. tan (-— 246°). 
91. sin 843°. 22, cos (— 928°). 93. tan 1145°, 
94, cos1410° 25. cot(—1054°). 96. sec1327° and 


27. cosec (— 756°). 
What sign has sin 4+cos A for the following values of A? 


98. 140°. 99. 278°.- 30. -356° and 31, -—1125°. 
What sign has sin A ~ cos A for the following values of A? 
32, 215°. 33. 825°. 34. —634° and 95, - 457°. 


36. Find the sines and cosines of all angles in the first four quadrants 
whose tangents are equal to cos 135°. 


Prove that 
37, sin (270°+A)=—cos A, and tan (270°+A)= —cot d. 
88. cos (270°-— d4)=—sin A, and cot (270°-dA)=tand. 


CHAPTER VI. 


GENERAL EXPRESSIONS FOR ALL ANGLES HAVING A 
GIVEN TRIGONOMETRICAL RATIO, 


77. To construct the least posite angle whose sine ws 
equal to a, where a is a proper fraction. 


Let OA be the initial line and let OB be drawn in the 
positive direction perpendicular to OA. 

Measure off along OB a distance — 
ON which is equal to a units of length. 
[If a be negative the point V will le in 
BO produced. ] 

Through NV draw VP parallel to OA. With centre O 
and radius equal to the unit of length describe a circle 
and let it meet VP in P. 

Then AOP will be the required angle. 
Draw PM perpendicular to OA, so that 


em 
OP = OP 

The sine AOP is therefore equal to the given quantity 
and AOP is therefore the angle required. 


si AOP = 


= dQ. 


ANGLES HAVING A GIVEN COSINE. 17 


78. To construct the least positive angle whose cosine 
as equal to b where b is a proper fraction. 


Along the initial line measure off a distance OM equal 
to 6 and draw MP perpendicular to OA. -.-... 
[If 6 be negative Mf will lhe on the other 
side of O in the line AO produced. | 

With centre O and radius equal to 
unity, describe a circle and let 1t meet 
MP in P. 

Then AOP is the angle required. For 

OM bd _ 


COS AOP = OP = i b, 


79. Lo construct the least positive angle whose tangent 
as equal to ¢. 


Along the initial line measure off 
OM equal to unity and erect a per- c 
pendicular J7P. Measure off MP 
equal to c. a) 1 M A 

Then 
MP 
tan AOP = OM 7° 


so that AOP is the required angle. 


80. It is clear from the definition given in Art. 50, 
that, when an angle is given, so also is its sine. The 
converse statement 1s not correct; there is more than one 
angle having a given sine; for example, the angles 30°, 
150°, 390°, — 210°,... all have their sine equal to 4. 

Hence, when the sine of an angle is given, we do not 
definitely know the angle; all we know is that the angle 
is one out of a large number of angles. 
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Similar statements are true if the cosine, tangent, or 
any other trigonometrical function of the angle be given. 

Hence, simply to give one of the trigonometrical 
functions of an angle does not determine it without 
ambiguity. 

81. Suppose we know that the revolving line OP 
coincides with the mitial line OA. All we know is that 
the revolving lime has made 0, or 1, or 2, or 3,... complete 
revolutions, either positive or negative. 

But when the revolving line has made one complete 
revolution the angle it has described is (Art. 17) equal to 
27 radians. 

Hence when the revolving line OP coincides with the 
initial line OA, the angle that 1t has described is 0, or 1, 
or 2, or 3... times 27 radians, in either the positive or 
negative directions, 2.e. either 0, or + 27, or + 4, or + 67... 
radians. 

This is expressed by saying that when the revolving 
line coincides with the initial line the angle it has de- 
scribed 1s 2n7r, where n is some positive or negative 
whole number. 


82. Theorem. To find a general expression to in- 
clude all angles which have the same sine. 

Let AOP be the smallest positive angle having the 
given sine and let it be denoted 
by a. 

Draw PM perpendicular to OA 
and produce MO to M making 
MO equal to OM and draw M’P’ 
parallel and equal to MP. 

As in Art. 72 the angle AOP’ is equal to w— a. 


ANGLES HAVING THE SAME SINE. 7Y 


When the revolving line is in either of the positions 
OP or OP’, and in no other position, the sine of the angle 
traced out is equal to the given sine. 

When the revolving line is in the position OP it has 
made a whole number of complete revolutions and then 
described an angle a, ze. by the last article it has described 
an angle equal to 


where 7 is zero or some positive or negative integer. 
When the revolving line is im the position OP’ it has, 
similarly, described an angle 2r7+AOP’, we. an angle 
2ra +17 — a, 
Vs (QT AN) Gf Oe dasnan peasaeevesaes (2) 
where 7 1s zero or some positive or negative integer. 
All these angles will be found to be included in the 
expression 
ogee Cee I ads ee ne ee eee (3), 
where 7 is zero or a positive or negative integer. 
For, when n = 27, since (— 1)" =+1, the expression (3) 
gives 27a +a, which is the same as the expression (1). 
Also, when n= 2r-+ 1, since (—1)"*1=—1, the expres- 
sion (8) gives (2r+1)a7—a, which is the same as the 
expression (2), 


Cor. Since all angles which have the same sine have 
also the same cosecant, the expression (8) includes all 
angles which have the same cosecant as a, 


83. Theorem. 70 find a general expression to w- 
clude all angles which have the same cosine. 

Let AOP be the smallest angle having the given 
cosine and let it be denoted by a. 
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Draw PM perpendicular to OA and pro- 
duce it to P’, making PM equal to MP’. 

When the revolving line is in the position 
OP or OP’, and in no other position, then, as 
in Art. 78, the cosine of the angle traced out 
is equal to the given cosine. 

When the revolving line is in the eens OP it has 
made a whole number of complete revolutions and then 
described an angle @,7.e. it has described an angle 2n7 + 4, 
where n is zero or some positive or negative integer. 


When the revolving line is in the position OP’ it has 
made a whole number of complete revolutions and then 
described an angle — a, 1.e. it has described an angle 2na—a. 

All these angles are included in the expression 


ONG Os dave dessin elseaacaie (1) 


where 7 is some positive or negative number. 


Cor. The expression (1) includes all angles having 
the same secant as @. 


84. Theorem. 10 find a general expression for all 
angles which have the same tangent. 

Let AOP be the smallest angle having the given 
tangent, and let it be denoted by a. 

Produce PO to P’ making OP' 
equal to OP and draw PM’ per- 
pendicular to OM". 

As in Art. 73 the angles AOP 
and AOP’ have the same tangent ; 
also the angle AOP’=7 +a. 

When the revolving line is in 


~~ 


ANGLES HAVING THE SAME TANGENT. 8] 


the position OP, it has described a whole number of 
complete revolutions and then turned through an angle 
a, 2.¢. 1t has described an angle 


D7 He Oisiveay cece nen dieaar cust (1), 


where v is zero or some positive or negative integer. 
When the revolving line is in the position OP’, it has 
similarly described an angle 2rm + (a +a), 


1.€. (20 1) 98 +e Gitattessiioavdenons (2). 
All these angles are included in the expression 
NWT + Q.......0. cevepieasaaeecwue »+(3) 


For, when 7 is even, (=2r say), the expression (8) 
gives the same angles as the expression (1). 

Also, when 7 is odd, (= 2r+1 say), it gives the same 
angles as the expression (2). | 


Cor. The expression (8) includes all angles which 
have the same cotangent as a. 


85. Ex.1. Write down the general expression for all angles, 


(1) whose sine is equal to ue : 


Ear 1 
(2) whose cosine is equal to — 5, 


and (8) whose tangent is equal to = ‘ 
(1) The smallest angle, whose sine is ae is 60°, 4.0. 5. 
Hence, by Art. 82, the general expression for all the angles which 
have this sine is 
a 


nr +(—1) 3 


(2) The smallest positive angle, whose cosine is 


‘cae 6 ay. 2 
=p ee 120 Se We 
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Hence, by Art. 88, the general expression for all the angles which 
have this cosine is 


2 
Qn 2 


3 
(3) The smallest positive angle, whose tangent is 


er 
gre ee es 


Hence, by Art. 84, the general expression for all the angles which 
have this tangent is 


e+ = 
TT es 


Ex.2. What is the most general value of 0 satisfying the equation 


1 
sin? @=—? 
sin? 6 m 


a 


Here we have sin @= + : 


Taking the upper sign, 


sin @= Tega 
2°" "6 
ie d=ne+(-1)"— ‘ 
Taking the lower sign, 7 


sin @= ~5=sin ( = 


. gum +(—1)"( -§). 


Putting both solutions together we have 


| @=nm+(—1)"% 
or, what is the same expression, 


T 
é= =~: aRe 
MM & 
Ex. 3. What is the most general value of 0 which satisfies both of the 


1 1 
° s woe 9 
equations sin 0 = 5 and tan @= WES 


Considering only angles between 0° and 360° the only angles, whose 


sine is — : are 210° and 330°. Similarly the only angles, whose tan- 


gent is a are 30° and 210°. . 


EXAMPLES, 83 


The only angle, between 0° and 360°, satisfying both conditions is 
therefore 210°, i.e. hs : 

The most general value is hence obtained by adding any multiple 
(fs 


é where n is any 


of four right angles to this angle, and hence is 2n7 + 


positive or negative integer. 


EXAMPLES. XI. 


What are the most general values of 6 which satisfy the equations, 


1 : J/3 | Beta, 
de sin @= 95. 9. si 0= — “> 3. sae 
1 /3 1 

4, cosd= —>5. 5, cos0=">-. 6. CON ot 

7, tané=,/3. 8, tan@é=—1. 9, cotd=l. 
10. secé=2. Ll, cosec d= al 12. sin?é=1. 

/3 

. 1 ee | ae 

13. cos?O =F : 14. tan 0= 5. 15. 4sin?@=3. 
16. 2cot?6=cosec? é. 17, sec?é= 5 


18, What is the most general value of @ that satisfies both of the 
equations 


1 
= SS Se =]? 
cos 8 Np and tan@=1? 
19. What is the most general value of 6 that satisfies both of the 


equations 
cot d= —,/3 and cosec@= —2? 


90. If cos(A-B)= and sin (4 +B)=%, find the smallest positive 


values of A and B and also their most general values. 


Ql. Iftan (4 ~-B)=1, and sec(A4+B)= find the smallest positive 


ee 
3" 
values of 4 and B and also their most general values. 


6—2 


84, TRIGONOMETRY. [Exs. XI. ] 
99, Find the angles between 0° and 360° which have respectively (1) 
their sines equal to ss (2) their cosines equal to = , and (38) their tan- 


gents equal to Ea : 


A/ | 
93, Taking into consideration only angles less than 180°, how many 
values of x are there if (1) sin o=7, (2) cos a= 5, (3) cosa = — (4) 


tane=5, and (5) cotw=—-—7? 


94, Given the angle x construct the angle y if (1) siny=2sin«a, (2) 


tan y= 38 tan 2, (3) cosy = : cos a, and (4) sec y=cosec a. 


25, Shew that the same angles are indicated by the two following 
formulae: (1) (2n-1)5 +(-1)" 


Tv 


3 and (2) 2am + * , n being any integer. 


. 96, Prove that the two formulae 
(1) (2n+5) wea and (2) nr+(-1)" @ _ «) 
denote the same angles, n being any integer. 


Illustrate by a figure. 


97, If @-a=nr+(-1)"8 prove that 6=2mr+a+8 or else that 
6=(2m-+1)r+a—P8 where m and n are any integers. 


28, If cospé+cos q@=0, prove that the different values of 6 form two 


: : , : : : 2a 
arithmetical progressions in which the common differences are —— and 
pt+d 


respectively. 


~ 


99, Construct the angle whose sine is su , 
86. An equation involving the trigonometrical ratios 
of an unknown angle is called a trigonometrical equation. 
The equation is not completely solved unless we 
obtain an expression for all the angles which satisfy it. 
Some elementary types of equations are solved in the 
following article. | 


EQUATIONS. 55 


87. Ex. 1. Solve the equation 2 sin?4+,/3cosx+1=0. 
The equation may be written 
2—2cos?#+,/38 cosz+1=0, 


1.€. 2cos?2«—,/3 cos x-—3=0, | 
1.0. (cos  — /3) (2 cos # +4/3) =0. 
The equation is therefore satisfied by cosx=,/3, or cost#= — ae 


There is no angle whose cosine is ,/8, so that the first factor gives no 


solution. 


The smallest positive angle, whose cosine is — _ is 150°, i.e. 7 ‘ 


Hence the most general value of the angle, whose cosine is — ahs 


is Qn + hm (Art. 83.) 
This is the general solution of the given equation. 


Ex. 2. Solve the equation tan 56=cot 26. 
The equation may be written 
tan 50 = tan G - 20 ) ‘ 
Now the most general value of the angle, that has the same tangent as 
ae 20, is, by Art. 84, nm + 26, 


where 7 is any positive or negative integer. 
The most general solution of the equation is therefore 


50 =nm + 5 — 20 


1 T 
7 O=% (nw +5) 3 


where 7 is any integer, 


EXAMPLES. XII. 


Solve the equations 


i cos? @~ sin 9-7 =0. 9, 2sin?6+3 cosé@=0. 


3, 2/3 cos? d=sin 6. 4, cos6é+cos? @=1. 


86 


co CO NS a 


Il. 


13. 
15. 
17. 
19. 


21. 


23. 
25. 
27. 


29, 


30. 


ol. 


32. 


33. 


TRIGONOMETRY. [Exs, XII.] 


4 cos @—3sec O=2 tan 6. 6. 
tan? @ —(1+.,/3) tan 6+,/3=0. 


: 1 
cot? 6+ (v3 +5) cot 6+1=0. 
cot d—abtan @=a-— b. 10. 


secO —-1=(,/2 —1)tan@. 12. 


sin 99=sin 0. 14. 
cosmé = Cos nO. 16. 
cos 58 =cos 46. 18. 
cot 6=tan 86. 20. 
tan 26=tan : 4 22. 
tan? 36 = cot? a, 24. 
tan? 36 = tan? a. 26. 
tan mx +cotnz=0. — 28, 
sin (0 — d)=5: and cos (8+) = 


cos (24 + 3y) = ; , Cos (84+ 2y)= 


sin? 9 —2 cos 0+ 5=0. 


tan? 6+ cot? 6=2. 


sin 56 =35 : 
gin 30 = sin 20. 
sin 20=cos 38. 
cos m@é=sin né. 


cot é=tan nd. | 
tan 26 tan @=1. 


tan 38@=cot 9. 
3tan?@=1. 


tan (m cot 6) =cot (7 tan 6). 


fod 


7 
ans 


a 


Find all the angles between 0° and 90° which satisfy the equation 


sec? 6 cosec? @ + 2 cosec? @=8. 


If tan?9=?, 


1 
If the coversin of an angle be 5) 


find versin @ and explain the double result. 


find its cosine and cotangent. 


CHAPTER VIL. 


TRIGONOMETRICAL RATIOS OF THE SUM AND DIFFERENCE 
OF TWO ANGLES. 


88. Theorem. 7 prove that 
sin(A + B)=sin A cos B+ cos A sin B, 
and cos (A + B)=cos A cos B—sin A sin B. 


Let the revolving line start from OA and trace out 
the angle AOB (=A), and then trace out the further 
angle BOC (= 8B). 

In the final position of the revolving line take any 
point P, and draw PM and PN perpendicular to OA and 
OB respectively; through NV draw VA parallel to AO to 
meet MP in R and draw NVQ perpendicular to OA. 


88 TRIGONOMETRY. 


The angle 

RPN=90° —-ZPNR=2ZRNO=2NOQ=A. 
ae _MP MR+RP 

Hence sin (A + B)=sin AOP = Fp = OP 


_QN _RP_QNON , RP NP 
“OP OP ON OP" NP OP 


=sin A cos B+cos RPN sin B. 
‘, sin(A+B)=sinA cos B+ cos A sin B. 


. _ _ OM 0Q-MQ 
Again cos(A +B) =cos AOP = pa = = ap 


00 RN OQON RN NP 


OP OP ON OP NP OP 
=cos A cos B—sin RPN sin B. 
*, cos(A +B) =cosAcos B —sinA sin B. 


89. The figures in the last article have been drawn only for the case 
in which A and B are acute angles. 


The same proof will be found to apply to angles of any size, due 
attention being paid to the signs of the quantities involved. 

The results may however be shewn to be true of all angles, without 
drawing any more figures, as follows. 

Let A and B be acute angles, so that, by Art. 88, we know that the 
theorem is true for A and B. 

Let A,=90°+ A, so that, by Art. 70, we have 


sin 4,=cos d, and cos A;= —sin A. 
Then sin (4,+B)=sin {90°+(4+B)}=cos(A4+B), by Art. 70, 
=cos A cos B-sin A sin B=sin 4, cos B+ecos A, sin B. 
Also cos (A, + B) =cos[90°+ (4+ B)]= —sin (A+B) 
= —sin 4 cos B-cos 4 sin B=cos A, cos B-sin A, sin B, 


Similarly, we may proceed if B be increased by 90°. 
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Hence the formulae of Art. 88 are true if either A or B be increased 
by 90°, i.e. they are true if the component angles he between 0° and 
180°. 

Similarly, by putting 4,=90°+A,, we can prove the truth of the 
theorems when either or both of the component angles have values 
between 0° and 270°. 

By proceeding in this way we see that the theorems are true uni- 
versally. 


90. Theorem. 17 prove that 
sin (A — B)=sin A cos B— cos A sin B, 
and cos (A — B)=cos A cos B+ sin A sin B. 


Let the revolving line starting from the initial line 

OA trace out the angle 

AOB (= A) and then re- 

volving in the opposite di- 

rection, trace out the angle = = N&-------- 
BOC, whose magnitude is 

B. The angle AOC 1s there- 

fore A — B. 


Take a point Pin the g 
final position of the revolv- 
ing line, and draw PM and PN perpendicular to OA and 
OB respectively ; from NV draw VQ and VRP perpendicular 
to OA and MP respectively. 

The angle RPN = 90°— 4 PNR=2 RNB=2ZQON =A. 


Hence 


Q M A 


sin (A -B) =sin dod = "Fa TE 2 
_@N ON PREN 
ONOP PN OP 
=sin A cos B—cos RPN sin B, 
so that sin (A — B)=sin A cos B —cosA sin B, 
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oF Tas Oe OF ee 


Also cos (A — B) = =pp  Pop* Op 


_ OQ ON NR eg 
~ ON OP* NP OP 
so that cos(A—B)=cosAcosB+sin Asin B. 


=cos A cos B+sin NPR sin B, 


91. The proofs of the previous article will be found to apply to 
angles of any size, provided that due attention be paid to the signs of 
the quantities involved. 


Assuming the truth of the formulae for acute angles, we can shew 
them to be true universally without drawing any more figures. 
For, putting 4,=90°+A, we have, 
(since sin 4;=cos A, and cos d4,= —sin 4), 
sin (4, — B) =sin [90°+ (A — B)]=cos (4 — B) (Art. 70) 

=cos A cos B+sin A sin B 
=sin 4, cos B~cos 4, sin B. 

Also cos (A, — B) =cos [90° + (A — B)]= —sin (A - B) (Art. 70) 
= ~sin A cos B+cosd sin B 
= cos 4,cos B+sin A, sin B. 


Similarly we may proceed if B be increased by 90°. 

Hence the theorem is true for all angles which are not greater than. 
two right angles. . 

So, by putting 4,=90°+.4,, we may shew the theorems to be true for 
all angles less than three right angles, and so on. 

Hence, by proceeding in this manner, we may shew that the theorems 
are true for all angles whatever. 


92. The theorems of Arts. 88 and 90 which give 
respectively the trigonometrical functions of the sum and 
differences of two angles in terms of the functions of the - 
angles themselves are often called the Addition and Sub- 
traction Theorems. 


ADDITION AND SUBTRACTION FORMUL. 91 


93, Ex. 1. Find the values of sin 75° and cos/15°. 
sin 75° =sin (45° + 30°) =sin 45° cos 80° + cos 45° sin 30° 
1 738 ILi1_ +l 
=78° 2 72a 2/8” 
and cos 75° = cos (45° + 30°) = cos 45° cos 30° — sin 45° sin 30° 
1/3 11 _V3-1 
: DB J 2 BIg 
Ex. 2. Assuming the formulae for sin(«+y) and cos(a+y), deduce 
the formulae for sin (x—y) and cos (w—y). 
We have 
sinz=sin {(«-y)+y}=sin (v—y) cosy +cos (w—-y) siny...... (1), 
and cos z#=cos {(#—y)+y}=cos (w — y) cosy — sin (w —y) siny...... (2). 
Multiplying (1) by cosy and (2) by sin y and subtracting, we have 
sin x cosy — COS x sin y =sin (x — y) (cos? y + sin? y} = sin (a —- y). 
Multiplying (1) by sin y and (2) by cosy and adding, we have 
sin # sin y + COS % COS y =COs (w7—Y) (cos? y + sin? y} =Cos (x ~ ¥/). 


Hence the two formulae required are proved. 
These two formulae are true for all values of the angles since the 
formulae from which they are derived are true for all values. 


EXAMPLES. XIII. 


1, Ifsin a=% and cos B=7, find the value of sin (a — 8)andcos (a+ 8). 


eee sina=z and cy eee 
sin (a+ 8). 


12 
3. If sina =a and cosB=Ta» 


7 : , find the values of sin (a—) and 
find the values of sin (a + 8), cos (a — 8), 
and tan (a+ 8). 

Prove that | 

4, sin(d+B)sin (4d -B)=sin? 4 ~ sin? B, 

5, cos(4 +B) cos(A — B)=cos? A -— sin? B, 

6. cos (45° ~ 4) cos (45° — B) — sin (45° — A) sin (45°- B)= sin (4 +B). 


92 TRIGONOMETRY. [Exs, XIIT.] 


7, sin (45°+ 4) cos (45°— B) + cos (45° + A) sin (45° ~ B)=cos (A — B). 


sin(d-—B)  sin(B-C) sin (C—dA) _ 
cosdcosB cosBcosC  cosCcosdA 


9, sin 105° + cos 105°=cos 45°. 
10, sin 75°— sin 15°=cos 105° + cos 15°. 
ll. cosacos (y—a)—sinasin (y— a) =cos a. 
12, cos (a+ 8) cosy — cos (8 +y) cos a=sin B sin (y — a). 
13, sin(v+1) Asin (n—-1) A+cos (n+1) 4 cos (n—1) A =Cos 24. 
14, sin(n+1) Asin (n+2) 4+cos(n+1) A cos (n+2) A=cos A. 


94. From Arts. 88 and 90, we have, for all values of 
A and B, 


sin (A + B)=sin A cos B+ cos A sin B, 
and sin (A — B)=sin A cos B—cos A sin B. 
Hence, by addition and subtraction, we have 
sin(A + B)+sin(A — 56)=2sin A cos B..... Rat 
and sin(A + B)—sin(A — 5) =2cos A sin B...... (2). 


From the same articles we have, for all values of A 
and B, 
cos (A + B)=cos A cos B—sin A sin B, 


and cos(A —B)=cos A cos B+ sin A sin B. 
Hence, by addition and subtraction, we have 
cos (A + B)+cos(A —B)=2 cos A cos B...... (3), 
and cos(A—8B)—cos(A+5)=2sn Asin B...... (4). 
Put 4+ B=C, and A—B=D, so that 


PRODUCT FORMULA. 93 


On making these substitutions the relations (1) to (4) 
become, for all values of C and D, 
C+D CcC—D 


sin C + sin D = 2 sin 2 cos 7 I, 
D .c-—D 
sin C — sin D=2 cos 5 s on a a he 
eos @ eos D acon cos ott 
2. 2 
and cos D — cos = 2 sin °° sin ae . LV! 


[The student should carefully notice that the left-hand 
member of IV is cos D — cos C and not cos C — cos D.| 


95. These relations I to LV are extremely important 
and should be very carefully committed to memory. 

On account of their great importance we give a geo- 
metrical proof for the case when C and D are acute angles. 

Let AOC be the angle C and AOD the angle D. 
Bisect the angle COD by the straight line OF. On OF 
take a point P and draw QPR perpendicular to OP to 
meet OC and OD in Q and & respectively. 

Draw PL, QM and RN perpendicular to OA, and 
through R draw RST perpendicular to PL or QM to 
meet them in S and 7’ respectively. 

Since the angle DOC is C—D, each of the angles 


DOE and EOC ceed and also 
£AOE= 2 AOD +2 DOB =D+ 5 =” 
Since the two triangles POR and POQ are equal in 
all respects we have OQ = OR, and PR = PQ, so that 


RQ =2RP. 
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Hence QT =2PS, and RT = 2RS, 2e. MN =2ML. 

Therefore MQ + NR = TQ + 2L8=28P + 2L8 =2LP. 

Also OM + ON =20M + MN =20M + 2ML=20L. 
MQ NR _MQ+NR 


Hence ee og. OB = OR 


Cy 


a 2 ope “Fs TOP ee POR 
04D O-D 
DS), eet COS === 


9 D 
MQ NR MQ-—NR 


Again ee) Sp 
255 a0. ane 2cos SPR sin ROP 


C+D. C-D 


sin a ae 


| for ZSPR=90°-ZSPO0= Zz Lop="4" 
OM | ON ON OM+0ON 

OQ °° OR OR 

_y OL _,0LOP 

~~ OR ~ OPOR 

= 2 cos LOP cos POR = 2 cos Uae cos —p—. 


= 2 cos 


Also cos (C+ cos D= 
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ON OM ON-OM 
Finally cos D—cosC= OR” 00° OR 


_MN _ Sh _ WR PR 

OR OR PROR 
=2sinSPR.sin POR 

= 2 sin C+D sin Came 
2 2 


96. The student is strongly urged to make himself 
perfectly familiar with the formulae of the last article and 
to carefully practise himself in their application; perfect 
familiarity with these formulae will considerably facilitate 
his further progress. 

The formulae are very useful because they change 
sums and differences of certain quantities into products of 
certain other quantities, and products of quantities are, as 
the student probably knows from Algebra, easily dealt 
with by the help of logarithms. 

We subjoin a few examples of their use. 


Ex. 1. sin6@+sin 46=2sin- 6¢ aS af cos ee =2 sin 54 cos @. 


Ex. 2. cos30—-cos70=2sin ot tbs sin is 5 Lae sin 56 sin 26. 
2 cos ee. sin ieee 

gin 75° — sin 15° = 2 2 

cos 75° +cos 15° ~ 75° + 15° 16° = 15° 
2 cos -. ol aaa aa 


_ 2 cos 45° sin 30° | et ee RO ot 
= 505 de cos 500 n 30°= =757 a= 57735...... 


[This is an example of the simplification given by these formulae; it 
would be a very long and tiresome process to look out from the tables the 
values of sin 75°, sin 15°, cos 75°, and cos15°, and then to perform the 
division of one long decimal fraction by another. ] 
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Ex. 4. Simplify the expression 


(cos @ — cos 36) (sin 84 + sin 26) 
(sin 50 — sin 6) (cos 40 — cos 69) ° 


On applying the formulae of Art. 94 this expression 
6+30 . 30-86 . 86420 86-20 


Prove that 
1 gin 76 ~ sin OF aie 9 9 cos 66 — cos 46 
* cos70+co0s560 ; " gin 6@+sin46 
sin A + sin 3d 
a ae 2 de 
3. cos A +cos 3A vee 
sin 7A — sin 4 
4, ee noe cos 4A sec 5A. 
cos 2B+ cos 2A 
Db ere asco =cot(d +B) cot(d-B). 
6 sin 24 +sin 2B _ tan (4 +B) 
‘ gin2d—sin2B tan(d-B)° 
sin 4d + sin 24 A sin 5A — sin 3A 
7. - =cot=. 8, 
cos A — cos 2.4 2 cos 34 +e08 54 
cos 2.B — cos 2A 
9. sin2B + sin 24 see Oa) 
10. cos(4+B)+sin (A — B)=2 sin (45° + A) cos (45° + B). 
ll cos 34 — cos A Es cos 2A —cos 44 = sin A 
‘ gin3dA-—sind sin44d-sin2A cos 2A cos3A4° 
sin (44 —-2B)+sin (4B —- 24) 
12, cos (44 — 2B) -+ cos (4B - a oe) 
13. ban pO tan 0 cos 26 cos 40. 


2 sin ore sin are x 2 sin 9 cos 5 


= 50+6 . 56-6 . 40+66 . 66-40 


2 cos sin ——— x 2 sin ——---- S1n 


2 2 2 2 


_4. sin 24 sin 6.sin 59 cos 30 _ 
~ 4,c0836sin26.sin5ésing 


EXAMPLES. XIV. 


tan 56 — tan 30 


—tan @. 


=tan A. 


[Exs. XIV.] PRODUCT FORMULAE, 97 
cos 86 +2 cos 56 +c08 70 ; 
es oN Di oneal rea NI SE 26 — 26 tan 36. 
| 14. cos 6 +2 cos 36+ cos 50 a oe 
sin 4d+sin 34 +sin 54+sin 74 
pa aN ents Ac eo DE 4A, 
1b. cos A +cos 34 + cos 54 +c0s 7A we 
sin (9+) —2sin 6+sin (6 - ¢) 
———______—— = tan 6. 
16. cos (9+ p) — 2 cos 6+ cos (0 - ¢) a 
17 sin d+2sin3d4+sin5d — sin3A 
’ gin84+2sin5d+sin7d sindA- 
18 sin (d—-C)+2sin A+sin(d+C)_ sin A 
' sin (B-C)+2sinB+sin(B+C)~ sin B’ 
sin 4 —sin 5A +sin 94 —sin 134 
19. cos d — cos 5A —cos9A+cC08 134 cole 
sin 4+sin B A+B A-~B 
Oo nein a ee 
cos 4 -+-cos B A+B A-B 
ote coe ae 
sin 4d+sin B A+B 
22. cosd peosB 
sin 4d —sin B A+B 
23. cos B—cos A a 9° 
o4 cos(4+B+C)+cos(-A+B+C)+cos(d4 —-B+C)+c0s(4+B-C) 
* sin(4+B+C)+sin(-d4+B+C)-sin(A—-8+C)+sin(4+B-C) 
=cot B. 
95, cos34-+cos 54 +cos 74 +008 154 =4 cos 4A cos 5A cos 64. 
26. cos(-A4+B+C)+cos(d -B+C)+cos(4+ B-C)+cos(A+B+C) 
=4cos A cos Becos C. 
97, sin 50° —sin 70°+ sin 10°=0. 
98, sin 10°+sin 20° + sin 40° + sin 50°=sin 70° + sin 80°. 
29, sina+sin2a+sin4a+sin 5a=4 cos 5 cos “ sin 3a. 
Simplify 


Ts fom 
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97. The formulae (1), (2), (3), and (4) of Art. 94 are 
also very important. They should be remembered in the 
form | 

2 sin A cos B = sin(A + B)+sin (A —B)...(1), 
2 cos Asin B = sin (A + B) — sin (A — B)...(2), 
2 cos A cos B=cos (A+B) + cos (A — B)...(8), 
2 sin A sin B = cos (A —B) —cos(A+B)...(4). | 

They may be looked upon as the converse of the 

formulae I—Iv. of Art. 94. 


Ex. 1. 2sin 30 cos @=sin 40+ sin 20, 
Ex. 2. 2sin 50 sin 30=cos 26 — cos 80. 
Ex. 3. 2.co0s11@cos 26=cos 130+ cos 98, 


Ex. 4. Simplify 
sin 86 cos 8 — sin 66 cos 30 


cos 26 cos 6 — sin 86 sin 46° 


By the above formulae the expression 


; [sin 99 +sin 70] = [sin 96+ sin 30] 


5 [cos 38 + cos @] — : [cos 6 — cos 76] 


_ sin 76 —sin 30 
~ cos 86+c08 76 
_ 2 cos 56 sin 20 
~ 2 cos 56 cos 20’ 
=tan 20. 

[The student should carefully notice the artifice of first employing 
the formulae of this article and then, to obtain a further simplification, 
employing the converse formulae of Art. 94. This artifice is often 
successful in simplifications. ] 


by the formulae of Art. 94, 


EXAMPLES. XV. 
Express as a sum or difference the following 
1, 2sin5é@sin 7@. 9. 2cos7é@ sin 56. 
3. 2cos11é cos 36. 4, 2sgin 54° sin 66°. 


{[Exs. XV.] TANGENT OF THE SUM OF TWO ANGLES. 99 


Prove that 
_ oO. 76 , 30. 116, : 
5, sin 9 Sin > +sin-> sin 3 =sin 26 sin 56. 
6. cos 26 cos a2 cos 38 cos ue = sin 56 sin ee ‘ 
2 2 2 
7, sind sin(4+2B)-—sin Bsin(B+24)=sin (A - B)sin (A+B). 
8. (sin34+sin A) sin 4+ (cos 3A — cos A) cos 4 =0. 
9 2sin (A—C)cosC-sin(4-—2C)_ sind 
2 sin (B-—C)cosC-sin(B-2C) sinB’ 
10. sin A sin 24 +10 3A sin 6A + sin 4A sin 134 Te 
sin A cos 24 +sin 84 cos 64 +sin 44 cos 134 
cos 24 cos 8A — cos2A4 cos 74 +co0s 4 cos10A _ 
Ll. “sind sin 34 — sin 24 ein 5d psin 4d sin 74 ~ 00" O4 cot 54. 
12. cos (36° — A) cos (836°+.A) + cos (54° + 4) cos (54° -— A)=cos 2A. 
13. cosd sin (B- C)+cos B sin (C- A)+cos C sin (4 - B)=0. 
14, sin (45°+ 4) sin (45°- A) = ; cos 2A. 
15, versin (4 +B) versin (4 — B)=(cos A — cos B)?, 
16. sin(8—-y)cos(a— 46) +sin(y— a) cos (8-4) + sin (a — 8)cos (y — 6) =0. 
ve Qa 30r 51 
17, 2 00S 73 C08 F, + COST, + cos73 =0. 
tan A + tan B 
98. Zo prove that tan (A+ B)= >, and 
P ( ) 1—tan A tan B’ 


that tan (A — B) = 


tan A —tan B | 
1 +tan A tan B’ 


By Art. 88, we have, for all values of A and B, 


tan (4 + B)= 


sin (A+B) sin A cos B+cos A sin B 
cos (A+B) cos A cos B—sin A sin B 
sin A sin B 
cos A ' cos B a ayes 
= —[n Aan a aan B , by dividing both 
cos A cos B | 


numerator and denominator by cos A cos B. 


tan A+ tan B 


eae ee a 
as aa) l1—tan Atan B 


7—2 


100 
Again, by Art. 90, 
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_sin(A — 8B) _ sin A cos B—cos A sin B 
aoe FE) es( A= By Cos cos B + sin A sin B 
sin A sin B 
cos A cos B a 
= ——[n dem B by dividing as before. 
* cos A cos B 
+, tan (A —B) = tan A — tan B 


1+tanAtanB’ 


99, The formulae of the preceding article may be obtained geometri- 
cally from the figures of Arts. 88 and 90. 


(1) Taking the figure of Art. 88 we have 


MP QN+RP 

tan (4+B)= Olt OO-RN 
QN RP 1 BE 
00 00: 06 
4 BRN : RN RP 
Og RP 0Q 


But, since the angles RPN and QON are equal, the triangles RPN and. 
QON are similar, so that 
RP 0Q 
PN ON’ 


RP PN 
and therefore 00 Om oN =tan B. 
tan A+tan B 
1—tan RPN tan B 


(2) Taking the figure of Art. 90, we have 


MP _ QN-—PR 
OM OQ+NR 


PR 
0" 00..." 00 
TNR NR PR 

OQ PR OQ 


tan A+tan B 
~1—tan AtanB' 


Hence tan(d4+B)= 


tan (4 - B)= 


QN PR 
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But, since the angles RPN and NOQ are equal, we have — pe ee 


PN” ON 
PR PN 
and therefore 00 = ON —tan B. 
Hénce tan (A ~B)= tand—-tanB — tand—tanB 


I+tan RPNtanB 1+tanAtanB' 


100. As particular cases of the preceding formulae, 
we have, by putting B equal to 45°, 


» tanA+I 1+4+tan A 
ee eae a 
tan A —1 
1+ tan A’ 


Similarly as in Art. 98 we may prove that 


and tan (A — 45°) = 


cot A cot B- J 
UC = cot A + cot B 


cot A cot B+1 
and cot (A — B)= aie ane 


‘ tan 45° + tan 30° 
OoLs: ie) OY 
101, Bx. 1. tan 75° = tan (45° + 30°) = 1 — tan 45° tan 30° 


1 
1 
oe al. (J3+1)? 442/39 7g 
"Weel Bal 8 gana 
NE; 
=241-73205,..=3°73205.... 
tan 45° — tan 30° 
2. tan 15°= . 
= ST eee ROO ae tan stan 
ee | 
_ aoe _N8-1_(/8-1) _4-2N38_ 4 i 
r= —VSeE Sade 9m v 
+55 


= 2 —1°73205,.,=°26795... 


102 TRIGONOMETRY. 


EXAMPLES. XVI. 


1. If tan A=- and tan B=, find the values of tan (24+) and 
tan (2A — B). : 
__ N38 _ 3 
2. Iftand =7_,/3 and a ae ORG , prove that 


tan (A — B)=:375. 


n 1 
3. Iftan dA ad and tan B= onl? find tan (4 +B). 


4, If tana= 2 and tan @=—- prove that a+B=~— 


6 a ay 4° 
Prove that 7 
T arr . 
5, tan( T+ 0) x tan (7+ 0) = ~1. 


6. cot (F+o) cot (F- 9) =1. 


7, i+tanaA tan 4 =tan A cot 4 - 1l=sec A. 


102. As further examples of the use of the formulae 
of the present chapter we shall find the general value of 
the angle which has a given sine, cosine or tangent. This 
has been already found in Arts. 82—84. 


Find the general value of all angles having a given sine. 
Let a be any angle having the given sine and @ any 
other angle having the same sine. 
We have then to find the most general value of 6 
which satisfies the equation 
sin 6 =sina, 
z.é. sin @—sina= 0. 
This may be written 
O+a. 0-4 


3 Sin 5 ='(), 


2 cos 
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and it is therefore satisfied by 


eon 0) and by sin 12 4G, 
2 2 
a.e. by ae = any odd multiple of 7 
0 — a , 
and by 3” = any multiple of a 
we. by @=—a-+ any odd multiple of 7...... (1), 
and 6=a-+ any even multiple of 7 ...... (2), 


ae. 8 must =(—1)"a+nm, where v is any positive or 
negative mteger. 

For when n is odd this expression agrees with (1), and 
when 7 is even it agrees with (2). 


103. Find the general value of all angles having the 
same cosine. 
The equation we have now to solve is 


cos 6 = cos a, 


1.6. cos a—cos 8 = 0, 
_ O+a . G—a 
1.6. 2 sin 5 Sin —y- = Q, 
and it is therefore satisfied by 
. O+a . O-a 
sin —3~ = 0, and by sin ee 0, 

O+ a 
ve. by 5g = any multiple of 7, 

O—a | 
and by —g = any multiple of 7, 
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1.e. by @=—a+ any multiple of 27, 
and by 6=a-+ any multiple of 2r. 


Both these sets of values are included in the solution 
@ = 2nr + a, where n is any positive or negative integer. 


104. Find the general value of all angles having the 
same tangent. 
The equation we have now to solve is 
tan d —tan a= 0, 
1.6. sin 0 cosa — cos @ sin a= 0, 
1.8. sin (@—a)=0. 
*, @—a=any multiple of r 
=n, where n is any positive or 
negative integer, 


so that the most general solution is @=nm+a. 


CHAPTER VIII. 


THE TRIGONOMETRICAL RATIOS OF MULTIPLE AND 
SUBMULTIPLE ANGLES. 


105. To find the trigonometrical ratios of an angle 2.4 
an terms of those of the angle A. 


If in the formulae of Art. 88 we put B= A, we have 
sin 2A =sin A cos 4d+cos Asin A =2sin Acos 4A, 
cos 2A=cos A cos d —sin A sin A = cos’ A — sin’ A 


= (1 —sin? A) — sin? 4 = 1— 2sin’ A, 
and also | 
= cos? A —(1 — cos? A) =2cos*A-1; 
and 
tan A+ tan A 2tanA 


ran aor —tanA.tanA 1 —tan’?A 


Now the formulae of Art. 88 are true for all values of 
A and B; hence any formulae derived from them are true 
for all values of the angles. 

In particular the above formulae are true for all values 
of A. 
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106. An independent geometrical proof of the formulae 
of the preceding article may be given, for values of A 
which are less than a right angle. 


Let QCP be the angle 2A. : 
With centre C and radius CP (TT WIN 
describe a circle and let QC meet 
it again in O. : 
Join OP and PQ, and draw PN ay 


perpendicular to OQ. 
By Euc. 111. 20, the angle 


QOP =4 2QCP =A, 
and the angle NPQ=ZQO0OP=A. 


Hence 
NP 2NP NP NP OP 


sin 24 = GP ~ 200 ~7 007 70P' 00 


= 2 sin NOP cos POQ, since OPQ is a right angle, 


=2sin A cos A; 
also | oe 
_ON _20N _ (00+ CN)—-(OC -CN) 
costa Gp = jg 0g 
N= NQ _ONOP NQPO 
OQ OP OQ PQ 0Q 
= cos? A — sin? A ; 
g NP 
and tan 2A ee ae ___ON 
~ ON ON—NQ NQ- NQ PN 
~ PNON 


7 2 tan A 
~ t—tan? A’ 
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Ex. To find the values of sin 15° and cos 15°. 


Let the angle 24 be 30°, so that 4 is 15°. 
Let the radius CP be 2a, so that we have 


CN = 2a cos 80°=a,/3, 


and NP =2a sin 30° =a. 

Hence ON=0C+CN=a (2+,/3), 
and NQ=CQ~ CN =a (2-/3). 

 OP?=ON.O0Q=a (244/38) x 4a (Bue, vr. 8), 
so that OP =anr/2 (/3 +1), 
and PHP=QN . QO=a (2-/3) x 4a, 
so that PQ=a/2 (/3 - 1). 
azo PQ _ V2 (v3-1)_/3-1 
Hence sin 15 007° ae ony ; 
o OP _ Vf2(/34+1)_ J/3+1 

and cos 15°= 007 Z aa e ime 


107. To find the trigonometrical functions of 3A wi 
terms of those of A. 


By Art. 88, putting B equal to 2A, we have 
sin 3A =sin(A + 2A) =sin A cos2A + cos A sin 24 
=sin A (1—2 sin’ A)+ cos A.2sin A cos A 
=sin A (1 —2sin? A) + 2sin A (1 — sin? A). 


Hence sinSA=S3sinA-— 4sin°A......... (1). 
So 


cos 3A =cos(A +2A)=cos A cos2d —sin A sin 24 
= cos A (2 cos? A —1)—sin A.2sin A cos A 
= cos A (2 cos?. A — 1) —2cos A (1 —cos? A). 
Hence cos 3A=4cos’A—ScosA......... (2). 
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tan A +tan 2A 


Also tan 84 = tan(4A+2A)= 72 a od 


oe —2tanA 
= T= tant A _ tan A(1 — tan? A) + 2 tan A 
7 2tanA  (1—tan?A)—2tan? A 
1—tan 4.7 ag . 


3 tan A —tan’'A 


Hence tan3SA= eee ea 


108. By a process similar to that of the last article, 
the trigonometrical ratios of any higher multiples of 6 
may be expressed in terms of those of 6. The method is 
however long and tedious. In a later chapter better 
methods will be pointed out. 


As an example let us express cos 58 in terms of cos @. 
We have 


cos 50 = cos (30 + 20) 

= cos 36 cos 26 — sin 36 sin 20 
= (4 cos? @ — 3 cos 8) (2 cos? 6 — 1) 

— (3 sin 0 — 4 sin’ @). 2 sin 0 cos @ 
=(8 cos" @ — 10 cos? 8 + 3 cos 0) 

— 2 cos 8. sin? é (3 — 4: sin? @) 
== (8 cos’ @ — 10 cos? 0 + 3 cos 6) 

— 2cos 6 (1 — cos? @) (4cos? 6 —1) 
= (8 cos’ 8 — 10 cos? 6 + 3 cos @) 

— 2cos 8 (5 cos? 8 — 4: cost 6 — 1) 
= 16 cos’ 6 — 20 cos? 8+ 5 cos 0. 
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EXAMPLES. XVII. 


1. Find the value of sin 2a when 


(1) soew es. (2) ae and (3) tana= 


5 13 


9, Find the value of cos 2a, when 


63° 


109 


15 . . 4 _ 5 
(1) COSa= Ta (2) sin a=F, and (3) tana= 5. 

3. If tan g=° , find the value of a cos 20+ b sin 20. 
Prove that 

sin 24 sin 2A 
4, 1+ cos ee 5. fea 

1—cos 2A ; 

6. ifcso ‘A. 7, tan A+cot A=2 cosec 2A. 
8, tan A—-—cot A= —2 cot 2A. 9. cosec 2d +cot 24 =cot A. 

1—cosd+cosB-cos(A+B) , A B 
10. 1+cos A — cos B—cos(A eB) g Ora 

cos A g. AY sec8d4-—1  tan84 

Il, [eana~ (4 = 7) HAS cep dan OA: 

1 + tan? (45° — =4) 

a+ B 

14 sin (a+) _ aie 

sin (a—B) a9 a 

sin? A -- sin? B 

15. sin A cos A —sin B cos B can 
16, tan & 0) — tan & 0) =2 tan 24. 

cos 4+sind cos 4-—sin A 

Encarta oan : =2 ; 
17. cosd—sinA cos d+sin 4 ee 
ie. hone Stew t ee 


14+2sin 24° 
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sin 6+sin 26 1+sin #@—cosé 0 

— ° eat f se 

19. 1+cos 6+cos 20 ae: a0. itsind+coso 2 
91. sin(n+1)d4—sin(n-1)4  _4,y A 
cos(n+1)4+2cosnd+cos(n—1)A — 2 
99 sin (n+1) 4+2sin nd +sin(n—1) A A 


cos (n-1) 4d —cos(n+1) A Ng 


93, sin(2n+1) 4 sin A=sin? (n+1) A -sin?nd, 


sin (4 +3B)+sin (84 +B) 
sin 24 +sin 2B 


=2cos (4+). 

95, sin 34+sin24 —sin 4=4 sin A cos Gos - : 
96, tan 2d =(sec 24 +1) /sec? 4-1. 

27, cos? 20+3 cos 20=4 (cos® @ — sin® 6), 

28, 1+ cos? 26=2 (cost @+sint 6). 

29, sec? A(1+sec 2d)=2 sec 2d. 

30. cosec A —-2cot24d cos A =2 sin A. 


1 A A 
3l, cob d = 5 (cot tan 5) : 
32, sin asin (60° ~ a) sin (60° +a) =] nee. 
33. COSa cos (60 — a) cos (60°+ a) =j cos 8a. 


34, cot a+cot (60+) — cot (60° — a) =8 cot 3a. 


~~" 


35, cos 20° cos 40° cos 60° cos 80°= a ; 


3g, sin 20°sin 40°sin 60° sin 80°= 57 

37, cos4a=1-8 cos? a+8 costa. 

38, sin44=4 sin A cos? 4-—4co0s 4 sin? A. 

39, cos 6a=382 cos’ « — 48 cost? at+18 cos? a—1. 
AQ, tan 3A tan 24 tan A=tan 3A — tan 24 -- tan A. 


2 cos 2”9+1 


errs eae cos 6 — 1) (2 cos 26 — 1) (2 cos 2? 6 - 1) 


ba eeae (2 cos 2"-1 9-1). 
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Submulteple angles. 


109. Since the relations of Art. 105 are true for all 
values of the angle A, they will be true if instead of A 


we substitute sy and therefore if instead of 24 we put 
2 = 1.6. A. 
Hence we have the relations 
; _ A A | 
sin A= 2 SIN COS B ceeeeeeettereeteees (1), 
A A 
cos A=cos a sin rr) 
,A i A 
= 2 cos’, — 1=1-— sin’, eaawins (2), 
2 tan > 
and ener (3). 
1 —tan’ as 
2 
From (1) we also have 
| LA A 
2 sin — cos — 
2 2 
sin A = 
cos? — + sin” A 
2 2 
2 tan . 
= , by dividing numera- 
] + tan” 9 


; A 
tor and denominator by cos” 3° 
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A .,A 
cos ~-—-sin —= 


2 2 
= aire RET 
2 ) 

A 

—_ 2° 

- tan 9 

eee tan? 4 


110. To express the trigonometrical ratios of the angle 


A x 
— un terms of cos A. 


2 
From equation (2) of the last article we have 
cos A =1—2 sin’ 
53a 
sO that 2 sin’ > = 1—cos A, 
and therefore sin =} y a eee foddiw esac: (1). 
oe ele 
Again, cos A = 2 cos? oe 1, 
A 
so that 2 cos? = 1+cos A, 
and therefore cos ie + uf FE wae: (2). 
2 2 
sin ss —— 
A 2 / 1—cos A 
Hence, tan Dy = ae = + 1+ cos A oe (3). 
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111. In each of the preceding formulae it will be 


noted that there is an ambiguous sign. In any particular 
case the proper sign can be determined as the following 


examples will shew. 
Ex, 1. Given cos 45°= 4 , find the values of sin 224° and cos 224°. 


The equation (1) of the last article gives, by putting 4 equal to 45°, 


_ es ses 
sin 224°= + fe as wes owe 
= ‘ f2—/2. 
Now sin 224° is necessarily positive, so that the upper sign must be 
taken. 
Hence sin 29195 PE ap: 


1 45° 24/2 ; a ee 
So cos 2050 / EB a es aM Sr EINEE 


also cos 224° is positive ; 
. Cos 224° = SEE 


Ex. 2. Given cos 3300-8 , find the values of sin 165° and cos 165°. 


The equation (1) gives 


J/3 
ToN2 
— o — 


_ 8-1 
ON) ie 
Also 
143 
cos 165° = 7) SS te eae as 4+ 2/3 
2 2 8 

_ ,_wv3a+1 
= 82 
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Now 165° lies between 90° and 180°, so that, by Art. 52, its sine is 
positive and its cosine is negative. 


fiat aT 
1 an 
Hence sin 165°= 272 
V3+1 
Ost as 
and cos 165°= 378° 


From the above examples it will be seen that, when the angle A and 
its cosine are given, the ratios for the angle 4 may be determined without 


any ambiguity of sign. 
When however only cos 4 is given, there is an ambiguity in finding 


sin and cos c . The explanation of this ambiguity is given in the next 


article. 


**112. To explain why there is ambiguity when cos “ 


and sin’ are found from the value of cos A. 


We know that, if m be any integer, 
cos A = cos (2n7 + A) =k (say). 


Hence any formula which gives us cos 2 in terms of k, 


2 
should give us also the cosine of ss : 
2nm7 + A A 
Now cos a cos (vx + 5) 


= COS NIT GOS 3 + sin n7r sin oF GOS ni GOS 3 


= + cos > 
COB 3» 


according as 7 is even or odd. 
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Similarly any formula giving us sin = in terms of &, 


2 
should give us also the sine of a 
Also sin Par eA = sin Ca + =| 


_ A 
=+cosn7 sin — 


d A : 
= §1n n7r COS — + COS NT SIN 5 


A 
2 2 
=+si1n 9" 
Hence in each case we should expect to obtain two 
values for cos 4 and sin o , and this is the number which 
the formulae of Art. 110 give. 
113. To express the trigonometrical ratios of the angle 
= on terms of sin A. 


2 
From equation (1) of Art. 109 we have 


oe: ee: Cae 
2 sin 7 008 GF = sin 6 en (1). 
Also sin? . + cos? = == AL WOYS cevanbses (2). 


First adding these equations, and then subtracting 
them, we have 


cin’ 4 +2sin 4 00s 4 + 00st 4 =1 +sin A, 


° A e A A A . 
2 wee 2 —_— oa . 
and sin” 5 2 sin 9 8 % + cos 5 =1—sin A; 


8—2 
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Ue. (sin a -- cos *) =l1+4+sm A, 
2 2 
and (sin ae COS a =1l-—sin A; 
2 2 / 
so that sin = + cos 6 =+V14+sin Acces (3), 
and sin . — COS = SV 1 sin Asciccicsvees (4), 


By adding, and then subtracting, we have 


sig gf eee pe 
2sin,5=iV1l+sinAdV1—sinA secant (5), 


and Qeosp=4V1+sin AF V1—sin A ......(6). 


The other ratios of - are then easily obtained. 


114. In each of the formulae (5) and (6) there are 
two ambiguous signs. In the followmg examples it 1s 
shewn how to determine the ambiguity in any particular 


Case. 


Ex. 1. Given that sin 30° is a find the values of sin 15° and cos 15°. 


Putting A=30°, we have from relations (3) and (4), 


arene 3 
sin 15°+cos 15°= + ,/1+sin 30°= + ‘3 , 


sin 15° - cos 15°= + /1—sin 30°= + “5 


Now sin 15° and cos 15° are both positive and cos15° is greater than 
sin 15°, Hence the expressions sin 15°+ cos 15° and sin 15° — cos 15° are 
respectively positive and negative. 
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Hence the above two relations should be 


(e) (0) /3 
sin 15°+ cos 15 = +79" 
and sin 15° — cos 15°= -- ce 
J/2° 
oN 3 —- oN3+1 
Hence gin 15°= 9 ie , and cosld 3/8 


Ex. 2. Given that sin 570° is equal to — 2? Jind the values of sin 285° 


and cos 285°. 
Putting A equal to 570°, we have 


sin 285° + cos 285°= + ./1+sin 570°= a ; 


and sin 285° — cos 285°= + ./1— sin 570°= =y/ : ‘ 


Now sin 285° is negative, cos 285° is positive, and the former is 
numerically greater than the latter, as may be seen by a figure. 
Hence sin 285°+ cos 285° is negative and sin 285° — cos 285° is also 
negative. 
‘*, sin 285°+ cos 285°= — —~ 


5 2” 
and sin 285° — cos 285° = — “ey ‘ 
Hence sin 285°= — te , 
and cos 205° j 


*%*115. To explain why there is ambiguity when sins 


and cos > Z are found from the value of sin A. 


We know that, if » be any integer, 
sin {nr +(—1)?A}=sin A =f (say). (Art. 82.) 
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Hence any formula which gives us sae in terms of &, 


2 
should give us also the sine of SS 
First, let n be even and equal to 2m. Then 
Fi eesiies arene ec os Diag sin (mr + 5) 


A 5. ae . A 
= SIN MT COS ~ + COS Mm SIN | = COs Na SIN > 


=+sin =, 


according as m is even or odd. 
Secondly, let n be odd and equal to 2p + 1. 
Then 
sin ia a ih hi OT ee [pm ce = 
2 2 a+ & 
pee 


2 


i | io 


2 


= sin p7r COs + COs pr sin = COS pi COS = 


2 
A 
= + cos —, 


according as p is even or odd. 


Hence any formula. which gives us in 4 in terms of 


sin A should be expected to give us, in addition, the 
values of 


ee eee and zee 
—siIn-Z, CoS an O85» 
ae. 4 values in all, This is the number of values which 
we get from the formulae of Art. 113, by giving all possible 
values to the ambiguities. 
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aooe A 
In a similar manner it may be shewn that when cos 3 


is found from sin A, we should expect 4 values. 


116. In any general case we can shew how the 
ambiguities in relations (8) and (4) of Art. 113 may be 
found. 

We have 


sin + + cos = 2 ( 


Wnt, PAS ec 
sto 


oo so 8 


_A A. 7 _ (ww A 
= /2 sin > 008 ras cos > sin 7 = /2 sin @ +5) 
The right-hand member of this equation 1s positive if 
A “+ . lie between 2n7 and 2n7 + 7, 


2.e. f . lie between ane — 7 and nm + ; 


Hence sin = + 00s 4 is positive if < lie between 


WT OT 
Qn — A and 20 are 
it is negative otherwise. 
Similarly we can prove that 


_ A A _ (A 
sin 5 — cos = v2sin (5-5). 


Therefore sin = — cos 5 is positive if 


(5 os i) lie between 2nm and 2n7r+ 7, 
5er 


2.e, if . lie between 2n7 +5 and 2n7r + 4: 
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It is negative otherwise. 


The results of this article are shewn graphically in the 
following figure. 


eae eau: ee, ae a 
D Dee 2 


bee Ares | 
sin 7 + C08 5 is+ 


A’ Se goa fa A 


A a. 
sin 7 — C08 5 1s + 9 9 


2 


inZ are 
sin 3+ Go 5 


aoe nie dane 
a 


B’ 
OA is the initial line and OP, OQ, OR and OS bisect 


the angles in the first, second, third and fourth quadrants 
respectively. 


Numerical Example. Within what limits must < lie if 


2 sins = -J/i+sin A —/1-sin A. 


In this case the formulae of Art. 113 must clearly be 


. A a he 
sin S +008 S=~ Jivsnd sa agaitaiueetd erate (1), 


and sin $ ~ cos $= PV BM AE aia al alusyat (2). 


For the addition of these two formulae gives the given formula. 


From (1) it follows that the revolving line which bounds the angle é 
must be between OQ and OR or else between OR and OS. 
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From (2) it follows that the revolving line must lie between OR and 
OS or else between OS and OP. 


Both these conditions are satisfied only when the revolving line lies 


between OR and OS, and therefore the angle “ lies between 


Bg : Us 
Qn — 3 and 27 — A: 


117. To express the trigonometrical ratios of S un 


terms of tan A. 
From equation (3) of Art. 109 we have 


2 tan — 
tan A = z 
1 — tan” 9 
2 A 
a i ea cae 
1 — tan ae | =n 3° 
A 2 A 1 1 
2. Maes ok a Cease ie 2S Si Beis a 
Hence ae 2 T tan A ee 2 - tan? A : = tan? A 
1+ tan? A 
~ tan?A 
V1+tan? A 
_ia0 QT te tan a tan A 
A +¥V1+tan?A—I1 
tan 97 eS Sia et eerwate es aiekeees (1). 


118. The ambiguous sign in equation (1) can only 
be determined when we know comets of the magnitude 
of A. 


Ex. Given tan15°=2 —,/3, find tan 74°. 
Putting A =15° we have, from equation (1), of the last article, 


tan 740 EN1+ (2-0/8)? 3)2—-1 _ +/8-4/ 4,/3-—1 (1) 
9 oeaaaaet or) anal a J3 a a ee ee e 
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Now tan 74° is positive so that we must take the upper sign. 


Hence tan 74°= a3 we =3 eal , 
= (n/6 — /2 -1) (2+4/38) =/6 —/3 +,/2 — 2=(./8 — ./2) (./2 - 1). 


QO 
Since tan 15°=tan 195°, the equation which gives us tan ~ in terms 


oO 
of tan 15° may be expected to give us tan — in terms of tan195°. In 


fact the value obtained from (1) by taking the negative sign before the 


(@] 
radical is tan a : 


a aad aa = = _ _ 
Hence eee v8 4/3—-1_ (/6 —/2) -1 


2 2s. a8 
= (= f/6+4/2 -1) (24/3) = - (/3 +r/2) (4/2 +1), 
so that ~ cot 74°= tan 974°= — (/3 +/2) (4/241). 


*%*119. To explain why there 1s ambiguity when tan S 


is found from the value of tan A. 
We know, by Art. 84, that, if n be any integer, 
tan (nw + A)=tan A =k (say). 


Hence any equation which gives us Bae in terms of & 


2 
. , nor + 
may be expected to give us tan Pigs also. 
First, let n be even and equal to 2m. 
Then 
A 
tan Zt 4 = tan smn e = tan (mor 2 i 5) 


= tan = ,as in Art. 84. 


Secondly, let n be odd and equal to 2p + I. 
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Then tan nr+A in (Qp+1)7r+A 
2 2 
= tan (ym + $4) = tan (Art. 84). 


=—cotS-. (Art. 70.) 


Hence the formula which gives us the value of tan 


should be expected to give us also the value of — cot = 
An illustration of this is seen in the example of the 
last article. 


EXAMPLES, XVIII. 


1, If sin 0=5 and sing=s, find the values of sin (6+) and 


sin (20 +29). 


9. The tangent of an angle is 2:4. Find its cosecant, the cosecant of 
half the angle and the cosecant of the supplement of double the angle. 


6... i cosa= and sin B=5, find the values of ein? SF and 


cos? “=P 5 ue , the angles a and 8 being positive acute angles. 


4, If cosa=s and cos p=, find the value of cos ae the angles 


a and 8 being positive acute angles. 

5, Given sec @=1}, find tan ; and tan @. 

6, If cos 4=:28, find the value of tan 5 and explain the resulting 
ambiguity. 


7, Find the values of (1) sin 74°, (2) cos7$°, (8) tan 223°, and 
(4) tan 113°. 
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8, Ifsin 6+sin¢d=aand cos 6+cos ¢=), find the value of tan —" ; 
Prove that 
9. (cosa+cos 8)? + (sin a ~sin 8)?=4 cos? a 
10. (cosa+cos B)?+(sin a +sin B)?=4 cos? ao F ; 
11, (cosa —cos §)?+ (sin a — sin f)?=4 sin? aa : 
2 tan ‘ : 1- tan? 3 
12, sinda= ; 13, cosA= : 
1+ tan? = 1+ tan? i 
2 2 
14, sec q + a) sec G = \=2 sec 20. 


A 1+sin A 
2 za |= SSS eS 4, 
15. tan (45 +3) : co sec d+ tan Ad 


9 (% A ana (T A 
16, sin (5+5) sin & s)=Z ND sin A, 


17, cos? a+ cos? (a+ 120°) + cos? (a — 120°) = 


eae 4 37 407 gir _3 

18, cos § -- GOS 3 -+- GOS 3 -- COS B53" 

4 oT 51r tr 3 

4% 4 4 e 

19, sin § + sin4 3 + sin 3 + sin S55" 
90. cos 26 cos 26 + sin? (6 — @) — sin? (0+ @) =cos (26 + 2¢). 


91. (tan44+tan 2A) (1—tan?34 tan? 4)=2 tan 34 sec? A. 


a a _ @ a\ 2g & 
29. (14 tang ~ see ) (14 tang + see) —sin a seo 5° 


Find the proper signs to be applied to the radicals in the 3 following 
formulae. 


23. 208s = + /1—sin A+,/1+sin A, when 4 = 278°, 


. a aCe 197. 
24, asin $= + /1—sin d+ /1+sin A, when eae 
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25, 2cos _ + /i-sindA+,/1+sin 4, when = ~ 140°. 
26. If 4=340°, prove that 


asin = ~ f/i+sin d+ Ji-sin 4, 


and 2 cos fs —/1+sin A-,/1-sin A. 
27. If A=460°, prove ‘hag 
| 2c08 = — /1+sin 4+ ,/1-sin A. 
98, If 4=580°, prove that 
2 sing= —~ fi+sinA-/I-sin 4. 


is cquce’s Aes 
99, Within what respective limits must 3 lie when 


Q) @snf2= Jipsnd+ Jism. 


2 
ee FeRERcacaiy See cies aT 
(2) asin = - Ji+sin 4 +,/1-sin 4, 
_ A aa oe 
(3) Qsin F= + Vi +sin d—/1-sind, 
A Sera a 
and (4) 2c08 5 = Ji+sin 4 —/1-sin A. 


30. In the formula 


A Roe mae ae ay | 
20085 = + /i+sin A+ J1-sin 4, 


find within what limits é must lie when 


(1) the two positive signs are taken, 
(2) the two negative ,, 


29 ? 


and (3) the first sign is negative and the second positive. 
81, Prove that the sine is algebraically less than the cosine for any 


angle between 2na — a and 2nr — 


rl mn where 7 is any integer. 
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32. If sin 4 be determined from the equation 


sin d= asin 4 — 4sin?S, 


prove that we should expect to obtain also the values of 


T+ A 
oa 


. w—-A ; 
gin 5 and — sin 


33. Tf cos S be found from the equation 


A 
cos A =4 cos* = — 3 cos 


prove that we should expect to obtain also the values of 


Q2r —A 2a + A 
and cos - 


cos 3 3 


120. By the use of the formulae of the present 
chapter we can now find the trigonometrical ratios of 
some important angles. 


To find the trigonometrical ee of an angle of 18°. 
Let 6 stand for 18°, so that 20 is 36° and 30 is 54°. 


Hence 26 = 90° — 36, 
and therefore 
sin 20 = sin (90° — 30) = cos 36. 
‘, 2sin 6 cos 0 = 4:cos* 8 — 3 cos @ (Arts. 105 and 107). 
Hence, either cos 0=0, which gives @= 90", or 
2sin 0 = 4cos?@-3=1—4sin’ 6. 
*, 4sin?6+2sin 0=1. 
By solving this quadratic equation, we have 


tV5—1 


sin 0 = n 


ANGLES OF 18° AND 36°. 127 


In our case sin@ is necessarily a positive quantity. 
Hence we take the upper sign, and have 


s o> Vv5-1 
sin 18 = ao 
Hence 
Vitals" =y/ I fhe 
cos 18° =V1 —sin?18 1 16 16 
_V104 2/5 


4 
The remaining trigonometrical ratios of 18° may be — 
now found. 
Since 72° is the complement of 18°, the values of the 
ratios for 72° may be obtained by the use of Art. 69. 


121. To find the trigonometrical functions of an angle 
of 36°. 
Since cos 26 =1—2sin?6@, (Art. 105), 


- cos 36° = 1 ~ 2sin* 18° = 1-2 (“5 5°) 


16 
3—/5 
a z 
so that cos se°=V°* a 
Hence | | 
sin 96° = VE 00a 56" = 4/1 — 8F2W5 _ IO 25, 


The remaining trigonometrical functions of 36° may 
now be found. 

Also, since 54° is the complement of 36°, the values of 
the functions for 54° may be found by the help of Art. 69. 


122. The value of sin 18° and cos 36° may also be 
found geometrically as follows. 
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Let ABC be a triangle constructed, 
as in Euc. Iy. 10, so that each of the 
angles B and C is double of the angle 
A. Then 

180° = A+ B4+0=A4+2A4 24, 
so that A = 36°. 

Hence, if AD be drawn porpenaley: 
lar to BC, we have 


£BAD=18". 
By Euclid’s construction we know that BC is equal to 
AX where X is a point on AB, such that 
AB. BX = AX? 
Let AB=a, and AX = 2. 
This relation then gives 
a (a — £) = x, 


v.€, e+ar = a’, 
L.€ ae 8 = 1 
, oe BD 1BC 
Hence sin 1l8°=sin BAD = RA 73 BA 
_vb—1 


lez 
“2a 4 

Again (by Euc. tv. 10) we know that AX and XC are 
equal; hence if XZ be perpendicular to AC, then I 
bisects AC. 


Hence 
o AL a I 
COs 36 re am og aye 
V5+1° V5 +1 


~ (V5—1L)(V5+1) A 
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123. To find the trigonometrical functions for an angle 
of 9°. 

Since sin 9° and cos 9° are both positive the relation 
(8) of Art. 118 gives 


‘sin 9° + cos9°= Vi sin 18"= 4/1 a vet —— 

. UU CCS eee Een (1). 
Also, since cos 9° is greater than sin 9° (Art. 53), the 

quantity sin9°— cos 9° is negative. Hence the relation 

(4) of Art. 113 gives 


sin 9° — cos 9° =— V1 —sin 18° =— 127? 
V5 — /5 
ann, See (2). 
By adding (1) and (2), we have 
sin 9° = MB TVS mel: = V5 


and, by subtracting (2) from (1), we have 

NB +V54+V5— V5 

7 4 

The remaining functions for 9° may now be found. 
Also, since 81° is the complement of 9°, the values of 


the functions for 81° may be obtained by the use of 
Art. 69. 


os 9° 


EXAMPLES. XIX. 


Prove that 
1. sin? 72° — sin? 69> =* . 


9. cos? 48° — sin? 190 +4 ’ 


i.e: 9 


130 


10. 
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Gos 12° + cos 60° + cos 84° = cos 24° + cos 48°. 


sin = sin an gin ae sin ais = > 
eR ete he oe Ge 


tan 6° tan 42° tan 66° tan 78°=1. 


figs ied won eos ee cs 
: 15 °° 15 “°° 15 


i 1s i ree 


16 ai gee Tg 
ea ie 15 Ons 15 sl, 


[Exs. XIX. ] 


Two parallel chords of a circle, which are on the same side of the 
centre, subtend angles of 72° and 144° respectively at the centre. Prove 
that the perpendicular distance between the chords is half the radius of 
the circle. 


11, In any circle prove that the chord which subtends 108° at the 
centre is equal to the sum of the two chords which subtend angles of 36° 
and 60°. 


12, Construct the angle whose cosine is equal to its tangent. 


13. Solve the equation 


4cos@—3sec 0=2 tan 06. 


CHAPTER IX. 
IDENTITIES AND TRIGONOMETRICAL EQUATIONS. 


124. THE formulae of Arts. 88 and 90 can be used to 
obtain the trigonometrical ratios of the sum of more than 
two angles. 

For example 


sn (4+B+C)=sin (A+B) cosC+cos(A + B) sin C 
=[sin A cos B+ cos A sin B] cos C 
+-[eos A cos B—sin A sin B] x sin C 
= sin A cos Bcos C+ cos A sin B cos C 


+ cos A cos Bsin C—sin A sin B sin C. 
So 


cos (A + B+ C)=cos (A + B)cosC—sin (A+ 8) sin C 
-=(cos A cos B—sin A sin B) cos C 
— (sin A cos B+ cos A sin B) an C 
= cos A cos Bcos C—cos A sin B sin C—sin A cos Bsin C_ 


—sin A sin B cos C. 
9—2 
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tan (4 + B) + tan 
1—tan (A +B) tan 0 
tan A+ tan B 
_1l-—tan A tan B 
7 1- tan A + tan B 
1 —tan A tan B 


_ tan A+ tan 6+ tan C—tan A tan B tan C 
~ 1—tan B tan C — tan C tan A —tan A tan B’ 


Also tan(A+86+4+C)= 


+ tan C 


tan CU 


125. The last formula of the ‘previous article is a 
particular case of a very general theorem which gives the 
tangent of the sum of any number of angles in terms of 
the tangents of the angles themselves. The theorem is 


tan (A, + A,+A,+...+A,) 


S, —S,-+ S8;—S,-+... 
= pe oeeessesenees 6 1), 
1 —s,+s,—s,+... ty) 


where 
s, = tan A,+ tan A,+...+ tan A, 
= the sum of the tangents of the separate angles, 
s, = tan A, tan A,+tan A,tan A;+... 
= the sum of the tangents taken two at a time, 
s, = tan A, tan A, tan A,+ tan A, tan A, tan A,+... 
= the sum of the tangents taken three at a time, and so 
on. 
Assume the relation (1) to hold for n angles and add 
on another angle 4,41. 
Then tan (A,+ A,+...+ Ani) 
= tan[(A,+ A4.+...+ An) + Ani] 


_ tan(A,+ A,+...+An) + tan Ans, 
~ [—tan (A,+ A,+...+A,). tan Api, 
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8; — 83 + 85 — Sy + eee 


1-84.84... pila 
8; — S83 +8, . 
aren er Ant 


Let tan d,, tan A,,... tan 4,;, be respectively called 
hi, bases bnti 


Then tan (A, + A,+... + Anas) 
(8 — 83 +85 006) + tng (1 — 82 + Sy...) 
a 6 eee are .) = (8, — 83 +85 +++) Ena 
- (S “F tn+i) aa (Ss + 8, tn) + (s; Baer bnti) see 
1 — (8) + 8 trai) + (Ss + 83 trai) — (86+ Ss tng) + 
But Sth = (ty, ee tin) + bnza 
= the sum of the (n + 1) tangents, 


82 +81 tng = (hte + tats + +...) +t ++... + tr) tat 
= the sum, two at a time, of the (7+ 1) tangents, 
Sei Si ae) ee a 
= the sum three at a time of the (n+ 1) tangents 
and so on. 
Hence we see that the same rule holds for (n+1) 
angles as for n angles. 
Hence, if the theorem be true for » angles, it is true 
for (n+ 1) angles. 
But, by Arts. 98 and 124, it 7s true for 2 and 3 angles. 
Hence the theorem is true for 4 angles; hence for 
5 angles.... Hence it is true universally. 


Cor. If the angles be all equal and there be n of 
them and each equal to @, then 


s=n, tan; s.="C, tan2d; 8,="C, tan®@....... 
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Ex. Write down the value of tan 46. 


_ %-—8 _ 4tan d—4C;, tan? 6 
Here tan 46 = 1-s,+s, 1-40, tan? 0+4C, tant 
pie ee. 
~ 1-6 tan?'6+ tant @° 
5 tan 6 — 10 tan3 6 4-tan® 6 
1-10 tan? 6+5 tan‘ 6 


Ex. Prove that tan 50= 


126. By a method similar to that of the last article 
it may be shewn that sin (4,+ A,+...+ Ay) 
= cos A, cos A,... cos Ay (8; — 8; + 8;—...), 
and that cos (A, + A,+... + Ay) 
= cos A, cos A,... cos Ay (1 —s,+5,—...), 


where $,, S:, 53, .-. have the same values as in that article. 


127. Identities holding between the trigono- 
metrical ratios of the angles of a triangle. 

When three angles A, B and C, are such that their 
sum is 180°, many identical relations are found to hold 
between their trigonometrical ratios. 

The method of proof is best seen from the following 
examples, 


Ex.1. Jf 4+B+C=180°, to prove that 
sin 24 +sin2B-+sin 2C=4 sin A sin Bsin C. 


sin 24 +sin 2B +sin2C 
=2sin (4 +B) cos (A -B)+2 sin Coos C, 
Since A+B+C=180°, 
we have A+B=180°-C, 
and therefore sin (4 + B)=sin C, 


andl. cos (4+ B)= —cos C. (Art. 72) 
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Hence the expression 
=2sin C cos (A —- B) +2 sin C cos C 
=2sin C [cos (4 — B)+ cos C] 
= 2 sin C [cos (A — B) —- cos (4 +B)] 
=2sinC.2sin Asin B- 


=4sin A sin B sin C. 
Ex.2. If A+B+C=180°, 
A B.¢ 
prove that cos 4d +cos B-cosC=-1+4 cos 5 Cos 5 SIN 5. 
The expression =cos A+ (cos B —cos C) 
A . B+C . G-B 
es OP Ao : 
== 2 Gos y 1+-2 sin 5 sin a ° 
Now B+C=180° - A, 
B+C_ a. 4 
so that a aaa a 
. Bb 
and therefore sin $C = 08% ; 
d See angi 
an 08-—p— =sing 
Hence the expression 
oe. A. C-B 
— Pecans am 
=2 cos" 5 1+ 2cos > sin 5 
i cag) cae cine #)-1 
Zener g DD 
AT. B+C. . G-B 
=2 cos 5 sin 9 +sin 5 |-1 


A oe © B 
=2cos 5 .2sin 5 cos 5-1 


=—1+4¢c0s Sede si 
= 5} 9 1 39° 


Ex. 3. if A+B+C=180°, 
prove that sin? 4+ sin? B+sin? C=2+2cos A cos Baos C, 
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Let S=sin? A+ sin? B+sin?C, 
so that 2S =2 sin? A +1—cos2B +1 -cos 2C 
=2sin? A +2 -2 cos (B+ C) cos (B-C) 
= 2200s? A +2208 (B+ C) cos (BC). 
6 S=2+ cos A [cos (B -- C) + cos (B+ C)], 
since cos A =cos {180°- (B+ C)} = —cos (B+C). 
“, S=2+cos4.2cosBcosC. 


=2+2 cos A cos Bcos C, 
Ex. 4. If A+B+C=180°, 
prove that tan A+tanB+tan C=tan A tan B tan C. 


By the third formula of Art. 124, we have 


tan A +tan B+ tan C -—tan A tan B tan C 
= ANS ON oan tan C+tan C tan 4d +tan A tan B) ° 


But tan (A+ B+ C) =tan-180°=0. 
Hence O=tan 4+tan B+ tan C-—tan A tan B tan C, 
1.€. tan A4+tan B+tan C=tan A tan B tan C. 
This may also be proved independently. For 
tan (A + B)=tan (180° — C)= — tan C. 


_ tandA+tanB | 
“" 1-tanAtanB — 


. tan 4d+tan B= —tan C+tan A tan Btan C, 


—tan C. 


40. tan 4d +tan B+tan C=tan A tan B tan C. 


Ex. 5. If«+y+z2=xyz, prove that 
22. 2y 22 a 2y 22 
{oe + {yt ip e ioe Tay T-2' 
Put «=tan A, y=tan B, and z=tan C, so that we have 
tan 4+tan B+tan C=tan A tan B tan C. 
. tanA+tanB _ _tanC 
"* 1-tan A tan B : 
so that tan (4 + B)=tan (r-C). fArt. 72.] 
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Hence A+B+C=nr4+7, 


2x 2y 22 2 tan A 2 tan B 2 tan C 


: i-**i-,*i-2 i—tan? 4 ‘1-tan?Bt1-tan?C 


=tan 24 + tan 2B+ tan 2C=tan 24 tan 2B tan 2C, 


(by a proof similar to that of the last example) 


22 2y 22 


EXAMPLES... XX. 


If 4+B+C=180°, prove that 


1. 
2. 
3 


13. 
14. 


sin 24 +sin 9B —sin2C—4 cos A cos B sin C. 
cos 24 + cos 2B -+ cos 2C= —1-4co0sdA cos B cos C. 
cos 24+ cos 2B ~cos 2C—1-4 sin A sin B cosC. 


sin 4d +sin B+sin C=4 cos 5 cos cos S. 


sin 4 +sin B - sin C=4sin 4 sin 5 cosy. 


. A, ; 
cos A +cos B+ cos C=1+4sing sin 5 sin 3. 
sin? d+ sin? B—- sin? C=2 sin A sin B cos C. 
cos? A + cos? B+ cos? C=1-—2cos 4 cos B cos C. 


cos? A + cos? B — cos? C=1-2 sin A sin Boos C. 


si Sacatue? wie ob Pear o sin 


2 2 2 2 2 2° 
sin? tein’ ~ sin? 1 — 2 cos 7 coss sin . : 
tan 4 tom + tan 2 tang + tan 5 tan $=1, 
cot +cobs + cot =eot 4 cot = cot = 


cot B cot C+ cot C cot A+cot Acot B=1. 
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15, sin (B+2C)+sin (C+24)+sin (4 +2B) 


=4 Ges sin C—A ee 
= 2 2 2 
16 sno een” pan? pee eS at i 
. 2 2 2 > 4 4 4 °* 
17 sin 2A + sin 2B + sin 20 _ sin A on B sin © 
" gind+sinB+sinC 2 2 2° 


18, sin(B+C-A)+sin (C+A-B)+sin (A+B-C) 


=4 sin A sin B sin C. 
If 4+B+C=28 prove that 


19, sin(S—A)sin (S—-B)+sin S sin (S —- C)=sin A sin B. 
20. sin Ssin(S— A) sin (S — B) sin (S—C) 
= 1- cos? A — cos? B — cos? C+ 2cos A cos B cos C. 
91, sin (S-A)+sin (S—B)+sin (S-C)-sin S 
= 4 ce weceepe 
=45 3 Sl 9 5 é 
22. cos? S+ cos? (S — A) +cos? (S — B) +cos?(S — C) 
=2+2cos dA cos B cos C. 
93, cos? 4d +cos? B+ cos? (+2 cos A cos B cos C 
| =14+44 cos S cos (S -- A) cos (S — B) cos (S — C). 
24, Ifa+B+y+6=2r7, prove that 


246 05 A 


oF 2 e 


at+B . at+y ato 
5 gin 5 cos 9 =0, 


and sina—sinf8+siny—sind+4cos 


95, If the sum of four angles be 180° prove that the sum of their 
cosines taken two and two together is equal to the sum of their sines 
taken similarly. 


Prove 
26, 1-cos?6— cos? ¢— cos? y+ 2 cos 6 cos ¢ cos p 


E+ OtY gin OEY gi EY BY sin ee 


=4 sin 9 
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27. sin 2a+sin 28+ sin 2y 
= 2 (sin a+sin 8 +sin y) (1+cos a+ cos B + cos y) 
if a+B+y=0. 
28. Verify that 
sin’ a sin (b — ¢)+ sin? b sin (¢ — a) + sin?’ ¢ sin (a — 6) 
+sin (a+6+c) sin (b - ¢) sin (¢ — a) sin (2-6) =0. 
If A, B, C, and D be any angles prove that 
29, sin Asin Bsin (A —- B)-+sin B sin Csin (B-C) 
+sin C sin A sin (C — A) +sin (A ~ B) sin (B - C) sin(C — 4)=0. 
30, sin (4 — B) cos(4 +B) +sin (B- C) cos (B+C) 
+sin (C - D) cos (C+D) +s8in (D — A) cos (D+A)=0. 
31, sin(4+B-2C)cos B-sin(4+C-—2B) cos C 
=sin (B -- C) {cos (B+ C-— A) +c008(C+4 -B)+cos(A+B-C)}. 
392. sin(4+B+C+4+D)+sin(A4+B-C—D)+sin(4+B-C+D) 
+sin (4+B+C-D)=4sin (4+B) cos C cos D. 
33, If any theorem be true for values of A, B, and C such that 
A+B+C=180°, | 
prove that the theorem is still true if we substitute for A, B, and ¢ 


respectively the quantities 
B 


ie) A e] (oe) C 
(1) 90 — 9 90° — g» and 90 — 9 
or (2) 180°-2A, 180°-2B, and 180° - 2¢. 
ote +y+z2=xy2 prove that 


34. Bu — 2% By—y> | 82-28 _8a-28 By—y? 82-23 
* [2822 TT By2 T 1-327 1—-322° 1—3y2° 1-382 


and 35, 2#(1—y2) (1-2) +y (1-2) (1 — a) +2 (1-22) (1-42) =4eyz. 


128. The Addition and Subtraction Theorems may be 
used to solve some kinds of trigonometrical equations. 


Ex. Solve the equation 


sin w@+sin bx = sin 82. 
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By the formulae of Art. 94 the equation is 
2 sin 3a cos 27 = sin 3a. 


*, sin 32=0, or 2.cos 2a = 1. 


If sin 37 = 0, then 3a = nz. 

If cos y= enor ee. 
2 3 
nT 7 

Hence =, ornate. 


129. To solve an equation of the form 
acos#+bsin@=c. 
Divide both sides of the equation by Va? -+ 6%, so that 


it may be written 


Menccaen cos 6 + ————— . sin 6 = ee 
Vaz + b? Vaz +B? Vaz +2 


Find from the table of tangents the angle whose 


tangent is” and call it a. 


Then tan a= ; , 80 that 


, b 
sin a= ———-- ,and cosa= 


Var+ b 


The equation can then be written 


ah 
Vai+ 2 


C 


cos acos @+ sin asin 6 = ——-—_, 
Va?+ b 
_ C 


1.8. COs (0 a a) Jeu b . 
a? 2 
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Next find from the tables, or otherwise, the angle 8 


et C 
whose cosine is ———— , 
Va? +0 
so that cos 8 = ——=—= ei 
| Va? + b2” 


[N.B. This can only be done when c is < Va? + B°| 
The equation is then cos (0 — a)=cos 8. 
The solution of this is 0 —a = 2n7 + B, so that 


0=2nr+atB, 


where v is any integer. 

Angles, such as a and 8, which are introduced into 
trigonometrical work to facilitate computation are called 
Subsidiary Angles. 


130. The above solution may be illustrated graphically 
as follows; 

Measure OM along the initial 
line equal to a, and MP perpen- 
dicular to it, and equal to 6. The 
angle MOP is then the angle whose 


ob. 
tangent 18 a 1.€. Q. 


With centre O and radius OP, 
Le. Va?+ 6%, describe a circle and measure ON along 
the initial line equal to ce. | 

Draw QNQ' perpendicular to ON to meet the circle in’ 
Q and Q’; the angles NOQ and Q’ON are therefore each 
equal to £8. 

The angle QOP is therefore a— 8 and Q’OP is a+. 
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Hence the solutions of the equation are respectively 
Qn7r +QOP and 2nw + Q’OP. 


The construction clearly fails if c be > Va? + 6, for then 
the point V would fall outside the circle. 


131, As a numerical example let us solve the equation 
5 cos 6-2 sin @=2, 


given that tan 21° 48’= - 
Dividing both sides of the equation by 


J52+2? i.e. /29, 
we have 


ae cos 6 = sin 6 = a 
/ 29 /29 ~ /29° 


Hence cos @ cos 21° 48’ — sin @ sin 21° 48! 
= sin 21° 48’=sin (90 — 68° 12’) 
= cos 68° 12’. 
. COS (6 +21° 48’) = cos 68° 12’, 
Hence 0 +- 21° 48! = Qna + 68° 12’, (Art. 83) 
. @=2nm — 21° 48’ + 68° 12’ 
T 


=2nr 5 


or 2nm +46° 24’, 


where n is any integer, 


EXAMPLES. XXII. 


Solve the equations 


sin @+ sin 7@=sin 40. cos 6 + cos 76 = cos 44. 


cos 6+ cos 34 = 2 cos 24. sin 46 — sin 26= cos 38. 


cos 9 — sin 30 =cos 20. sin 70=sin 0+ sin 36. 


Oa PD 


cos 6-++ cos 26 -+c0s30=0. sin 6+ sin 36-+sin 56=—0. 


Ooo oO 


sin 24 — cos 24 — sin @+cos@=0. 


10, sin (30 +a) + sin (39 — a) +sin (a — 0) - sin (2+ 6) =cosa. 
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11. 
12. 


14. 
16. 
18. 
20. 
22. 
93. 
24. 
25. 
o7. 
29, 
31. 
33. 


34. 
36. 
37. 
38. 
39. 
40. 


cos (38 +a) cos (30 — a) + cos (58 + a) cos (50 — a) =cos Qa. 


cos nO =cos (n— 2) 0+sin 0. 13. sin mrtg asin” 5" §+sin @. 
sin mé + sin nd=0. 15, cos mé+cos né=0. 


sin?né — sin? (n—1)@=sin?@. 17, sin30+cos20=0. 

/3 cos 6 +sin 0=,/2. 19, sin 6+cos0=,/2. 

/3 sin 0 — cos 6=,/2. 21, sinxe+cosc=,/2 cos A. 
5 sin 6+2 cos @=5 (given tan 21° 48’=°4). 

6cos x+8sin «=9 (given tan 53° 8’= 14). 


1+sin? @=8 sin 6 cos 6 (given tan 71° 34’ =8). 


cosec 6=cot 6+ 4/3. 96, cosecx=1+cotx. 
(2+,/3) cos @=1-sin @. 98: tané+seco=,/8. 

a6 26 = cos? 6, 30. 4cos@-—38 sec @=tan @. 
cos 26+3 cos é@=0. 39, cos3é+2cosé=0. 

cos 20=(./2+1) (cos 0~ 5) ‘ 

cot d—tan d= 2. 35. 4cot 26=cot? 6— tan? 6. 


3 tan (9 — 15°)=tan (6+ 15°). 

tan §+tan 26 + tan 30=0. 

tan 6 + tan 26+,/3 tan @ tan 20=.,/3. 
sin 83a =4 sin a sin (+a) sin (x — a). 


Prove that the equation x? —- 27+1=0 is satisfied by putting for x 


either of the values 


/2 sin 45°, 2sin 18°, and 2 sin 234°. 


132. Ex. To trace the changes in the sign and 
magnitude of the expression sin 0 + cos @ as @ increases from 
0 to 360°. 


We have sin 8+ cos 06 = 4/2 ls, sin 6 + a cos | 


1 
/2 /2 


= /2[sin 6 cos 45° + cos @ sin 45°] = 4/2 sin (8 + 45°). 


144 TRIGONOMETRY. 


As @ increases from 0 to 45°, sin (@ + 45°) increases 
from sin 45° to sin 90°, and hence the expression increases | 
from 1 to /2. 

As @ increases from 45° to 185°, @+ 45° increases from 
90° to 180°, and hence the expression is positive and 
decreases from 4/2 to 0. | 

As @ increases from 135° to 225°, the expression 
changes from 1/2 sin 180° to /2 sin 270°, z.e. it is negative 
and decreases from 0 to — 1/2. 

As @ increases from 225° to 315°, the expression 
changes from 1/2 sin 270° to ./2 sin 860°, 2.e. it 1s negative 
and increases from — /2 to 0. 

As @ increases from 315° to 360°, the expression 
changes from 4/2 sin 360° to /2 sin 405", z.¢. 1t 1s positive 
and increases from 0 to 1. 


133. Ex. To trace the changes wm the sign and 
magnitude of acos@?+bsin@, and to find the cu eatest 
value of the expression. 

We have 


) in O6=Va?+b2 ee ee sin | 
acos@+6sin@=Vae?+ Pros: JAG 


Let a be the smallest positive angle such that 
__*_.. , and sin a =——=— 
Va? +b Var + be 


The expression therefore 


cos a= 


= Vq?+ b? [cos 6 cosa +sin 6 sina] = Va? + b? cos (0 — a). 


As @ changes from @ to 360°+a, the angle 0—a 
changes from 0 to 360°, and hence the changes in the 
sign and magnitude of the expression are easily obtained. 
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Since the greatest value of the quantity cos (@ — a) is 
unity, 2.¢. when @ equals a, the greatest value of the 
expression 1s V a? + b2. 

Also the value of @ which gives this greatest value is 


such that its cosine is pecs in . 
Va? + 6? 


EXAMPLES. XXIT. 


As @ increases from 0 to 360°, trace the changes in the sign and 
magnitude of 


1. sin 6-cos 8, 
2, sinéd+,/3cos 6, 
| N. B. sin @+,/3 cos 6=2 E sin 0+ ve cos 9 |=2 sin (0-+60). | 


ey 

3. sin é—,/3 cos 6. 4.. cos? 6 — sin? 6. 

: sin 6+sin 26 
Dy SSI COs Us 6. cos 6 + cos 260° 
7, sin (7 sin 6). 8. cos(msin @). 
9 sin (7 cos @) 

cos (mr sin @)° 
10, Trace the changes in the sign and magnitude of — ed as the 


angle increases from 0 to 90°. 


CHAPTER X. 


LOGARITHMS. 


134. Supposine that we know that 
‘1 )2+4081205 — 9 58, 1 02*6095944 407, 
and L0%27149 — 102971, 


we can shew that 253 x 407 =102971 without performing 
the operation of multiplication. For 


953 x 407 — 1. Q2-4081205 x 1 (26095044 
=_ 1 ()2-4031205-++2-6095944 
= | (50127149 — 102971. 


Here it will be noticed that the process of multiplica- 
tion has been replaced by the simpler process of addition. 
Again supposing that we know that 


| 1 Q+s004088 — 79507, 
and that 1Q1-8884685 == 45, 
we can easily shew that the cube root of 79507 is 43. 
For — *79507 =[79507]® = (10#20005)# 
== 1 Q8%4-9004005 — | (16324685 — 4.3, 
Here it will be noticed that the difficult process of 


extracting the cube root has been replaced by the simpler 
process of division. 
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135. Logarithm. Def. Jf a be any number and « 
and N two other numbers such that a* = N, then «x ts called 
the logarithm of N to the base a and 1s written log, NV. 


Exs. Since 10?=100, therefore 2=log,, 100. 


Since 10° = 100000, therefore 5=1og,, 100000. 
Since 24=16, therefore 4=log, 16. 


Since 83=[83}2=2?=4, therefore — log, 4. 


eo 1 
Since 9-3 =—= 
py 


, therefore 


sg 5 
277 89 27 s 


N.B. Since a°=1 always, the logarithm of unity to any base is always 
zero. 


1 1 
38 27 


136. In Algebra, if m and ” be any real quantities 
whatever, the following laws, known as the laws of indices, 
are found to be true: 


(i) are xgq’= Gee, 
(Gi) a™+a®=a"™, 
and (iii) (a”)"=a™, 


Corresponding to these we have three fundamental 
laws of logarithms, viz. 


(i) log, (mn) =log, m + log, n, 


Gi) log, (=) = log, m — log, n, 
and (ii) log, m"=n log, m. 


The proofs of these laws are given in the following 
articles. 


10—2 
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137. The logarithm of the. product of two quantities vs 
equal to the sum of the logarithms of the quantities to the 
same base, 1.€. 

log, (mn) = log, m + log, n. 


Let x=log, m, so that a*=m, 
and y =logyn, so that a¥=n. 
Then mn=a* x a =arty, 
“. loggmn=at+y (Art. 135, Def.) 
= log, m+ log, n. 


138. The logarithm of the quotient of two quantities rs 
equal to the difference of their logarithms, 2.€. 


log. @ = log, m — log, n. 


Let «=logym, so that a*=m, (Art. 135, Def.) 


and y =log,n, so that ay =n. 
mm. 
Then ao Te ary, 


ae loga @ =e—y (Art. 135, Def.) 
= logy, m — logy n. 


139. The logarithm of a quantity raised to any power 
is equal to the logarithm of the quantity multiplied by the 
mdex of the power, 1.0. 


log, (m™) = nlog, m. 
Let #=log,m, so that a” =m. Then 
me = (a*)” = yr, 
2. logy (m”) = nex (Art. 135, Def.) 


= 7 log, m. 
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140. Common system of logarithms. In the 
system of logarithms which we practically use the base is 
always 10, so that, if no base be expressed, the base 10 
is always understood. The advantage of using 10 as the 
base is seen in the three following articles. 


141. Characteristic and Mantissa. Def. If the 
logarithm of any number be partly integral and partly 
fractional, the integral portion of the logarithm is called its 
characteristic and the decimal portion is called its mantissa. 

Thus, supposing that log 795 = 2°9003671, the number 
2 is the characteristic and ‘9003671 is the mantissa. 


Negative characteristics. Suppose we know that 


log 2 =*30108. 
Then 
log $= log 1 —log 2= 0 — log 2= — 30103, 


so that log 4 is negative. 

Now it is found convenient, as will be seen in Art. 143, 
that the mantissee of all logarithms should be kept positive. 
We therefore instead of —:30103 write — [1 —°69897], so 
that — | 
log 4 =— (1 — 69897) = — 14 °69897. 

For shortness this latter expression is written 1:69897. 

The horizontal line over the 1 denotes that the integral 
part is negative; the decimal part however is positive. 

As another example 3°4771218 stands for 


—3+°47712138. 


142. The characteristic of the logarithm of any number 
can always be determined by inspection. 
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(i) Let the number be greater than unity. 
Since 10°=1, therefore logl1 =0; 


since 10'=10, therefore log10 =1; 
since 10?= 100, therefore log 100 = 2, 
and so on. 


Hence the logarithm of any number lying between 1 
and 10 must lie between 0 and 1, that is, it will be a 
decimal fraction and therefore have 0 as its characteristic. 

So the logarithm of any number between 10 and 100 
must lie between 1 and 2, ze. it will have a characteristic 
equal to 1. 

Similarly the logarithm of any number between 100 
and 1000 must lie between 2 and 38, ze. it will have a 
characteristic equal to 2. 

So, if the number lie between 1000 and 10000, the 
characteristic will be 3. 

Generally, the characteristic of the logarithm of any 
number will be one less than the number of digits in tts 
untegral part. 


Exs. The number 296°3457 has 3 figures in its integral part and 
therefore the characteristic of its logarithm is 2. 
The characteristic of the logarithm of 29634°57 will be 5-1, @.e. 4. 


(ii) Let the number be less than unity. 
Since 10°= 1, therefore log 1=0; 


since 107%= —_ ‘l, therefore log ‘l=—1; 
since 107?= a ‘O01, therefore log ‘Ol=—2; 
since 107°= — = ‘001, therefore log 001 =—3; 


and so on. 
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The logarithm of any number between 1 and ‘1 there- 
fore lies between 0 and —1, and so 1s equal to — 1 + some 
decimal, 7.e. its characteristic is 1. 

So the logarithm of any number between ‘1 and ‘01 
lies between —1 and —2, and hence it is equal to —-2+ 
some decimal, ¢.e. its characteristic is 2. 

Similarly the logarithm of any number between ‘01 
and ‘001 lies between — 2 and — 8, ae. its characteristic is 3. 

Generally, the characteristic of the logarithm of any 
decimal fraction will be negatwe and numerically will be 
greater by unity than the number of cyphers following the 
decumal pownt. 

For any fraction between 1 and ‘1 (eg. ‘5) has no 
cypher following the decimal point and we have seen that 
its characteristic is 1. 

Any fraction between ‘1 and ‘01 (e.g. 07) has 1 cypher 
following the decimal point and we have seen that its 
characteristic is 2. 

Any fraction between ‘01 and ‘001 (e.g. 003) has two 
cyphers following the decimal point and we have seen that 
its characteristic is 3. 

Similarly for any fraction. 


Eixs, The characteristic of the logarithm of the number -00835 is 3. 
The characteristic of the logarithm of the number 0000053 is 6. 
The characteristic of the logarithm of the number 34567 is 1. 


143. The mantisse of the logarithm of all numbers, 
consisting of the same digits, are the same. 
This will be made clear by an example. 
Suppose we are given that 
log 66818 = 4°8248935. 
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Then 
log 668°18 = log = = log 66818 — log 100 (Art. 138) 


= 4°8248935 — 2 = 2°8248935 ; 


66818 
log 66818 = log TOG 000 = log 66818 — log 100000 
| (Art. 135) 
= 48248935 — 5 = 182489385. 
66818 . 


So log 00066818 = log “Toe = log 66818 — log 108 


= 48248935 — 8 = 48248935. 

Now the numbers 66818, 668°18, ‘66818, and ‘00066818 
consist of the same significant figures and only differ in 
the position of the decimal point. We observe that their 
logarithms have the same decimal portion, z.e. the same 
mantissa, and they only differ in the characteristic. 

The value of this characteristic 1s in each case deter- 
mined by the rule of the previous article. 

It will be noted that the mantissa of a logarithm is 
always positive. 


144. Tables of logarithms. The logarithms of all 
numbers from 1 to 108000 are given in Chambers’ Tables 
of Logarithms. Their values are there given correct to 
seven places of decimals. 

The student should have access to a copy of the above 
table of logarithms or to some other suitable table. It 
will be required for many examples in the course of the 
next few chapters. 

On the opposite page is a specimen page selected from 
Chambers’ Tables. It gives the mantisse of the logarithms - 
of all whole numbers from 52500 to 53000. 


0 


2420 
3247 
4074 
4901 
5727 


6554 
7380 
8206 
9032 
9857 
721 0683 
1508 
2334 
3159 
3984 


4809 
5633 
6458 
7282 
8106 


8930 


9754 
7220578 
1401 
2225 


3048 
3871 
4694 
5517 
6339 
7162 


7984 
8806 


9628 
723 0450 


1272 
2093 
2914 
3736 
4557 


5378 
6198 
7019 
7839 
8660 


9480 
724 0300 
1120 
1939 
2759 


1 


1676 
2503 
3330 
A157 
4983 
5810 


6636 
7462 
8288 
9114 


9940 


0766 
1591 
2416 
3241 
4066 


4891 
5716 
6540 
7364 
8189 


9013 


9836 
0660 
1484 
2307 


3130 
3953 
4776 
5599 
6421 


7244 
8066 
8888 
9710 
0532 


1354 
2175 
2997 
3818 
4639 


5460 
6280 
7101 
7921 
8742 


9562 
0382 
1202 
2021 
2841 


2 


1758 
2586 
3413 
4239 
5066 
5892 


6719 
1545 
8371 
9197 


0023 


0848 
1674 
2499 
3324 
4149 


A973 
5798 
6623 
7447 
8271 
9095 
9919 
0742 
1566 
2389 


3212 
4036 
4858 
5681 
6504 


7326 
8148 
8971 
9792 
0614 


1436 
2257 
3079 
3900 
4721 


5542 
6362 
7183 
8003 
8824 


9644 
0464 
1283 
2103 
2923 


3 
1841 
2668 


3495. 


4322 
5149 
5975 


6801 
7628 
8454 
9279 


0105 


0931 
1756 
2581 
3406 
4231 
3056 
5881 
6705 
7529 
8353 


9177 


0001 
0825 
1648 
2472 


3295 
4118 
4941 
5763 
6586 


7408 
8231 
9053 
9875 
0696 


1518 
2340 
3161 
3982 
4803 


5624 
6445 
7265 
8085 
8906 


9726 
0546 
1365 
2185 
3005 


4 
1924 
2751 
3578 
4405 
5231 
6058 


6884 
7710 
8536 
9362 
0188 


1013 
1839 
2664 
3489 
4314 


5138 
5963 
6787 
7612 
8436 


9260 


0084 


0907 
1731 
2504 
3317 
4200 
5023 
5846 
6668 


7491 


8313 
9135 


9957 
0779 


1600 
2422 
3243 
4064 
4885 


5706 
6527 
7347 
8167 
8988 


6710 0792 0874 
1529 1611 1693 
2349 2431 2513 
3168 3250 3332 


3414 


Co OO NT OD Or BR OO DO 


154 TRIGONOMETRY. 


145. To obtain the logarithm of any such number, such 
as 52687, we proceed as follows. Run the eye down the 
extreme left-hand column until it arrives at the number 
5268. Then look horizontally until the eye sees the figures 
7035 which are vertically beneath the number 7 at the top 
of the page. The number corresponding to 52687 is there- 
fore 7217035. But this last number consists only of the 
digits of the mantissa, so that the mantissa required 1s 
‘7217035. But the characteristic for 52687 is 4. 


Hence log 52687 = 4°7217035. 
So log 52687 = 1°7217085, 
and log (00052687 = 4°7217835. 


If again the logarithm of 52725 be required the student 
will find (on running his eye vertically down the extreme 
left-hand column as far as 5272 and then horizontally 
along the row until he comes to the column under the 
digit 5) the number 0166. The bar which is placed over 
these digits denotes that to them must be prefixed not 
721 but 722. Hence the mantissa corresponding to the 
number 52725 is ‘7220166. 

Also the characteristic of the logarithm of the number 
52725 is 4. 

Hence log 52725 = 4°7220166. 

So log 052725 = 2°7220166. 

We shall now work a few numerical examples to shew 
the efficiency of the application of logarithms for purposes 
of calculation. 


146, Ex.1. Find the value of </23°4. 
aes 2 
Let «= 2/934 = (28-4)°, 


so that log a=% log (23°4), by Art. 139. 
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In the table of logarithms we find, opposite the number 234, the 


logarithm 3692159. ue 
Hence log 23° =1-3692159, 
Therefore log z= : [1°3692159] = -2738432, 


Again in the table of logarithms we find, corresponding to the logarithm 
2738432, the number 187864, so that 


log 1:87864 = :2738432. 
*, ©=1°87864. 


Ex. 2. Find the value of 
(6:45)? x 2/-00034 
(9°37)2x 4/893 
Let « be the required value so that, by Arts. 138 and 139, 
log x= log (6-45)? + log (00034)3 — log (9°37)? — log 4/8-93 
= 8 log (6°45) + : log (:00084) — 2 log (9°37) - ; log 8°93. 


Now in the table of logarithms we find 


opposite the number 645 the logarithm 8095597, 
34, ‘5 5814789, 
» «=»: 987g, 09 9717396, 


39 99 bP) 893 93 99 9508515. 
Hence 
log#=3 x °8095597 +5 (4 5314789) 
— 2x °9717396 — : x 9508515. 
ie Tse 
But 5 (4°5314789) = 5 [6 + 2°5314789] 


= 2+ 8438263. 
». log x= 2°4286791 + [2 + 8438263] — 1-9434792 — 2377129 
= 8°2725054 — 41811921 
= 1 + 4:2725054 — 4:1811921 
= 1:0918133. 
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In the table of logarithms we find, opposite the number 12340 the 
logarithm 0913152, so that 


log 12340 = 1:0913152. 
Hence log «=log ‘12340 nearly, 
and therefore x ='12340 nearly. 


When the logarithm of any number does not quite agree with any 
logarithm in the tables but lies between two consecutive logarithms, it 
will be shewn in the next chapter how the number may be accurately 
found. 3 


Ex. 3. Having given log2='30103, find the number of digits in 2° 
and the position of the first significant figure in 2-8”. 
We have log 26” = 67 x log 2 = 67 x *30108 
= 20°16901. 


Since the characteristic of the logarithm of 2° is 20 it follows, by Art. 
142, that in 2° there are 21 digits. 


Again log 2-°7= — 37 log 2= — 87 x :30103 
— — 11:13811 = 12'86189. 


Hence by Art. 142, in 2-37 there are 11 cyphers following the decimal 
point, ¢.e. the first significant figure is in the twelfth place of decimals, 


Ex. 4. Given log3=:47712138, log7 = — 8450980 and log 11=1 0413927, 


solve the equation 
BX yo 72041 — [1 *+5, 


Taking logarithms of both sides we have 
log 8% + log 7?*t1=log 117+. 
*. wlog3+(2%+1) log 7=(x+5) log 11. 
*. eflog3+2 log 7 -log 11]=5 log 11 — log 7. 
_ _. Slogli-log7 | 
= “Tog 3+2log 7—-—log11 
a 52069635 — -8450980 
~~ ‘4771213 + 1°6901960 — 1:0413927 


__ 43618655 
~T-1259246 


= 3'SE cs 
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147. To prove that 


log, m =log, m x log, b. 


Let logy m = x, so that a® =m. 
Also let logy, m= y, so that bY =m. 
| . a = OY, 
Hence log, (at) = logy (6"). 
*. c= y log, b (Art. 139). 
Hence log, m = logy m x log, b. 


By the theorem of the foregoing article we can from 
the logarithm of any number to a base 6 find its logarithm 
to any other base a. It is found convenient, as will appear 
in a subsequent chapter, not to calculate the logarithms to 
base 10 directly, but to calculate them first to another 
base and then to transform them by this theorem. 


EXAMPLES. XXIII. 


1, Given log 4= ‘60206 and log 3= ‘4771213, find the logarithms of 
‘8, 003, 0108, and (-00018)’. 

9, Given log 11=1°0413927 and log 13 =1-1139434, find the values of 
(1) log 1:43, (2) log 183-1, (3) log V/148 and (4) log s/-00169. 

3, What are the characteristics of the logarithms of 243°7, :0153, 
28713, 00057, -023, X/24615, and (24589)#? 

4. Find the 5th root of -003, having given log 3=°4771213 and 

log 312936 = 549542438. 


5, Find the value of (1) 77, (2) (84)® and (3) (021), having given 
log 2=°30103, log 3=°4771213, 
log 7=+8450980, log 182057 = 51207283, 
log 588453 =5-7697117 and log 461791 =5:6644438, 
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6. Having given log 8=°4771213, 
find the number of digits in 
(1) 84, (2) 827, and (8) 38, 
and the position of the first significant figure in 
(4) 3-18, (5) 3-43, and (6) 3-®, 
7. Given log 2=:30103, log 8=°4771213 and log 7=-8450980, solve 


the equations 
9% | Zu+4 — 7, 


Q2u+1 | 23e+2 — y 

and 720 2 Qa-4 — B3x-7 
8, From the tables find the seventh root of °000026751. 
Making use of the tables find the approximate values of 


9, 645°3. 10. »/82357. Wee 


8/8 x 8/9° 
72x83 af stash 
12, g4zio5' 18 'V oaasyea 


CHAPTER XI. 


TABLES OF LOGARITHMS AND TRIGONOMETRICAL RATIOS. 
PRINCIPLE OF PROPORTIONAL PARTS. 


148. WE have pointed out that the logarithms of all 
numbers from 1 to 108000 may be found in Chambers’ 
Mathematical Tables, so that, for example, the logarithms 
of 74583 and 74584 may be obtained directly therefrom. 

Suppose however we wanted the logarithm of a 
number lying between these two, e.g. the number 74583°3. 

To obtain the logarithm of this number we use the 
Principle of Proportional Parts which states that the 
increase in the logarithm of a number is proportional to 
the increase in the number itself. 

Thus from the tables we find 


log 74583 = 4°8726398 ......ececeeee. (1), 
and log 74584 = 48726457 oo. ..ccceeceee, (2). 


The quantity log 74583°3 will clearly le between 
log 74583 and log 74584, 


Let then log 74583°3 = log 74583 + # 
= 4°8726398 + @...00c000 (3). 
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From (1) and (2) we see that for an increase 1 in the 
number the increase in the logarithm is 0000059. 

The Theory of Proportional Parts then states that for 
an increase of ‘3 in the number the increase in the 
logarithm is 


3 x 0000059, 22. ‘00000177. 
Hence log 74583'3 = 48726398 + (00000177 
= 487264157. 


149. As another example we shall find the value of 
log ‘0382757 and shall exhibit the working in a more 
concise form. 

From the tables we obtain 

log (038275 = 2'5829152 
log 038276 = 2:5829265. 
Hence difference for 
000001 = ‘0000118. 
Therefore the difference for 
— 0000007 = ‘7 x ‘0000113 
= 00000791, 
log 0382757 = 2'5829152 
+ ‘00000791 
= 2582929311. 

Since we only require logarithms to seven places of 
decimals we omit the last digit and the answer is 
2 5829231. 


150. The converse question is often met with, viz., 
to find the number whose logarithm is given. If the 
logarithm be one of those tabulated the required number 
is easily found. The method to be followed when this is 
not the case is shewn in the following examples. 
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Find the number whose logarithm is 2°6283924. 


On reference to the tables we find that the logarithm 6283924 is not 
tabulated, but that the nearest logarithms are 6283889 and 6283991, 
between which our logarithm lies, 


We have then log 425:00 = 2°6283889...... 0. eee cece ees (1), 
and 1OG 420701 2°02 8899 E cade sawctacicnessiieks (2). 
Let log (425:°00 + %) = 2°6283924... oe eeeeee ees (3). 


From (1) and (2) we see that corresponding to a difference ‘01 in the 
number there is a difference ‘0000102 in the logarithm. 

From (1) and (3) we see that corresponding to a difference x in the 
number there is a difference ‘0000035 in the logarithm. 


Hence we have 2: :°01:::°00000385 : 0000102. 


35 *B5 
| P=ToHp Xx 01> i027 00343 nearly. 


Hence the required number = 425°00 + °00343 = 425-00343, 


151. Where logarithms are taken out of the tables 
the labour of subtracting successive logarithms may be 
avoided. On reference to page 153 there is found at the 
extreme right a column headed Def. The number 82 at 
the head of the figures in this column gives the difference 
corresponding to a difference unity in the numbers on 
that page. 

This number 82 means ‘0000082. 

The rows below the 82 give the differences correspond- 
ing to ‘1, °2,..... Thus the fifth of these rows means that 
the difference for ‘5 1s (0000041. 

As an example let us find the logarithm of 52746-74. 

From page 153 we have 

log 52746 == 4°7221895 


diff. for ‘7 = ‘0000057 
diff. for ‘04 
| (- - ait Pi 4) ~ -0000003 


log 52746°74 = 4°7221955, 
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152. The proof of the Principle of Proportional Parts 
will not be given at this stage. It is not strictly true 
without certain limitations. 

The numbers to which the principle is applied must 
contain not less than five significant figures, and then we 
may rely on the result as correct to seven places of 
decimals. 

For example, we must not apply the principle to 
obtain the value of log 2:5 from the values of log 2 and 
log 3. | 

For, if we did, since these logarithms are °30103 and 
‘4771213, the logarithm of 2°5 would be °389075. 

But from the tables the value of log 2°5 is found to be 
"3979400. 

Hence the result which we should obtain would be 
manifestly quite mcorrect. 


Tables of trigonometrical ratios. 


153. In Chambers’ Tables will be found tables giving 
the values of the trigonometrical ratios of angles between 
0° and 45°, the angles increasing by differences of 1’. 

It is unnecessary to separately tabulate the ratios for 
angles between 45° and 90°, since the ratios of angles 
between 45° and 90° can be reduced to those of angles 
between 0° and 45°, (Art. 75.) 

For example, 

[sin 76° 11’ = sin (90° — 13° 49°) = cos 13° 49’, 
and is therefore known]. 

Such a table is called a table of natural sines, cosines, 
etc. to distinguish it from the table of logarithmic sines, 
cosines, ete. 
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If we want to find the sine of an angle which contains 
an integral number of degrees and minutes we can obtain 
it from the tables. If, however, the angle contain seconds 
we must use the principle of proportional parts. 


Ex.1. Given sin 29° 14’ = :4883674, 
and sin 29° 15’ = -4886212, 
find the value of sin 29° 14’ 32”, 
By subtraction we have 
difference in the sine for 1’=°0002538. 
.. difference in the sine for 32” = - x 0002588 = 00013536, 
*, sin 29° 14’32” = -4883674 
+ '00013536 
~ 248850276. 
Since we want our answer only to seven places of decimals we omit 
the last 6, and, since 76 is nearer to 80 than 70, we write 
sin 29° 14’ 32” = -4885028. 


N.B. When we omit a figure in the eighth place of decimals we add 
1 to the figure in the seventh place, if the omitted figure be 5 or a number 
greater than 5. 


Ex. 2. Given cos 16° 27’ = :9590672, 
and | cos 16° 28’ = -9589848, 
find cos 16° 27’ 47”. 

We note that, as was shewn in Art. 55, the cosine decreases as the 
angle increases, 

Hence for an inerease of 1’, i.e. 60”, in the angle, there is a decrease 
of 0000824 in the cosine. 

Hence for an increase of 47” in the angle there is a decrease of 


a x 0000824 in the cosine. 
*. cos 16° 27’ 47” = -9590672 — - x 0000824 
= ‘9590672 — :0000645 
= '9590672: 
— 0060645 
= "9590027. 


11—2 
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154. The inverse question, to find the angle, when 
one of its trigonometrical ratios is given, will now be 
easy. 


Ex. Find the angle whose cotangent is 1:4109325, having given 
cot 85° 19’ =1°4114799, and cot 35° 20’=1-4106098. 


Let the required angle be 35°19’ +2, 
so that cot (35° 19’ + #) = 1°4109325. 
From these three equations we have 


For an increase of 60” in the angle a decrease of 0008701 in the cotangent, 
39 9 oe 99 9 73 33 -0005474 by) 99 


* v :60:: 5474: 8701, so that x=37°7. 
Hence the required angle=35° 19’ 37°7”. 


155. In working all questions involving the applica- 
tion of the Principle of Proportional Parts the student must 
be very careful to note whether the trigonometrical ratios 
increase or decrease as the angle increases. As a help to 
his memory he may observe that in the first quadrant the 
3 trigonometrical ratios whose names begin with co-, xe. 
the cosine, the cotangent, and the cosecant, all decrease as 
the angle increases. 


Tables of logarithmic sines, cosmes, etc. 


156. In many kinds of trigonometric calculation, as 
in the solution of triangles, we often require the logarithms 
of trigonometrical ratios. To avoid the inconvenience of 
first finding the sine of any angle from the tables and 
then obtaining the logarithm of this sine by a second 
application of the tables, it has been found desirable to 
have separate tables giving the logarithms of the various 
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trigonometrical functions of angles. As before it is only 
necessary to construct the tables for angles between 0° 
and 45°. 

Since the sine of an angle is always less than unity, 
the logarithm of its sine is always negative (Art. 142). 

Again, since the tangent of an angle between 0° and 
45° is less than unity its logarithm is negative, whilst the 
logarithm of the tangent of an angle between 45° and 
90° is the logarithm ofa number greater than unity and is 
therefore positive. 


157. ‘To avoid the trouble and inconvenience of print- 
ing the proper sign to the logarithms of the trigonometric 
functions, the logarithms as tabulated are not the true 
logarithms, but the true logarithms increased by 10. 

For example, sine 30° = 4. 

Hence log sin 30° = log 4 = — log 2 

= — 30103 = 169897. 

The logarithm tabulated is therefore 

10 + log sin 80°, 2.e. 9°69897. 


Again, tan 60° = 4/3. 
Hence log tan 60° = 4 log 3 = $ (4771213) 
= ‘2385606. 


The logarithm tabulated is therefore 
| 10 +°2885606, 2.6. 10°2385606. 
The symbol ZL is used to denote these “ tabular 


logarithms,” «ae. the logarithms as found in the English 
books of tables. 


Thus  Lsin 15° 25’= 10+ log sin 15° 25’, 
and L sec 48° 23' = 10 4+ log sec 48° 23”, 
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158. If we want to find the tabular logarithm of any 
function of an angle, which contains an integral number 
of degrees and minutes, we can obtain it directly from the 
tables. If, however, the angle contain seconds we must 
use the principle of proportional parts. The method of 
procedure is similar to that of Art. 152. We give an 
example and also one of the inverse question. 


Ex.1. Given TI. cosec 82° 21’ = 10°27157388, 
and L cosec 82° 22’ =10°2713740, 
find L cosec 82° 21’ 51”, 


For an increase of 60” in the angle there is a decrease of 0001993 in 
the logarithm. 


Hence for an inerease of 51” in the angle the corresponding decrease 


is a x "0001993, z.e. 0001694. 


Hence LL cosee 82° 21’ 51” = 10:2715738 
Be 0001694 


Ex. 2. Find the angle such that the tabular logarithm of its tangent 
is 94417250. 


From the tables we have 
L tan 15° 27’ =9:4415145, 
and L tan 15° 28’ = 9°4420062, 
Let LT tan (15° 27’+2”)= 94417250. 


x! _ 9-4417250 — 9:4415145 
60 9:4420062 — 9:4415145 


_ -0002105 
~ 0004917’ 


2105 
so that x = 60x 917 7 nearly 26. 


Hence the required angle is 15° 27' 26”. 


We then have 
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Ex. 3. Given L sin 14° 6’=9°3867040 
Jind L cosec 14° 6’, 

Here log sin 14° 6’= L sin 14° 6’ — 10 

= —1+°3867040. 
Now log cosec 14° 6’ = log sais 

sin 14° 6 
= —log sin 14° 6’ 
=1 - 8867040 = “6132960, 

Hence _ L cosec 14° 6’ =10°6132960. 


The error to be avoided is this; the student sometimes assumes that 


because 
log cosee 14° 6’= — log sin 14° 6’, 


he may therefore assume that 
Leosec 14° 6’= ~ Lsin14°6’, 


This is obviously untrue. 


EXAMPLES, XXIV. 


1, Given log 35705 = 4°5527290 
and — log 835706 = 4°5527142, 
find the values of log 35705-7 and log 35°70585. 
9. Given log 5°8743 =:7689487 
and log 587-44 =2:7689561, 
find the values of log 58743-57 and log 00587482, 
3, Given log 47847 = 4'6798547 
and log 47848 = 4°6798638, 
find the numbers whose logarithms are respectively 


26798593 and 3°6798617. 
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4, Given log 258°36 = 2°4122253 
and log 2°5837 = ‘4122421 
find the numbers whose logarithms are 
‘4122378 and 2°4122287, 
5, From the table on page 153 find the logarithms of 
(1) 5253897, (2) 527-286, (3) 000529673, 
and the numbers whose logarithms are 


(4) 3°7221098, (5) 2°7240075 and (6) -72103886. 


6, Given sin 43° 23’ = ‘6868761 
and sin 43° 24’ = -6870875, 
find the value of gin 48° 23’ 47” 


7, Find also the angle whose sine is ‘6870349. 
8. Given cos 32° 16/ = 8455726 
and cos 82° 17’= '8454172, 
find the values of cos 32° 16’ 24” and of cos 32° 16’ 47”. 


9, Find also the angles whose cosines are 
°8454832 and ‘8455176. 


10. Given tan 76° 21’ = 4°1177784 

and tan 76° 22’ = 4:1230079, 

find the values of tan 76° 21’ 29” and tan 76° 21’ 47”. 
11, Given cosec 18° 8’ = 4:4010616 

and cosec 13° 9’ = 4:3955817, 


find the values of cosec 13° 8’ 19” and cosec 13° 8’ 37”, 
12. Find also the angle whose cosecant is 4°396789. 


13. Given L cos 34° 44’ —9°9147729 
and L cos 84° 45’=9:°9146852, 
find the value of L cos 84° 44’ 27”. 


14, Find also the angle 6, where 
L cos § = 9°9147328. 


[Exs. XXIV.] PROPORTIONAL PARTS. 169 


15, Given L cot 71° 27’ =9°5257779 
and L cot 71° 28’ = 9°5253589, 
find the value of I, cot 71° 27’ 47 
and solve the equation LL cot @=9°5254782. 

16, Given L sec 18° 27’ = 10-0229168 
and IL sec 18° 28’ =10:0229590, 
find the value of TL. see 18° 27’ 85”. 


17. Find also the angle whose ZL sec is 10°0229285. 


18, Find in degrees, minutes, and seconds the angle whose sine is ‘6, 


given that 
log 6=7781518, L sin 36° 52’=9°7781186 


and L sin 86° 53’ = 9°7782870. 


159. On the next page is printed a specimen page 
taken from Chambers’ tables. It gives the tabular log- 
arithms of the ratios of angles between 32° and 33° and 
also between 57° and 58°. 

The first column gives the £ sine for each minute 
between 32° and 33°. 

In the second column under the word Diff. is found 
the number 2021. This means that ‘0002021 is the 
difference between L sin 32° 0’ and Lsin 32° 1’; this may 
be verified by subtracting 9°7242097 from 9°7244118. It 
will also be noted that the figures 2021 are printed half- 
way between the numbers 9°7242097 and 9°7244118, 
thus clearly shewing between what numbers it is the 
difference. 

This same column of Differences also applies to the 
column on its right-hand side which is headed Cosec. 

Similarly the fifth column, which is also headed Diff, 
may be used with the two columns on the right and left 
of 1b. 


~ 
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LOGARITHMIC SINES, TANGENTS, AND SECANTS. 


32 Des. 


| 


Sine 
9°7242097 
9°7244118 
9°7246138 
9°7248156 
9°7250174 
9°7252189 


9°7254204 
9°7 256217 
9°7258229 
9°7 260240 
9°7 262249 


9°7 264257 
9°7266264 
9°7 268269 
9°7270273 
9°7272276 
9°7274278 
9°7276278 
9°7 278277 
9°7280275 
9°7282271 


9°7 284267 
9°7286260 
9°7 288253 
9°7290244 
9°7292234 


9°7 294223 
9°7 296211 
9°7298197 
9°7300182 
9°7302165 


9°7304148 
9°7306129 
9°7808109 
9°7310087 
9°73138064 
9°7314040 
9°7316015 
9°7317989 
9°7319961 
9°7321932 


9°7323902 
9°7325870 
9°7327837 
9°7329803 
9°7331768 


9°7333781 
9°7335693 
9°7337654 
9°7339614 
9°7341572 


9°7343529 
9°7345485 
9°7347440 
9°7349393 
9°7351345 


9°7353296 
9°7355246 
9°7357195 
9°7359142 
9°7361088 


Cosine 


Diff. 


2021 
2020 
2018 
2018 
2015 
2015 


2013 
2012 
2011 
2009 
2008 


2007 
2005 
2004 
2003 
2002 


2000 
1999 
1998 
1996 
1996 


1993 
1993 
1991 
1990 
1989 


1988 
1986 
1985 
1983 
1983 


1981 
1980 
1978 
1977 
1976 


1975 
1974 
1972 
1971 
1970 


1968 
1967 
1966 
1965 
1963 


1962 
1961 
1960 
1958 
1957 
1956 
1955 
1953 
1952 
1951 
1950 
1949 
1947 
1946 


Diff. 


Cosec. 


10°2757903 
10°2755882 
10°2753862 
10°2751844 
10°2749826 
10°2747811 


10°2745796 
10°2748783 
10°2741771 
10°2739760 
10°2737751 
10°2785743 
10°2733736 
10°27317381 
10°2729727 
10°2727724 
10°2725722 
10°2723722 
10°2721723 
10°2719725 
10°2717729 


10°2715733 
10°27138740 
10°2711747 
10°2709756 
10°2707766 


10°2705777 
10°2703789 
10°2701803 
10°2699818 
10°2697835 


10°2695852 
10°2693871 
10°2691891 
10°2689913 
10°2687936 
10°2685960 
10°2683985 
10°2682011 
10°2680039 
10°2678068 


10°2676098 
10°2674130 
10°2672163 
10°2670197 
10°2668232 


10°2666269 
10°2664307 
10°2662346 
10°2660386 
10°2658428 


10°2656471 
10°2654515 
10°2652560 
10°2650607 
10°2648655 


10°2646704 
10°2644754 
10°2642805 
10°2640858 
10°2638912 


Secant 


Tang. 


9°7957892 
9°7960703 
9°7963518 
9°7966322 
9°7969130 
9°7971938 


9°797 4745 
9°7977551 
9°7980356 
9°7983160 
9°7985964 


9°7988767 
9°7991569 
9°7994370 
9°7997170 
9°7999970 


9°8002769 
9°8005567 
9°8008365 
9°8011161 
9°8013957 


9°8016752 
9°8019546 
9°8022340 
9°8025133 
9°8027925 
9°8030716 
9.8033506 
9°8036296 
9°8039085 
9°8041873 


9°8044661 
9°8047447 
9°8050233 
9°8053019 
9°8055803 
9°8058587 
9°8061370 
9°8064152 
9°8066933 
9°8069714 


9°8072494 
9°8075273 
9°8078052 
9'8080829 
9°8083606 


9°8086383 
9°8089158 
9°80919383 
9°8094707 
9°8097480 


9°8100253 
9°8103025 
9°8105796 
9°8108566 
9°8111336 


9°8114105 
9°8116873 
9°8119641 
9°8122408 
9°8125174 


Cotang. 


Diff. 


2811 
2810 
2809 
2808 
2808 
2807 


2806 
2805 
2804 
2804 
2803 


2802 
2801 
2800 
2800 
2799 


2798 
2798 
2796 
2796 
2795 


2794 
2794 
2793 
2792 
2791 


2790 
2790 
2789 
2788 
2788 


2786 
2786 
2786 
2784 
2784 
2783 
2782 
2781 
2781 
2780 


2779 
2779 
2777 
2777 
2777 


2775 
2075 
2774 
2773 
2173 


2772 
2771 
2770 
2770 
2769 
2768 
2768 
2767 
2766 


Diff. 


Cotang. 


10°2042108 
10°2039297 
10°2036487 
10°2033678 
10°2030870 
10°2028062 
10°2025255 
10°2022449 
10°2019644 
10°2016840 
10°2014086 


10°2011283 
10°20084381 
10°2005630 
10°2002830 
10°2000030 


10°1997231 
10°1994433 
10°1991635 
10°1988839 
10°1986043 


10°1983248 
10°1980454 
10°1977660 
10°1974867 
10°1972075 
10°1969284 
10°1966494 
10°1963704 
10°1960915 
10°1958127 


10°1955339 
10°1952553 
10°1949767 
10°1946981 
10°1944197 
10°1941413 
10°1938630 
10°1935848 
10°1933067 
10°1930286 


10°1927506 
10°1924727 
10°1921948 
10°1919171 
10°1916394 


10°1913617 
10°1910842 
10°1908067 
10°1905293 
10°1902520 


10°1899747 
10°1896975 
10°1894204 
10°1891434 
10°1888664 


10°1885895 
10°1883127 
10°1880359 
10°1877592 
10°1874826 


Tang. 


Secant . Diff. 


10°0715795 
10°0716585 
10°0717375 
10°0718166 
10°0718957 
10°0719749 


10°0720541 
10°0721334 
10°0722127 
10°0722921 
10°0728715 


10°0724510 
10°0725305 
10°0726101 
10°0726897 
10°0727694 


10°0728491 
10°0729289 
10°07380087 
10°0730886 
10°0731686 


10°0732486 
10°0733286 
10°0734087 
10°0734888 
10°0735690 


10°0736493 
10°0737296 
10°0738099 
10°0788904 
10°0739708 
10°0740513 
10°07413819 
10°0742125 
10°0742931 
10°0748739 


10°0744546 
10°0745354 
10°0746166 
10°0746972 
10°0747782 


10°0748592 
10°0749403 
10°0750214 
10°0751026 
10°0751839 
10°0752651 
10°0753465 
10°0754279 
10°0755093 
10°0755908 
10°0756723 
10°0757539 
10°0758356 
10°0759173 
10'0759990 


10°0760809 
10°0761627 
10°0762446 
10°0763266 
10°0764086 


Cosec. 


790 
790 
791 
791 
792 
792 


793 
793 
(94 
794 
795 


795 
796 


Cosine 


9°9284205 
9°9283415 
9°9282625 
9'9281834 
9°9281043 
9°9280251 


9°9279459 
9°9278666 
9°9277873 
9°9277079 
9°9276285 


9°9275490 
9°9274695 
9°9273899 
9'°9273103 
9°9272306 


9°9271509 
9°9270711 
9°9269913 
9°9269114 
9°9268314 


9°9267514 
9°9266714 


~ 9°9265913 


9°9265112 


.9°9264310 


9°9263507 


- 9'9262704 


9°9261901 
9°9261096 
9°9260292 
9°9259487 
9°9258681 
9°9257075 
9°9257069 
9°9256261 
9°9255454 
9°9254646 
9°9253837 
9°9253028 
9°9252218 


9°9251408 
9°9250597 
9°9249786 
9°9248974 
9°9248161 
9°9247349 
9°9246535 
9°9245721 
9°9244907 
9°9244092 


9°9243277 
9°9242461 
9°9241644 
9°9240827 
9'9240010 


9°9239191 
9°9238373 
9°9237554. 
9°9236734 
9°9235914 


Sine 


57 Deg. 


CRN®R CON 


~ 
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160. There is one point to be noticed in using the 
columns headed Diff. It has been pointed out that 2021 
(at the top of the second column) means ‘0002021. Now. 
the 790 (at the top of the eighth column) means not ‘000790, 
but 0000790. The rule is this; the right-hand figure of 
the Diff. must be placed in the seventh place of decimals 
and the requisite number of cyphers prefixed. Thus 


Diff, = 9 means that the difference is ‘0000009, 
Diff = 74 . . ‘0000074, 
Diff.= © 735 7 : ‘ 0000735, 
Diff, =. 2021 ‘. " < ‘0002021, 


whilst Diff. = 12348 : ” ‘0012348. 


161. Page 170 also gives the tabular logs. of ratios 
between 57° and 58°. Suppose we wanted LF tan 57° 20’. 
We now start with the line at the bottom of the page and 
run our eye wp the column which has Tang. at its foot. We 
go up this column until we arrive at the number which is 
on the same level as the number 20 in the extreme 
right-hand column. This number we find to be 10°1930286, 
which is therefore the value of 


Dtan 57° 20’. 


EXAMPLES. XXV. 


1, : Find @ given that cos @=°'9725382, 
cos 13° 27’ = 97257383, diff. for 1'’=677. 


ee ee 
9. Find the angle whose sine is g given 


sin 22° 1’=-3748768, diff. for 1’= 2696. 
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3, Given cosec 65° 24’ = 1:0998243, 
‘diff. for 1’= 1464, 
find the value of cosec 65° 24’ 37” 


and the angle whose cosec is 1:0997938. 


4, Given I, tan 22° 37’ = 9°6197205, 
diff. for 1'= 3557, 
find the value of L tan 22° 37/22” 


and the angle whose Z tan is 9°6195283, 


5, Find the angle whose Z cos is 9°993, given 
Ecos 10° 15’=9:9980131, diff. for 1'=229, 


6. Find the angle whose Z sec is 10°15, given 
Lsec 44° 55’ =10°1498848, diff. for 1/=1260. 


7, From the table on page 170 find the values of 


(1) Lsin 32°18’ 23”, (2) Los 82° 16’ 49”, 

(3) L cot 82° 29’ 43”, (4) Lec 82° 52’ 27”, 

(5) Ltan 57° 45’ 28”, (6) Lcosec 57° 48’ 21”, 
and (7) Leos57° 58’ 29”. 


8, With the help of the same page solve the equations 
(1) Ltan 6=10°1959261, (2) Lcosec 6=10-:0738125, 
(3) Lcos@=9°9259283, and (4) Lsin@=9°9241352. 


9, Take out of the tables LZ tan 16° 6’ 23” and calculate the value of 
the square root of the tangent. 


10. Change into aform more convenient for logarithmic computation 
(i.e. express in the form of products of quantities) the quantities 


(1) 1l+tanztany, (2) 1—tanz tan y, 
(3) cota+tany, | (4) cota—tany, 
., L-—cos2z tan «+ tan y 
° 1+cos 22’ ange) cot x+coty - 


CHAPTER XII. 


RELATIONS BETWEEN THE SIDES AND THE TRIGONOMETRICAL 
RATIOS OF THE ANGLES OF ANY TRIANGLE. 


162. IN any triangle ABC, the side BC, opposite 
to the angle A,is denoted by a; the sides. CA and AB, 


opposite to the angles B and C respectively, are denoted 
by 6 and c. 


163. Theorem. Jn any triangle ABC, 


sin A = snB snd 


— — 


a b cq 


1.e. the sines of the angles are proportional to the opposite 
sides. 


a D 


Draw AD perpendicular to the opposite side meeting 
it, produced if necessary, in the point D. 


174 TRIGONOMETRY. 


In the triangle ABD, we have 


Lane B, so that AD=csin B. 


AB 
In the triangle ACD, we have 

Ad. .% oar 

—— =sin (, so that AD=bsin C. 

AC | 

[If the angle C be obtuse, as in the second figure, we have 
AD ‘ : 
“y= Sin ACD =sin (180° - C)=sin C (Art. 72), 
so that AD=bsin C.] 


Equating these two values of AD, we have 
csin B= bsin C, 


sn B sind 
t. é — 
b C 


In a similar manner by drawing a perpendicular from 
B upon CA we have 
snC sin A 
c.)08COU 


If one of the angles, C, be a right angle as in the third 
figure we have sin C = 1, 
y 
C 


: a : 
sn A=, and sin B=-., 


Hence 


ny —_— 
— —-—— ae 


a b C Gg ° 
We therefore have, in all cases, 


sinA sinB  sinC 


a b Cc. 
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164. In any triangle to find the cosine of an angle in 
terms. of the sides. 


Let ABC be the triangle and let the perpendicular 
from A on BC meet it, produced if necessary, in the 
point D. 

First, let the angle C be acute, as in the left-hand 
figure. 

By Euc. II. 18, we have 


AB? = BO? + 0A?—2BO OD. vere (i) 


But a =cos C, so that CD=Dcosc. 


Hence (1) becomes 


e=a+bh?—2a.b cos C, 


1.€. 2ab cos C= a? + b? — c?, 
+h ee 
e. C = —___-_ 

1.€ cos Sah 


Secondly, let the angle C be obtuse, as in the right- 
hand figure. 
By Euc. II. 12, we have 


AB? = BO? +CA?+2BC.0D ......... (11). 
But ae cos ACD = cos (180° — C) = — cos C, 


CA 
(Art. 72) 
so that CD=—bcosC 
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Hence (11) becomes 
e=a?+b?+ 2a(— bcos C= a+b 2ab cos C, 
so that, as in the first case, we have 


cose =* + oe 
—  Qab - 
In a similar manner it may be shewn that 

y) 2 72 

cos A — ; 

2 2. #72 
and cos B =° 14 ae 

2ca 


If one of the angles, C, be a right angle, the above 
formula would give c?=a?+b?, so that cos(=0. This 
is correct, since C is a right angle. 

The above formula is therefore true for all values of C. 

Ex. If a=15, b=36, and c=39, 
3624+392- 152 32(12?+182-5%) 28812 

2x86x39 ~ 2x32x12x13 ~ 24x13 13° 
165. To find the sines of half the angles wn terms of 
the sides. 


then cos A= 


In any triangle we have, by Art. 164, 
6? Be C — Qa? 
2be 


cos A = 


By Art. 109, we have 


cos A= 1 —2sin?S. 


et P+C—a 
De Soe porn = _ 
Hence 2sin 5 l—cosA=1 ore 
_2bce-P-e +a _a@—-(P+e—2bc)_ wv—(b-c/ 
~ 2Qbe 7 2b¢ be 


(er 0) [a—O=6)| — (at+b—c)(a- b+6¢) (1) 
2bc | 2be ei 
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Let 2s stand for a+b+¢c, so that s is equal to half the 
sum of the sides of the triangle, z.e..s 1s equal to the semi- 
perimeter of the triangle. 

We then have 


a+b—c=a+b+c— 2c = 2s— 2c =2(s—c), 
and a—b+c=at+b+c—2b=2s —2b6=2(s—b). 
The relation (1) therefore becomes 


_2(s—c) x 2(s— 8) =28 = 950) 
—— 2be 


tafe —b) iC i eee (2). 
. 3 ) 


sin? = poe, ee 0 ,/ 9-9. 


166. To find the cosines of half the angles in terms of 
the sedes. 


By Art. 109, we have 


2 sin? — 5 


eee 


2 
JA 7 _ b? + ¢ —~— Q? 
Hence 2 cos z= 1+cosA =1 oe) aad 
_2be+ 8 +e — a? _ (b+c) —@ 
Qbe 2bc 
_(+e)t+al [Oto —a} _ (a+b+c)(+e—a) () 
2be 2be re 


Now bB+c—a=atb+c—2a=2s — 2a =2(s—a), 
Le. | 12 
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so that (1) becomes 
JA _ 2s x 2(s— a) _ _ 988-4) 
2 2be be 


2 cos? 


Similarly, 


cos =a / P=) and cos = se | 
2 ca 


167. To find the tangents of half the angles in terms 
of the sides. 


A. 
Since tan — = a 
2 A’ 


cos = 
De. 


we have, by (2) of Arts. 165 and 166, 


nA gos. gue ea 
s(s—a) 


ane 


Cece waa , and ene ~= (sa) (s—6) 
2 


tang = s(s—b) 8 (8—C) 


Since A is always < 180°, = is always < 90°. 


: A | 
The sine, cosine, and tangent of 3 are therefore always 


positive (Art. 52). 

The positive sign must therefore always be prefixed to 
the radical sign in the formulae of this and the last two 
articles. 
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168, Ex. If a=13, b=14 and c=15 
then pa eal, s-a=8,s-b=7%, 
and s-c=6. 

. A 7x6 1 
pence ID 9 =f Pt Mxib~ 5 = 55; 


6x8 4 
\ 15x13 /65 = Fev 5; 


= 
C 91x68 
13, 
i age =f eG J13 =i5V 
B_ 6x8 4 
2° Q1x7 7 


169. To express the sine of any angle of a triangle 
am terms of the sides. 


We have, by Art. 109, 


and tan — 


; A A 
sin A = 2sin 5 cos > 


But, by the previous articles, 


A /(s—b)(s—c) | Sj fe 
nS=,/' ae -, and COS = A/a 


Hence 
(s—b)(s—c) /s(s—a) 
sin A = 2,/E- Here ie yee 


sin A = = Vs(s—a)(s : b)(s — c). 


EXAMPLES. XXVI. 


In a triangle 


1, Given a=25, b=52 and c= 63, 
A B C 
find : tan 3? tan 3? and tan 5° 


12—2 
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9, Given a=125, b=123 and c=62, 
find the sines of half the angles and the sines of the angles. 
3. Given a=18, b=24 and c=30, 
find sin 4, sin B, and sin C. 
4, Given a=35, b=84 and c=91, 
find tan A, tan B, and tan C. 
5. Given a=13, b=14 and c=15, 
find the sines of the angles. 
6. Given a@=287, b=816 and c=865, 


find the values of tans and tan A. 


7, Given a=,/3, b=,/2 and gauss 
find the angles. 


170. In any triangle to prove that 
a=bcosC+ccos B. 

Take the figures of Art. 164. 

In the first case, we have 


a = cos B, so that BD=c cos B, 


D 
and ee =cos CU, so that CD =bcos C. 


Hence a=BC=BD+ DC =ccosB+ bcos C. 


In the second case, we have 


BD 
By = 008 B, so that BD=c cos B, 


CD 0 
and aA = 0° ACD = cos (180° ~ C) 


=— cos C (Art. 72), 
so that CD=— bcos C. 
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Hence, 1n this case, 
a= BC= BD-—CD=ccos B—(— beos 0), 
so that in each case 
a=bcosC+ccosB. 
Similarly, b=ccosA +acosC, 
and c=acos B+ bcos A. 


171. In any triangle to prove that 
B-C b-c A 


tan —~— = —— cot =. 


2 b+e 2 
In any triangle, we have 
eed 
c sin’ 
pipet eC 
2 cos sin 


b—c_ snB—sind _ 2 
b+ce smB+sinOd |. B+O B-C 
2 sin 


2 2 

' neal Bae 

- a 5 an 5 

= Te a 
tan 5 tan ( 90 -3) 
pes 

= a (Art. 69). 

08 9 
Hence fa Pee cat 


Q bte 2° 
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172. Bx. From the formulae of Art. 164 deduce those of Art. 170 


and vice versa. 
The first and third formulae of Art. 164 give 
2 2 pd 2 2__ 7,2 
bcos C+e en Oc a a + cht a" — OF 
2a 2a 


20" a 
Wa? 
so that a=becosC+c cos B. 


Similarly, the other formulae of Art. 170 may be obtained. 
Again, the three formulae of Art. 170 give 


a=bcos C+ccos B, 
b=ccos A+acos C, 
and _e¢=acosB+beos A. | 
Multiplying these in succession by a, b, and —c we have, by addition, 
a? + p2—- ck=a(b cos C+¢ cos B)+b (ce cos A +a cos C) —¢ (acos B+) cos A) 
=2ab cos C. 
a? +b? —¢? 
2Qab 
Similarly, the other formulae of Art. 162 may be found. 


“. cosc= 


173, Thestudent will often meet with identities, which he is required 
to prove, which involve both the sides and the angles of a triangle. 

It is, in general, desirable in the identity to substitute for the sides in 
terms of the angles, or to substitute for the ratios of the angles in terms 
of the sides. 


Ex. 1. Provethat | acos——=(b+c) sin = 
By Art. 163 we have 
Ree BC ose 2S 
b+c sinB+sin€ _ 2 2 
a ne 7 Mt ce 
2 2 
eon ease sige 
eae Z 
sin — cos = sin a 
2 2 2 


as a ee se 
“. (b+¢c) sin 5 =a cos —5 
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Ex. 2. Ina triangle prove that 
(b? — c*) cot A +(c? — a”) cot B+ (a? b?) cot C=0. 
By Art. 163 we have 


sind sinB sin€d 


A ae =k (say). 
Hence the given expression 
ee. a ta) + (at 09 SEE 
Sy [04 - c4 — a? (b? —c?) +4 — a4 — B? (c? — a?) + at — bt — c? (a? - 0) 


=0. 


Ex. 3. Ina triangle prove that 


A 
(a+b+c) ( tan 9 t tan 3) =2c cots. 


The left-hand member 


=25 Cd) / Ea), by Art. 167, 
ol WV = =a an/e (6) Deseret 1 


_ 2/5 (s—e) (s —c) 


—————-—. , since 2s=a+b)+¢e, 


gan <5 
=2c¢ cot 2° 


This identity may also be proved by substituting for the sides. 
We have, by Art. 168, 


a+b+e_ sin d+sinB+sin C 


c — sin C 
A B C 
4 cos — cos — cos — 2 cos — cos — 
2 2 2 . 2 2 
= a , 28 10 Art, 127, = ne, 
2 sin — cos — sin — 


2 2 2 
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2cots Does eau case 
2 = 2 
tan — 5 + tan 5 — sin — 5 | sing cos S+0085 5 sin = | 


2 cos aa eu eee 2 cos a eae 
2 2 2 2 2 


2 2 2 
We have therefore 
C 
atb+e_ 2008 2 
C i A B’ 
tan 3 +tan 3 
so that (a+b+c) (ton 5 + tan 5) =2 cot. 


Ex. 4. If the sides of a triangle be in Arithmetical Progression, prove 
that so also are the cotangents of half the angles. 


We have given that ACS FD caer i naieoumi iinet anwayars (1), 
and we have to prove that 
B 


A. 40 , 
cots +cot5=2 cot 7 (2), 


Now (2) is true if 


en s(s-c)  _ s(s—b) 
VJ as aan) 28 aata/ tt (s—a)’ 


or, by multiplying both sides by 


ce. (s — b) eeo) 
s 


if (s-—a)+(s—c)=2(s—D), 
i.é, if 2s — (a+¢) = 2s — 2b, 


i.e, 1f a+ ¢=2b, which is relation (1). 
Hence if relation (1) be true, so also is relation (2). 
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EXAMPLES. XXVII. 


In any triangle ABC, prove that 


ie 


2. 


16. 


B-C b-e A 


sin = —— cos—. 


2 a 2 


a (cos B+ cos C)=2 (b+ ¢) sin? S 


a (cos C—cos B)=2 (b- e) eos? 5 


a+b, A+B A-B 


a a cot Pigirs 


Be i A 
(b+c-a) (cot yr eots | = 2a cots : 


a*-+b?+c?=2 (be cos A+cacos B+ab cos C). 


(a? — b? +c?) tan B= (a? + 0? — c?) tan C. 
reo 
c? = (a — b)? cos? c+ (a+b)? sin? zr 


a sin (B-C)+bsin (C - A)+csin (4 ~B)=0. 


asin (B-C) _ > sin (C- A) =( ene” B) 
ae c?- a —p2 


me b ear oe ee = 
ee pune og oe: 


Ss A tie 
asin 5 sin 


a? (cos? B ~ cos? C) + b? (cos? C — cos? A) + c? (cos? A — cos? B)=0. 


a sina po “sin 2B 4 sin 2C=0. 
A B C 
f= = =e 
(Geb+eP _ CO g + cots + cots 


@+e+c? cota +cotb+cotc. 
a3 cos (B - C) +b? cos (C - A) +08 cos (4 - BySe abe: 


In a triangle whose sides are 3, 4, and ./38 feet respectively, 


prove that the largest angle is greater than 120°. 
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17. The sides of a right-angled triangle are 21 and 28 feet; find the 
length of the perpendicular drawn to the hypothenuse from the right 
angle. : 


18. If in any triangle the angles be to one another as 1:2: 3, 
prove that the corresponding sides are as 1: ,/3 : 2. 


19, In any triangle if 


find tan 6 , and prove that in this triangle a+c=2b. 

90. In an isosceles right-angled triangle a straight line is drawn from 
the middle point of one of the equal sides to the opposite angle. Shew 
that it divides the angle into parts whose cotangents are 2 and 3. 


91, The perpendicular AD to the base of a triangle ABC divides it 
into segments such that BD, CD and AD are in the ratio of 2,3 and 6; 
prove that the vertical angle of the triangle is 45°. 


99. <A ring, ten inches in diameter, is suspended from a point one 
foot above its centre by 6 equal strings attached to its circumference at 
equal intervals. Find the cosine of the angle between consecutive 
strings, 


23, If a?, b? and c? be in a.p., prove that cot A, cot B and cot C are in 
A.P. also. 


94, If a, b and ¢ be in A.p., prove that cos A cots, cos B cots 


C : 
and cos C cot 3g are in A.P. 


25. If a,b and c are in u.P. prove that sin? S sin? 5 and sin? are 
also in H.P, | 
26. The sides of a triangle are in a.p. and the greatest and least 
angles are 6 and #; prove that 
4 (1- cos 0)(1—cos ¢)=cos 6 +¢cos ¢. 
27. The sides of a triangle are in a.p. and the greatest angle exceeds 


the least by 90°; prove that the sides are proportional to ./7+1, ,/7 and 
J/7-1. 
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28. If C=60°, then prove that 


Dee a a 
ate b+e atdbt+e: 


29, In any triangle ABC if D be any point of the base BC, such that 
BD: DG ::m:n, prove that 
(m+n) cot ADC=n cot B- m cot C, 
and (m-+-n)? AD? = (m+n) (mb? + ne?) — mna’. 
30, If in a triangle the bisector of the side ¢ be perpendicular to the 


side b, prove that 
2tanA+tan C=0. 


31, In any triangle prove that, if @ be any angle, then 
b cos 6=c cos(A — 6) + acos (C+ 6). 
32. If p and q be the perpendiculars from the angular points A and B 


on any line passing through the vertex C of the triangle ABC, then 


prove that 
a2p? + bg? —2abpg cos C= ab? sin? C. 


33. In the triangle ABC, lines OA, OB, and OC are drawn so that 
the angles OAB, OBC, and OCA are each equal to w; prove that 
cot w= cot A +cot B+ cot C, 


and cosec? w= cosec? A + Gosec? B + cosec? C. 


CHAPTER XIII. 
SOLUTION OF TRIANGLES. 


174. IN any triangle the 3 sides and the 3 angles are 
often called the elements of the triangle. When any 3 
elements of the triangle are given, provided they be not the 
3 angles, the triangle is in general completely known, we. 
its other angles and sides can be calculated. When the 3 
angles are given, only the ratios of the lengths of the sides 
can be found, so that the triangle is given in shape only 
and not in size. When 3 elements ofa triangle are given 
the process of calculating its other 3 elements is called 
the Solution of the Triangle. 

We shall first discuss the solution of right-angled 
triangles, z.e. triangles which have one angle given equal 
to a right angle. | 

The next four articles refer to such triangles, and C 
denotes the right angle. 


175. Case lI. Gwen the hypothenuse and one side, to 
solve the triangle. 
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Let 6 be the given side and c the given hypothenuse. 
The angle B is given by the 


relation A 
sin B= b ' C b 
C 


.. Lsin B=10 + log b— loge. 
Since b and c are known we 
thus have £sin B and therefore B. 
The angle A (= 90° — B) is then known. 
The side a is obtained from either of the relations 


cos B= =, iene or a=,/(c —b) (c +B). 


a’ 


176. Case II. Given the two sides a and 6b, to solve 
the triangle. 


Here B is given by A 
b 
tan B = oe C b 
so that p P 
Ltan B=10 + log 6 — log a. a | 


Hence tan B, and therefore #, is known. 

The angle A (= 90° — B) is then known. 

The hypothenuse c¢ is given by the relation ¢ = Va? +2 

This relation is not however very suitable for loga- 
rithmic calculation, and c is best given by 


log ¢ = log 6 — log sin B 
=10+logb— Lsin B. 


Hence c is obtained. © 


190 TRIGONOMETRY. 


177. Case III. Given an angle B and one of the sides 
a, to solve the triangle. 


Here A (= 90° — B) is known. A 
The side 6 is found from the rela- ‘ 
tion 
| = tan B, B : G 
a 


and ¢ from the relation 


a 
= =cos B, 
C 


178. Case IV. Given an angle B and the hypothenuse 


c, to solve the triangle. | oA 
Here 4 is known and a and b are F 
obtained from the relations b 
“ =cos B, and an) B G 
C C a 


EXAMPLES. XXVIII. 


1. In a right-angled triangle ABC, where C is the right angle, if 
a=50 and B=75°, find the sides. (tan 75°=2+,/3.) 
9. Solve the triangle of which two sides are equal to 10 and 50 feet 


and of which the included angle is 90°; given that log 20=1:30103, and 
L tan 26° 33’=9°6986847, diff. for 1’=3160. 


2. The length of the perpendicular from one angle of a triangle upon 
the base is 8 inches and the lengths of the sides containing this angle are 
4and 5 inches. Find the angles, having given 

log 2=+30103, log 8=-4771218, 
L sin 86° 52’=9°7781186, diff. for 1’=1684, 
L sin 48° 35’ = 9:8750142, diff. for 1’=1115. 
4, Find the acute angles of a right-angled triangle whose hypothenuse 


is four times as long as the perpendicular drawn to it from the opposite 
angle. 
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179. Wenow proceed to the case of the triangle which 
is not given to be right angled. 


The different cases to be considered are; 
Case I. The three sides given ; 
Case II. Two sides and the included angle given ; 


Case III. ‘Two sides and the angle opposite one of 
them given ; 


Case IV. One side and two angles given ; 


Case V. ‘The three angles given. 


180. Case l. The three sides a, b, and c guven. 

Since the sides are known, the semi- -perimeter ¢ is 
known and hence also the quantities s—a, s—b, and 
s— 6. 


The half-angles . and are then found from the 


AG? 
formulae 
(s—b)(s—) —_ (s—c)(s—a) 
tang Senay EV Teed) 
(s —a)(s—b) 
and tan ¢-= Py pce Ca (Co i 


Only two of the angles need be found, the third being 
known since the sum of the three angles is always 180°. 
The angles may also be found by using the formulae 
for the sine or cosine of the semi-angles. 
(Arts. 165 and 166.) 
The above formulae are all suited for logarithmic 
computation. 


192 TRIGONOMETRY. 


The angle A may also be obtained from the formula 


b? Is Ce — a? 
cos A = aan an (Art. 164.) 


This formula is not, in general, suitable for logarithmic 
calculation. It may be conveniently used however when 
the sides a, 6, and c are small numbers. 


Ex. The sides of a triangle are 32, 40, and 66 feet; find the angle 
opposite the greater side, having given that 
log 207 = 2°3159703, log 1073 =3:0305997, 
L cot 66° 18’ =9-6424341, tabulated difference for 1’=3431, 
Here  @=382, b=40 and c=66, 
_ 32+40+66 


so that g=——- = 69, 8 - a =37, 8- b= 29 and s—c=83. 


Hence eee, aad) ayy goa ae 
27 (s—a)(s—b) 37x29 1073 © 


L cot C 10+ ; Log 207 — log 1073] 


=10+1°15798515 — 1:51529985 
= 96426853. 


L cot c is therefore greater than L cot 66° 18’, 


so that c is less than 66° 18’, 


Let then = 66° 18’ — x”. 


The difference in the logarithm corresponding to difference of x” in the 
angle therefore 


9°6426853 
— 9°6424341 
= ‘0002512 
Also the difference for 60” = ‘00034381. 
x  °0002512 
60 ~ :0003431 ’ 
ran 2512 
~ 8431 


a a 66° 18 — 44” =66° 17°16”, and hence C=132° 34’ 32”. 


Hence 


so that x 60=nearly 44. 
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EXAMPLES. XXIX. 


], If the sides of a triangle be 56, 65, and 33 feet, find the greatest 
angle. 


2, The sides of a triangle are 7, 4,/3, and,/13 yards respectively. 
Find the number of degrees in its smallest angle. 


3, The sides of a triangle are 2?+a+1, 24+1 and #?—1; prove that 
the greatest angle is 120°. 


4, The sides of a triangle are a, b, and or a*+ab+b? feet; find the 
greatest angle. 

5, Ifa=2, b=,/6 and c=,/3—1, solve the triangle. 

6, Ifa=2, b=,/6 and c=,/3 +1, solve the triangle. 


7. Wa=9, 6=10 and c=11, find B, given 
log 2= 301038, L tan 29° 29’ = 9-7523472, 
and I tan 29° 30’ = 9°7526420. 
8, The sides of a triangle are 130, 123 and 77 feet. Find the 
greatest angle, having given 
log 2= 30103, ZL tan 38° 39’ = 9:9029376, 
and Ltan 38° 40’=9°9031966, 
9, Find the greatest angle of a triangle whose sides are 242, 188, and 
270 feet, having given 
log 2=°380108, log3=°4771213, log 7=-8450780, 
LL tan 38° 20’ = 9°8980104, and Z tan 38°19’ = 9°8977507. 


10. The sides of a triangle are 2, 3, and 4; find the greatest angle, 


having given 
log 2= "30103, log 3=-4771213, 


I, tan 52° 14’ = 1011083985, 
and L tan 52° 15’=10°1111004. 
Making use of the tables, find all the angles when 
ll. a=25, b=26 and c= 27. 
12. a@=17, b=20 and c=27. 
13. a=2000, b=1050 and c=1150. 
rae ie 13 
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181. Case II. Given two sides b and c¢ and the 
wncluded angle A. — 

Taking b to be the greater of the two given sides, 
we have A 


ene ins * cot 4 (Art, 171)...(1), 0 


2 b+e b 


and ——- = 90° —-— ....., (2). B , c 


These two relations give us 


B-C aaa B+@ 

a 2 
and therefore, by addition and subtraction, B and C. 
The third side a is then known from the relation 


Oe ae 
sin A sin B’ 
, : sin A 
which gives a=b an B? 


and thus determines a. 
The side @ may also be found from the formula 
a? = b? +¢? — 2bc cos A. 
This is not adapted to logarithmic calculation but is 
sometimes useful, especially when the sides a and 6 are 
small numbers. 


182, Bx. 1. If b=./3,c=1, and A =80°, solve the triangle. 


We have 
B-C_b-e A /3-1 


a aaa re ae Dae 
/3-1 
€ = ty 1 ’ 
Now tan 15 J3+1 (Art. 101) 
so that cot [pen ; 
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Hence tan 7 =], 
BoC. - sae 
; =p ee Eire ede ea nes (1) 
Also ate = 90° — 4 =90° ral 5 Sake 5 (2). 


By addition B=120°. 
By subtraction C=30°. 
| Since 4=C, we have a=c=1. 


Otherwise. We have 


a*=b?+¢2— 2be cos A=3+1-2,/8 Moan, 


so that a=1l=e. 
*, C=A=30%, 
and B=180°~ A -C=120°. 


Ex. 2. If b=215, c=105, and A=74° 27, find the remaining angles, 
having given 
log 2= "80103, log 11=1-041393, 


log 105 = 2°0211893, log 212-486 = 2:3273103, 
L cot 87° 13’ 30” =10-119841, LL tan 24° 20’ 40” =9-655572, 
L tan 24° 20’ 50” = 9°655626, Lsin 74° 27’=9-9838052, 
and TL sin 28° 25’ 48” = 9°6776842. 


B-C_ pas: cot A = Le cot 37° 13’ 30”. 
2 b+e¢ 


Here tan a = 39 


' DLtan 


=log 11-5 log 2+ LZ cot 37° 13’ 30” 


1:041393 -30103 


+10°119841 5) 
= 11:160734-1°50515 
= 9655584, 


so that 5 


lies between 24° 20’ 40” and 24° 20’50”. 


13—2 
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B-C 


Let then. = 24° 20’ 40" 4+ a”. 


The difference for oe Bee = ‘000012. 
The difference for ie bier = "000054. 
Hence - = aaa = a so that s=25”. 
: 70249 20) 493” Asante (1). 
But oFOL 90° ~ 4 =90° — 87° 18’ 30” = 52° 46’ 80" 2.0.0... (2). 


By adding (1) and (2), we have B=77°7'12”. 
By subtracting (1) from (2), we have C= 28° 25’ 48”. 


To get a we have 
a C 


sind sin C’ 
“ loga=logc+Lsind4—LsinC 
=log 105 +L sin 74° 27’ — L sin 28° 25’ 48” 
2°0211893 
+ 99838052 
= 12:0049945 
= 2°3273103 
— log 212-486. 


". @=212°486. 


The triangle is therefore completely determined. 


%183. There are ways of finding the third side a of the triangle in the 
previous case without first finding the angles B and C. 


Two methods are as follows: 
(1) Since a? = b? + ¢? — 2be cos A, 


= b2+¢?—2be (2 cos? 4 7 1) 


=(b+¢)? — 4be cos? S ; 
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Abe A 
2 | ees 2 
a*=(b+e) | (bce COs 5 | 
. 4be A 
ayn? A— QQ.) 
Hence, if sin? @= (bre? GOs 9? 
we have a*= (b+ c)*[1 — sin? 6]=(b+c¢)? cos? 4, 
so that a=(b+c) cos 6. 
If then sin @ be calculated from the relation 
_ . 2/be A 
sin aa i COB 
we have — @=(b +e) cos 8, 


(2) We have 
| a# = b? — 2be + c? — 2bc (cos A — 1) 


=(b-c)?+4be sin? - 


4be A 
oss = 2 a dee a2 
=(b—¢) E (be? sin 5 | 

4tbc  . oA 
ee” gin? ~ — tan? 
Let (bc sin’ 5 tan? ¢, 
2,/be . A 
SO that tan o= aes sin 9 3 
and hence ¢ is known. . 
) ® (b oe c)? 
Then a? = (b —c)* [1+ tan? ON oatay ; 
so that a=(b --c) sec gd, 


and is therefore easily found. 
An angle, such as 6 or @ above, introduced for the purpose of 


facilitating calculation is called a subsidiary angle (Art. 129). 


EXAMPLES. XXX. 


x 1, Ifb=90, c=70, and A =72° 48’30”, find B and C, given 
log 2== 30103, L cot 36° 24’ 15” =10-1323111, 
TL tan 9° 37’ = 9:2290071 
and LT tan 9° 38’ = 9°2297735. 
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2. Ifa=21, b=11, and C=34° 42’ 30", find A and B, given 
log 2=°30103 
and L tan 72° 88’ 45” = 10°50515. 


3. Ifthe angles of a triangle bein a. p. and the lengths of the greatest 
and least sides be 24 and 16 feet respectively, find the lengths of the third 
side and the other angles, given 


log 2= *30103, log 3 = 47712138, 
LL tan 19° 6’= 9°5394287, diff. for 1’= 4084. 
4, Ifa=138, b=7, and C=60°, find A and B, given that 
log 3=°4771213, 
L tan 27° 27'’=9°7155508, tabulated diff. for 1’ = 3087.. 


5. If a=2b, and C=120°, find the values of 4, B, and the ratio of ¢ 
to a, given that 
log 3= 4771213, 


L tan 10° 53'= 9-283907, diff. for 1’= 6808. 
6. Ifb=14, c=11, and 4=60°, find B and C, given that 
log 2= °80103, log 8=°47712138, 
L tan 11° 44’= 9°3174299, 
and L tan 11° 45’ = 93180640, 


7. The two sides of a triangle are 540 and 420 yards long respectively 
and include an angle of 52°6’. Find the remaining angles, given that 


log 2=-30103, Z tan 26° 3’= 9°6891430, 
L tan 14° 20’=9:°4074189, LD tan 14° 21’=9-4079453. 


8. If b=2kft., c=2 ft., and 4=22° 20’, find the other angles, and 
shew that the third side is nearly one foot, given 


log 2= ‘30103, log 3 =°4771213, 
L cot 11°10’=10-°70465, L sin 22° 20’ = 9°57977, 
L, tah 29° 22’ 20” = 9°75038, TL tan 29° 22’ 30” = 9-75043, 
and L sin 49° 27’ 34” = 9:88079. 
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9, Ifa=2, b=1+,/3, and C=60°, solve the triangle. 


10. ‘Two sides of a triangle are ,/3+1 and ,/3 -1, and the included 
angle is 60°; find the other side and angles. 


ll, Ifb=1, c=,/3-1, and 4 =60°, find the length of the side a. 


12. Ifb=91, ¢c=125 and tans = =a prove that a= 204. 


13, If a=5, b=4, and cos (A — B) =5 , prove that the third side ¢ will 
be 6. 
14, One angle of a triangle is 30° and the lengths of the sides 


adjacent to it are 40 and 40,/3 yards. Find the length of the third 
side and the number of degrees in the other angles. 


15. The sides of a triangle are 9 and 3, and the difference of the 
angles opposite to them is 90°. Find the base and the angles, having 


given 
log 2= :30103, log 3=°4771218, 


log 75894 = 4°8802074, log 75895 = 48802132, 
TL, tan 26° 33’ = 9°6986847 
and L tan 26° 34'= 9°6990006. 


16. Two sides of a triangle are 237 and 158 feet and the contained 
angle is 66° 40’; find the base and the other angles, having given 


log 2= '30103, log 79 =1°89763, 
log 22687 =4°35578, L cot 33° 20’=10-18197 
L sin 33° 20’ = 9°73998, L tan 16° 54’ = 948262, 
L tan 16° 55’= 9°48308, ZL sec 16° 54’=10:01917, 


and I sec 16° 55’ = 10-01921. 
B-~C b+e , A 
| Use the formula cos Sg US 7 
a-b C 
17. If tan P= ish cot 9 ; 
v3 
sm 5 
prove that C =(A+b) mm, 
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If a=3, b=1, and C=53°7'48”, find ¢ without getting A and B, 
given 
log 2= 30103, log 25298 = 44030862, 
log 25299 == 4:4081034, ZL cos 26° 33’ 54” = 9°9515452, 
and L tan 26° 33’ 54” = 9-6989700. 


In the following 4 examples, the required logarithms must be taken 
from the tables. 


18, If a=242°5, b=164°3, and C=54° 36’, solve the triangle. 
19. If b=130, c=63, and A = 42°15’ 30”, solve the triangle. 


20. Two sides of a triangle being 2265:4 and 1779 feet and the 
included angle 58°17’; find the remaining angles. 


21, Two sides of a triangle being 237-09 and 130-96 feet and the 
included angle 57° 59’, find the remaining angles. 


184. Case III. Given two sides 6 and c¢ and the 
angle B opposite to one of them. 


The angle C is given by the relation 


sin C_ sin B 


c 5b? A 
1.0. sin (= ; Slike ehlass (1). y b 
Taking logarithms we determine p C 
C and then A (=180°—~B—C) is 2 
found. 
The remaining side «@ is then found from the relation 
eae oe 
sind sin B’ 
; sin A : 
1.0. a=b Sin BU (2). 
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185. The equation (1) of the previous article gives in 
some cases no value, in some cases one, and sometimes 
two values, for C. 

If csin B>b, the right-hand member of (1) 1s greater 
than unity, and hence there is no corresponding value 
for C. 

If csn B=, the right-hand member of (1) 1s equal 
to unity and the corresponding value of C is 90°. 

Ifcsin B < b, there are two values of C having =— 
as its sine, one value lying between 0° and 90° and the 
other between 90° and 180°. 

Both of these values are not however always admissible. 

For if b>c, then B>C. The obtuse-angled value of 
C is now not admissible; for, in this case, C cannot be 
obtuse unless B be obtuse also, and it is manifestly 
impossible to have two obtuse angles in a triangle. 

If b<c and B be an acute angle, both values of C 
are admissible. Hence there are two values found for 
A and hence the relation (2) gives two values for a. In 
this case there are therefore two triangles satisfying the 
given conditions. 

Since, for some values of 6, c and B, there 1s a doubt 
or ambiguity in the determination of the triangle, this 
case is called the Ambiguous Case of the solution of 
triangles. 


186. The Ambiguous Case may also be discussed 
in a geometrical manner. 

Suppose we were given the elements b, c and B and 
that we proceeded to construct, or attempted to construct, 
the triangle. 
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We first measure an angle ABD equal to the given 
angle B. 


We then measure along BA a distance BA equal to 
the given distance c, and thus determine the angular 
point A. 

We have now to find a third point C, which must lie 
on BD and must also be such that its distance from A 
shall be equal to 0. 

To obtain 1t, we describe with centre A a circle whose 
radius is 0. 

The point or points, if any, in which this circle meets 
BD will determine the position of C. 

Draw AD perpendicular to BD, so that 


AD=ABsin B=csin B. 


One of the following events will happen. 
The circle may never reach BD (Fig. 1) or it may 
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touch BD (Fig. 2), or it may meet BD in two points C, 
and C, (Figs. 3 and 4). 

In the case of Fig. 1, it is clear that there is no 
triangle satisfying the given condition. 


Here b< AD, v.e.<csin B. 


In the case of Fig. 2, there is one triangle ABD 

which is right-angled at D. Here 
b=AD=csn B. 

In the case of Fig. 3, there are two triangles ABC, 
and ABC, Here b les in magnitude between AD and c, 
ué. bis >csin B and <ce. 

In the case of Fig. 4, there is only one triangle ABC, 
satisfying the given conditions [the triangle ABC, is 
inadmissible; for its angle at B is not equal to B but is 
equal to 180°— B]. Here 6 is greater than both csin B 
and c. 


Tosum up: 

Given the elements b, c, and B of a triangle, 

(a) Ifb be<csin B, there is no triangle. 

(8) If b=csin B, there is one triangle right-angled. 

(y) Ifb be>csin B and <c and B be acute, there are 
two triangles satisfying the given conditions. 

(6) Ifb be >c, there is only one triangle. 

Clearly if b=c, the points B and C, in Fig. 3 coincide 


and there is only one triangle. 
If B be obtuse, there is no triangle except when 6 ><. 


187. The ambiguous case may also be considered 
algebraically as follows. 
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From the figure of Art. 184 we have 
b? = c? + a? — 2ca cos B. 
a? — 2ac cos B + cos? B= b?-—¢? + ce? cos? B 
| =b?—¢' sin? B, 
a—ccosB=+vb?—@ sin? B, 
1.0. a=ccosB+Vb?—c sin’? Bo... (1). 


Now (1) is an equation to determine the value of a 
when b, c and B are given. 

(a2) If b<csin B, the quantity V22—c sin’ B is 
imaginary and (1) gives no real value for a. 


(8) If b=csin B, there is only one value, ¢cos B, 
for a; there is thus only one triangle which is right- 


angled. 


(ry) If b>csin B, there are two values for a. But, 
since a@ must be positive, the value obtained by taking 
the lower sign affixed to the radical is madmissible unless 


c cos B— Vb? —c' sin? B is positive, 


z.é. unless Vb? — 2 sin? B< ccos B, 
2.e. unless b?—c sin? B<c? cos? B, 
2.e. unless P<c. 


There are therefore two triangles only when 6 is 
>csinB and at the same time <. 


188. Ex. Givenb=16, c=25, and B=33° 15’, prove that the triangle 
is ambiguous and find the other angles, having given 


log 2=:30103, Z sin 33° 15’=9:7390129, 
L sin 58° 56’ = 9°9327616, 
and L sin 58° 57’ = 9-9328376. 
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We have 
Se eee ee |) eee ae ene 
gin C=, sin Bo 7, sin B= a7 sin B= “55 sin 83° 15’, 
Hence sin C=2-+L sin 83° 15’ — 6 log 2 
= 993828329, 


C therefore lies between 58° 56’ and 58°57’, so that 
C= 58° 56’4+ 2". 
T'or a ditference of x’ in the angle the difference in the log 
= 9°9328329 — 9°9327616 = 0000713. 
For a difference of 60” in the angle the difference 
= 9°9328376 — 9-9327616 =-0000760. 
% °0000713 713 


Boe 60 ~ 0000760 ~ 760° 
6x718  _ 
oy 56 nearly, 
so that sin C= sin 58° 56'56”. 


. C=58° 56’56” or 180° — 58° 56’ 56”. 
Hence (I*ig, 3, Art. 186) we have 
C, =58° 56’ 56", and C,=121° 3’ 4”, 
. £BAC,=180° — 33° 15’ — 58° 56’ 56” = 87° 48 4”, 
and Z BAC,=180° — 38° 15’ — 121° 3’ 4” = 25° 41’ 56", 


EAM PIES, 2C2COC8, 


7 is there any ambiguity ? 


9, Ifa=2,c=J/34+1, and A = 45°, solve the triangle. 


1], Pa=5, b=7, and sin A= 


3, Ifa¢=100,c=100./3 and 430°, solve the triangle. 


4, If 2b=3a, and tan? A=’ , prove that there are two values to the 


third side, one of which is double the other. 


5, Ifd4=30°, b=8, and a=6, find c. 
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6. Given B=30°, c=150, and b=150,/3, prove that of the two 
triangles which satisfy the data one will be isosceles and the other right- 
angled. Find the greater value of the third side. 

Would the solution have been ambiguous had 


B=380°, e=150, and b=75? 


7. In the ambiguous case given a, b, and A, prove that the difference 


between the two values of ¢ is 2,/a?—b? sin? A. 


8, Ifa=5, b=4, and 4=45°, find the other angles, having given 
log 2=°30103, Z sin 33° 29’ =9-7520507, 
and L sin 33°30’ = 9°75309938. 


9, Ifa=9, b=12, and 4=30°, find c, having given 


log 2= ‘301038, log 38 =:47712, 
log 171 = 2°23301, log 368 = 2°56635, 
sin 11° 48’ 39” = 9°31108, DL sin 41° 48’ 39” = 9°82391, 
and LE sin 108° 11’ 21” = 9977774. 


10. Point out whether or no the solutions of the following triangles 
are ambiguous. 
Find the smaller value of the third side in the ambiguous case and 
the other angles in both cases. 
(1) 4A=80°, c=250 feet, and a=125 feet ; 


(2) A=80°, c=250 feet, and a= 200 feet. 


Given log 2= °30103, log 6:03893 =-7809601, 
L sin 88° 41’=9-7958800, 
and L sin 8° 41’=9:1789001. 


Ll, Given a=250, b=240, and 4 =72° 4’ 48”, find the angles B and C, 
and state whether they can have more than one value, given 


log 2°5 = ‘3979400, log 2°4=+3802112, 
TL sin 72° 4’=9°9783702, L sin 72° 5’=9:°9784111, 
and L sin 65° 54’ = 9-9606739. 


12, Two straight roads intersect at an angle of 30°; from the point of 
junction two pedestrians A and B start at the same time, A walking 
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along one road at the rate of 5 miles per hour and B walking uniformly 
along the other road. At the end of 3 hours they are 9 miles apart. 
Shew that there are two rates at which B may walk to fulfil this 
condition and find them. 


For the following 3 examples, a book of tables will be required. 
13. Two sides of a triangle are 1015 feet and 732 feet and the angle 


opposite the latter side is 40°; find the angle opposite the former and 
prove that more than one value is admissible. 


14, Two sides of a triangle being 5874°5 and 1586-6 feet, and the 
angle opposite the latter being 15° 11’, calculate the other angles of the 
triangle or triangles. 


15. Given 4=10°, a=2308°7, and b=7903°2, find the smaller value 
of c. 


189. Case IV. Given one side and two angles, viz. 
a, B, and C. 

Since the three angles of a triangle are together equal 
to two right angles, the third angle 


is given also. A 
The sides b and c are now obtained C b 
from the relations 
a Oe B a G 
sinB sinC sin A’ 
ivin b= sin b B and c= jee C 
Bivins = Sin A’ ~ in A 


190. Case V. The three angles A, Band C given. 


Here the ratios only of the sides can be determined 


by the formulae 
a b C 


snA sinB sin’ 


Their absolute magnitudes cannot be found. 
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EXAMPLES, XXXII. 


1 : 
1 if cos d=) and cos C=q , find the ratio of a: b:e. 


9. The angles of a triangle are as 1: 2:7; prove that the ratio of 
the greatest side to the least side is /5+1:,/5-1. 


3 If A=45°, B=75°, and C=60°, prove that a+e,/2 =2b. 

4. Two angles of a triangle are 41° 13’ 22” and 71°19’ 5” and the side 
opposite the first angle is 55; find the side opposite the latter angle, 
given 

log 55 =1-7403627, log 79063 = 4°8979775, 
L sin 41° 13/ 22” =9-8188779, 
and L sin 71° 19’ 5” =9-9764927. 

5, From each of two ships, one mile apart, the angle is observed 
which is subtended by another ship and a beacon on shore; these angles 
are found to be 52° 25'15”’ and 75° 9’ 30” respectively. Given 
| Lsin 75° 9’ 80” = 9:9852635, | 

L sin 52° 25’ 15” = 98990055, log 1:2197 = :0862530 
and log 1:2198 = (0862886, 
find the distance of the beacon from each of the ships. 

6, The base angles of a triangle are 224° and 1124°; prove that the 

base is equal to twice the height. 


For the following 5 questions a book of tables is required. 


7, The base of a triangle being seven feet and the base angles 
129° 28’ and 38° 36’, find the length of its shorter side. 


8, If the angles of a triangle be as 5: 10: 21, and the side opposite 
the smaller angle be 3 feet, find the other sides. 


9, The angles of a triangle being 150°, 18° 20’, and 11° 40’, and the 
longest side being 1000 feet, find the length of the shortest side. 


10. To get the distance of a point A from a point B, a line BC and 
the angles ABC and BCA are measured, and are found to be 287 yards 
and 55° 32’10” and 51° 8’ 20” respectively. Find the distance AB. 


11. To find the distance from 4 to P a distance, AB, of 1000 yards is 
measured in a convenient direction. At A the angle PAB is found to be 
41°18’ and at B the angle PBA is found to be 114°38’. What is the 
required distance to the nearest yard ? 


CHAPTER XIV. 


HEIGHTS AND DISTANCES. 


191. In the present chapter we shall consider some 
questions of the kind which occur in land-surveying. 
Simple questions of this kind have already been considered 
in Chapter III. 


192. To find the height of an inaccessible tower by 
means of observations made at drstant pornts. 


Suppose PQ to be the tower and that the ground 
passing through the foot Q of the 


tower is horizontal. Ata pomt A P 
on this ground measure the angle 
of elevation a of the top of the a 
tower. | 

Measure off a distance AB(=a) A oR Q 


from A directly toward the foot of 
the tower, and at B measure the angle of elevation ~. 

To find the unknown height # of the tower, we have 
to connect it with the measured length a. This 1s best 
done as follows: | 


| eee be 14 
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From the triangle PBQ we have 


and from the triangle PAB we have 
ee 
a sinBPA’ sn(@—a) 0 
since ZBPA=ZQBP—ZQAP=B—«4. 
From (1) and (2), by multiplication, we have 
&  sinasin 8 
a sin(@—a)’ 
sin asin 8 
LE = amigas 
The height w is therefore given in a form suitable for 
logarithmic calculation. 


Numerical Example, If a=100 feet, a= 30°, and B=60°, then 
p= = 100 x V3 _ 96-6 feet. 
sin 80° 2 
| 193. It is often not convenient to measure AB 
directly towards Q. 

Measure therefore AB in any 
other suitable direction on the hori- 
zontal ground and at A measure the 
angle of elevation a of P, and also Ac 
the angle PAB (= 8). 

At B measure the angle PBA 
(= 7). | 

In the triangle PAB we have then 


ZAPB=180°—2ZPAB-—Z PBA =180° —-(8 +4). 
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AP smPBA. smy 
a sinBPA  sin(8+y) 
From the triangle PAQ, we have 


Hence 


sin a sin y 
sin(8 +¥) 

Hence # is found by an expression suitable for 
logarithmic calculation. | 


c=APsna=a 


194. To find the distance between two inaccessible points 
by means of observations made at two pornts the destance 
between which is known, all four points being supposed to 
be in one plane. 


Let P and Q be two points whose distance apart, PQ, 
is required, 

Let A and B be the two known y 
points whose distance apart, AB, is 
given to be equal to a. 

At A measure the angles PAB 
and QAB, and let them be a and 8 yas ae NB 
respectively, 

At B measure the angle PBA and QBA, and let them 
be y and 6 respectively. 

Then in the triangle PAB we have one side a and the 
two adjacent angles a and y given, so that, as in Art. 163, 
we have AP given by the relation 


AP smy _— siny 1 
- ee ae) eattae cues (1). 


In the triangle QAB we have, similarly, 


AQ sind F 
a eee (2). 
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In the triangle APQ we have now determined the 
sides AP and AQ; also the included angle PAQ(=a-— 8) 
is known. We can therefore find the side PQ by the 
method of Art. 181. 

If the four points A, B, P, and Q be not in the same 
plane, we must, in addition, measure the angle PAQ; for 
in this case PAQ is not equal toa—. In other respects 
the solution will be the same as above. 


195. Bearings and Points of the Compass. The 
Bearing of a given point Bas seen from a given point 
O is the direction in which B is seen from O. Thus if 


ygath 4 a 


= 


Horth by East 


«ys 


a; wy 
= 
¥ 


Wes by Ho, rth, East y orth 


W E 
West bY Sa F25t by Sout, 
ys fg 
we ey 
< ys ia by 
s L. 
Ce p ‘g 
os 3 $s £2 % 
S 2% 
ihe 
g 


Sou LY Wess 


the direction of OB bisect the angle between East and 
North, the bearing of B is said to be North-East. 

If a line is said to bear 20° West of North we mean 
that it is inclined to the North direction at an angle of 
20°, this angle being measured from the North towards 
the West. 
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To facilitate the statement of the bearing of a point 
the circumference of the mariner’s compass-card is divided 
into 32 equal portions, as in the above figure, and the sub- 
divisions marked as indicated. Consider only the quadrant 
between East and North. The middle point of the arc 
between N. and E. is marked North-East (N.E.). The 
bisectors of the arcs between N.E. and N. and E. are 
respectively called North-North-East and East-North- 
East (N.N.E. and E.N.E.), The other four subdivisions, 
reckoning from N., are called North by East, N.E. by 
North, N.E. by East, and East by North. Similarly the 
other three quadrants are subdivided. 

It is clear that the arc between two subdivisions of 


ie) 


the card subtends an angle of a , ue. 114°, at the 


32 
centre O. 


EXAMPLES, XXXTII. 


1, <A flagstaff stands on the middle of a square tower. A man on 
the ground opposite the middle of one face and distant from it 100 feet 
just sees the flag; receding another 100 feet the tangents of elevation of 


the top of the tower and the top of the flagstaff are found to be : 


and ° . Find the dimensions of the tower and the height of the flagstaff, 


the ground being horizontal. 


9. A man, walking on a level plane towards a tower, observes that 
at a certain point the angular height of the tower is 10° and after going 
50 yards nearer the tower the elevation is found to be 15°. Having given 


L sin 15°=9°4129962, LZ cos 5°=9-9983442, 
log 25°783 =1-4113334 and log 25-784 = 14113503, 
find, to 4 places of decimals, the height of the tower in yards. 
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3. DE is a tower standing on a horizontal plane and ABCD is a 
straight line in the plane. The height of the tower subtends an angle 0 
at d, 20 at B, and 36 at C. Ii AB and BC be respectively 50 and 20 feet, 
find the height of the tower and the distance CD. 


4. <A tower, 50 feet high, stands on the top of a mound; from a 
point on the ground the angles of elevation of the top and bottom of the 
tower are found to be 75° and 45° respectively; find the height of the 
mound. | 


5, A vertical pole (more than 100 feet high) consists of two parts, 
the lower being rd of the whole. From a point in a horizontal plane 
through the foot of the pole and 40 feet from it, the upper part subtends 


an angle whose tangent is = Find the height of the pole. 
6. A tower subtends an angle a at a point on the same level as the 

foot of the tower and at a second point, h feet above the first, the 

depression of the foot of the tower is 8. Find the height of the tower. 


7, A person in a balloon, which has ascended vertically from flat 
land at the sea level, observes the angle of depression of a ship at anchor 
to be 80°; after descending vertically for 600 feet he finds the angle 
of depression to be 15°; find the horizontal distance of the ship from the 
point of ascent. 


8, PQ is a tower standing on a horizontal plane, Q being its foot ; 
A and B are two points on the plane such that the Z QAB is 90°, and AB 
is 40 feet. It is found that 
cot PaQ=aa and cot PBQ= 
Find the height of the tower. 


9, A column is E.S8.E. of an observer and at noon the end of the 
shadow is North-Kast of him. The shadow is 80 feet long and the 
elevation of the column at the observer’s station is 45°. Find the height 
of the column. 


: 
- 


10, <A tower is observed from two stations A and B. It is found to 
be due north of A and north-west of B. B is due east of A and distant 
from it 100 feet. The elevation of the tower as seen from A is the 
complement of the elevation as seen from B. Find the height of the 
tower. 
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11. The elevation of a steeple at a place due south of it is 45° and 
at another place due west of it the elevation is 15°. If the distance 
between the two places be a, prove that the height of the steeple is 


a(/3~1) 
2 2/3 
12. <A person stands in the diagonal produced of the square base of 
a church tower, at a distance 2a from it, and observes the angles of 
elevation of each of the two outer corners of the top of the tower to be 
30°, whilst that of the nearest corner is 45°. Prove that the breadth of 


the tower is a (,/10—,/2). 


13. A person standing at a point A due south of a tower built on a 
horizontal plane observes the altitude of the tower to be 60°. He then 
walks to B due west of A and observes the altitude to be 45°, and again 
at C in AB produced he observes it to be 30°. Prove that B is midway 
between 4 and C. | 


14, At each end of a horizontal base of length 2a it is found that 
the angular height of a certain peak is @ and that at the middle point it 
is @. Prove that the vertical height of the peak is 

asin @ sin 
a/sin (¢ + 9) sin (¢ — 6) | 

15, A and B are two stations 1000 feet apart; P and Q are two 
stations in the same plane as 4B and on the same side of it; the angles 
PAB, PBA, QAB, and QBA are respectively 75°, 30°, 45°, and 90°; find 
how far P is from Q and how far each is from A and B. 


For the following 4 examples a book of tables will be wanted. 


16. At a point on a horizontal plane the elevation of the summit of 
a mountain is found to be 22°15’ and at another point on the plane a 
mile further away in a direct line its elevation is 10°12’; find the height 
of the mountain. 


17. From the top of a hill the angles of depression of two successive 
milestones, on level ground and in the same vertical plane with the 
observer, are found to be 5° and 10° respectively. Find the height of the 
hill and the horizontal distance to the nearest milestone. 


18, A castle and a monument stand on the same horizontal plane. 
The height of the castle is 140 feet and the angles of depression of the 
top and bottom of the monument as seen from the top of the castle are 
40° and 80° respectively. Find the height of the monument. 
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19>. A flagstaff PN stands on level ground. A base AB is measured 
at right angles to AN, the points 4, B and N being in the same horizontal 
plane, and the angles PAN and PBN are found to be a and 8 respectively. 
Prove that the height of the flagstaff is 
sin a sin Bo 


or a —B) sin (a +B) 
If AB=100 feet, a=70°, and B=50°, calculate the height. 


20. A man standing due south of a tower on a horizontal plane 
through its foot finds the elevation of the top of the tower to be 54° 16’; 
he goes east 100 yards and finds the elevation to be then 50° 8’. Find 
the height of the tower. 


21, A man in a balloon observes that the angle of depression of an 
object on the ground bearing due north is 33°; the balloon drifts 3 miles 
due west and the angle of depression is now found to be 21°. Find the 
height of the balloon. 


99, From the extremities of a horizontal base-line AB, whose length 
is 1000 feet, the bearings of the foot C of a tower are observed and it is 
found that 4 CAB=56° 23’, 2 CBA=47°15’, and that the elevation of 
the tower from A is 9° 25’; find the height of the tower. 


196. Ex. A flagstaff is on the top of a tower which 
stands on a horizontal plane. A person observes the angles, 
a and B, subtended at a point on the horizontal plane by the 
flagstaff and the tower ; he then walks a known distance a 
toward the tower and finds that the flagstaff subtends the 
same angle as before; prove that the height of the tower 
and the length of the flagstaff are respectively 

a sin 8 cos (a+ 2) asin a 
cos (a+ 26) ae cos (a + 28) - 

Let P and Q be the top and foot of the tower, and let 
PR be the flagstaff. Let A and B be the points at which 
the measurements are taken, so that 2 PAQ=8 and 
ZPAR=2PBR=«a. Since the two latter angles are 
equal, a circle will go through the four points A, B, P, 
and f. | 
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To get the height of the flagstaff we have to connect 
the unknown length PR with the known length ABS. 

This may be done by connecting each with the 
length AL. Les 

To do this, we must first en : 
determine the angles of the i; 
triangles ARP and ALB. 

Since A, B, P, and & he ona 
circle, we have \ 

4 BRP =2BAP=8, NN 

and 4APB=2ARB=6 (say). 

Also LAPR=90° + 2 PAQ =90°4+ 8. 

Hence, since the angles of the triangle APR are 
together equal to two right angles, we have 

180° =a+(90°+ 8)+(6+ 8), 


eee eee. 
oy 
7 
a, 
™, 
* 
°, 
. 


so that C290 = (Oe ZG )sscuisteexatecedea (1). 
From the triangles APA and ABR we then have 
PR AR AR a 


sna sinRPA sinRBA sin O (Art, 168). 


[It will be found in Chap. XV. that each of these 
quantities is equal to the radius of the circle.] 
Hence the height of the flagstatt 


asna  asina 
ene sin@  cos(a+ 2@)’ Oy AT) 
Again - = cos BPQ =cos (A+ ).....ceceee. (2), 
PB _ sin PAB sing ; 
and — a an APR ano (3). 


Hence, from (2) and (3), by multiplication, 


PQ sinBcos(a+)_ sin Bcos(a+ P) 
a sin 6 ~  cos(a +28) ’ By) 
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Also BQ = PQ tan BPQ = PQ tan (a+ 8) 


sin 6 sin (a + 8) 
cos(a+28) ” 
cos (a + 28)+sin 8 sin (a + B) 
cos (a+ 28) 
cos 8 cos(a + 8) 
cos (a + 28) 
If a, a, and 8 be given numerically these results are 

all in a form suitable for logarithmic computation. 


and AQM=a+ BQ =a 


197. Ex. A man walks along a straight road and 
observes that the greatest angle subtended by two objects is a; 
From the point where this greatest angle is subtended he walks 
a distance ¢ along the road and finds that the two objects are 
now in a straight line which makes an angle 8 with the 
road ; prove that the distance between the objects ts 
a+ a—f 


g MO 


Let P and Q be the two points and let PQ meet 
the road in B. 


csin asin 8 sec 
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If A be the point at which the greatest angle is 
subtended then A must be the point where a circle drawn 
through P and Q touches the road. 

[For, take any other point A’ on AB and join it to P 
cutting the circle in B’ and join A’Q and B’Q. 

Then ZPA'Q< ZPBQ (Bue, I. 16), 
and therefore <ZPAQ (Kue. II. 21).] 


Let the angle QAB be called 6. Then (Hue. III. 32) 
the angle A PQ is @ also. 


Hence 180° = sum of the angles of the triangle PAB 
=O0+(a+6@)+ B, 
_99° 2+ 4 
> 
From the triangles PAQ and QAB we have 
PQ sina q AQ sing sin 8 


AQ sin@’ eG sin AQB sin(O@+a)’ 


so that 8@= 90° 


Hence, by multiplication, we have 


PQ sinasin§g 
-¢ 6sin@sin(6+a) 


7 sin asin 8 


~ atpB  a-p 
C08 —g— COS 3 


+B a—6 


; , a 
.. PQ=csin.asin 8 sec —g S&C 
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EXAMPLES. XXXIV. 


1, <A bridge has 5 equal spans, each of 100 feet measured from the 
centre of the piers, and a boat is moored in a line with one of the middle 
piers. The whole length of the bridge subtends a right angle as seen 
from the boat. Prove that the distance of the boat from the bridge is 
100,/6 feet. | | 


2. A ladder placed at an angle of 75° just reaches the sill of a 
window at a height of 27 feet above the ground on one side of a street. 
On turning the ladder over without moving its foot, it is found that 
when it rests against a wall on the other side of the street it is at an 
angle of 15° with the ground. Prove that the breadth of the street and 
the length of the ladder are respectively 


27 (3-+4/3) and 27 (/6—,/2) feet. 


3. From a house on one side of a street observations are made of the 
angle subtended by the height of the opposite house; from the level of 
the street the angle subtended is the angle whose tangent is 3; from two 
windows one above the other the angle subtended is found to be the 
angle whose tangent is —3; the height of the opposite house being 
60 feet, find the height above the street of each of the two windows. 


4, A-rod of given length can turn in a vertical plane passing through 
the sun, one end being fixed on the ground; find the longest shadow it 
can cast on the ground. 

Calculate the altitude of the sun when the longest shadow it can cast 
is 34 times the length of the rod. 


5, A ship A observes another ship B leaving a harbour, whose 
bearing is then N.W. After 10 minutes A, having sailed one mile N.E., 
sees B due west and the harbour then bears 60° West of North. After 
another 10 minutes B is observed to bear S.W. Find the distances 
between A and B at the first observation and also the direction and rate 
of B. 


6, A ship sailing north sees two lighthouses, which are 6 miles 
apart, in a line due west; after an hour’s sailing one of them bears 8.W. 
and the other 8.S.W. Find the ship’s rate. 
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7, Aship sees a lighthouse N.W. of itself. After sailing for 12 miles 
in a direction 15° south of W. the lighthouse is seen due N. Find 
the distance of the lighthouse from the ship in each position. 


8. A man, travelling west along a straight road, observes that when 
he is due south of a certain windmill the straight line drawn to a distant 
church makes an angle of 30° with the road. A mile further on the 
bearings of the windmill and tower are respectively N.H. and N.W. Find 
the distances of the tower from the windmill and from the nearest point 
of the road. 


9, An observer on a headland sees a ship due north of him; after a 
quarter of an hour he sees it due east and after another half-hour he sees 
it due south-east; find the direction that the ship’s course makes with 
the meridian and the time after the ship is first seen until it is nearest 
the observer, supposing that it sails uniformly in a straight line. 


10. A man walking along a straight road which runs in a direction 
30° east of north notes when he is due south of a certain house; when he 
has walked a mile further he observes that the house lies due west and 
that a windmill on the opposite side of the road is N.E. of him; three 
miles further on he finds that he is due north of the windmill; prove 
that the line joining the house and the windmill makes with the road 
the angle whose tangent is 

48 — 25,/38 
i 

11. A, B, and C are three consecutive milestones on a straight road 
from each of which a distant spire is visible. The spire is observed to 
bear north-east at 4, east at B, and 60° east of south at C. Prove that 


7+5,/38 
3 


the shortest distance of the spire from the road is miles. 


1 


12. Two stations due south of a tower, which leans towards the 
north, are at distances a and 6 from its foot; if a and 8 be the 
elevations of the top of the tower from these stations, prove that its 
inclination to the vertical is 


pe bcota-acotB 


b-a 
13, From a point A on a level plane the angle of elevation of a 
balloon is a, the balloon being south of 4; from a point B which is at a 
distance C south of dA the balloon is seen northwards at an elevation of 
8; find the distance of the balloon from 4 and its height above the 
ground. | 
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14, <A statue on the top of a pillar subtends the same angle a at 


distances of 9 and 11 yards from the pillar; if tan aaa , find the height 


of the pillar and of the statue. 

15. A tower and a spire on the top of the tower subtend equal angles 
at a point whose distance from the foot of the tower is a; if h be the 
height of the tower, prove that the height of the spire is 

at +h? 
a? — p2" 

16, A flagstaff on the top of a tower is observed to subtend the same 
angle at two points on a horizontal plane, which le on a line passing 
through the centre of the base of the tower and whose distance from one 
another is 2a, and an angle 8 at a point halfway between them. Prove 
that the height of the flagstaff is 


2 sin 6 
cosa sin (a — B)° 


asin a WA 


17, An observer in the first place stations himself at a distance a 
feet from a column standing upon a mound. He finds that the column 
subtends an angle, whose tangent is ; , at his eye which may be supposed 
to be on the horizontal plane through the base of the mound. On 


moving a feet nearer the column he finds that the angle subtended is 
unchanged. Find the height of the mound and of the column. 


18, A church tower stands on the bank of a river which is 150 feet 
wide and on the top of the tower is a spire 30 feet high. To an observer 
on the opposite bank of the river the spire subtends the same angle that 
a pole six feet high subtends when placed upright on the ground at the 
foot of the tower. Prove that the height of the tower is nearly 285 feet. 


19, A person, wishing to ascertain the height of a tower, stations 
himself on a horizontal plane through its foot at a point at which the 
elevation of the top is 80°. On walking a distance a in a certain direction 
he finds that the elevation of the top is the same as before, and on then 
walking a distance >a at right angles to his former direction he finds the 
elevation of the top to be 60°. Prove that the height of the tower is 


5 85 
either fea or 73% 
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20. The angles of elevation of the top of a tower, standing on a 
horizontal plane, from two points distant a and b from the base and in 
the same straight line with it are complementary. Prove that the height 


_ of the tower is ,/ab feet, and, if 0 be the angle subtended at the top of 
the tower by the line joining the two points, then sin g=e— i 

21. A tower 150 feet high stands on the top of a cliff 80 feet high. 
At what point on the plane passing through the foot of the cliff must an 
observer place himself so that the tower and the cliff may subtend equal 
angles, the height of his eye being 5 feet ? 


292, A statue on the top of a pillar, standing on level ground, is 
found to subtend the greatest angle a at the eye of an observer when his 
distance from. the pillar is ¢ feet; prove that the height of the statue is 
2c tan a feet, and find the height of the pillar. 


93, <A tower stood at the foot of an inclined plane whose inclination 
to the horizon was 9°. A line 100 feet in length was measured straight 
up the incline from the foot of the tower, and at the end of this line the 
tower subtended an angle of 54°. Find the height of the tower, having 
given 

log 2=:30108, log 114:122 =2:0584726, 


and L sin 54° = 9:9079576. 


94, <A vertical tower stands on a declivity which is inclined at 15° to 
the horizon. From the foot of the tower a man ascends the declivity for 
80 feet, and then finds that the tower subtends an angle of 30°. Prove 
that the height of the tower is 40 (,/6 —./2) feet. 


25, The altitude of a certain rock is 47° and after walking towards it 
1000 feet up a slope inclined at 30° to the horizon an observer finds its 
altitude to be 77°. Find the vertical height of the rock above the first 
point of observation, given that sin 47°=:73135, 


26, A man observes that when he has walked c feet up an inclined 
plane the angular depression of an object in a horizontal plane through 
the foot of the slope is a,and that, when he has walked a further distance 
of c feet the depression is 8. Prove that the inclination of the slope to 
the horizon is the angle whose cotangent is 


—(2cot B—cota). 
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27, A regular pyramid on a square base has an edge 150 feet long 
and the length of the side of its base is 200 feet. Find the inclination of 
its face to the base. 


98, A pyramid has for base a square of side a; its vertex lies on a 
line through the middle point of the base and perpendicular to it, and at 
a distance h from it; prove that the angle a between the two lateral faces 
is given by the equation = 
Qha/ Qa? + 4h2 
sna= : . 

a? + 4h? 


29, A flagstaff, 100 feet high, stands in the centre of an equilateral 
triangle which is horizontal. From the top of the flagstaff each side 
subtends an angle of 60°; prove that the length of the side of the triangle 
is 50,/6 feet. 


30. The extremity of the shadow of a flagstaff, which is 6 feet high 
and stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant 56 and 8 feet respectively from the 
extremities of that side, Find the sun’s altitude if the height of the 
pyramid be 34 feet. 


31. The extremity of the shadow of a flagstaff, which is 6 feet high 
and stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant x feet and y feet respectively from the ends 
of that side; prove that the height of the pyramid is 


2 2 
a 3 tan a — 6, 


where « is the elevation of the sun. 


32. The angle of elevation of a cloud from a point h feet above 
a lake is a and the angle of depression of its reflexion in the lake is 
8B; prove that its height is h mat 

33. The shadow of a tower is observed to be half the known height 
of the tower and sometime afterwards it is equal to the known height ; 
how much will the sun have gone down in the interval, given 


log 2=:30108, LZ tan 63° 24’=10°3009994, 
and diff. for 1’=3159? 
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34, An isosceles triangle of wood is placed in a vertical plane, vertex 
upwards, and faces the sun. If 2a be the base of the triangle, h its 
height, and 30° the altitude of the sun, prove that the tangent of the angle 

. 2ah,/3 
at the apex of the shadow is 372 a2 

35, A rectangular target faces due south, being vertical and standing 
on a horizontal plane. Compare the area of the target with that of its 
shadow on the ground when the sun is 8° from the south at an altitude 
of a®. 

36. A spherical ball, of diameter 6, subtends an angle a at a man’s 
eye when the elevation of its centre is 8; prove that the height of the 


centre of the ball is 5 sin B coset 5. 
37. A man standing a plane observes a row of equal and equi- 


distant pillars, the 10th and 17th of which subtend the same angle that 
they would do if they were in the position of the first and were 


respectively : and 5 of their height. Prove that, neglecting the height 


of the man’s eye, the line of pillars is inclined to the line drawn to the 
first at an angle whose secant is nearly 2:6. 


For the following 4 examples a book of tables will be wanted. 


388, 4 and B are two points on the opposite bank of a river 1000 feet 
wide and between them is the mast of a ship PN; the vertical elevation 
of P at A is 14°20’ and at B it is 8°10’. What is the height of P 
above AB? 


389, AB is a line 1000 yards long; Bis due north of A and from B 
a distant point P bears 70° east of north; at A it bears 41° 22’ east of 
north; find the distance from A to P. 


40. A is a station exactly 10 miles west of B. The bearing of a 
particular rock from A is 74° 19’ east of north and its bearing from B is 
26° 51’ west of north. How far is it north of the line 4B? 


41, The summit of a spire is vertically over the middle point of a 
horizontal square enclosure whose side is of length a feet; the height of 
the spire is h feet above the level of the square. If the shadow of the 
spire just reach a corner of the square when the sun has an altitude @, 
prove that 

h,/2=a tan 6. 


Calculate h, having given a=1000 feet and @=25° 15’, 
L, T. 15 


CHAPTER XV. 
PROPERTIES OF A TRIANGLE. 


198. Area of a given triangle. Let ABC be any 
triangle and AD the perpen- 
dicular drawn from A upon the 
opposite side. | 

Through A draw HAF parallel 
to BC and draw BE and CF per- 
pendicular to it. By Hue. 1. 41, 
the area of the triangle A BC 

=4drectangle BF =iBC.CF= 4a. AD. 

But AD=ABsin B=csin B. 

The area of the triangle ABC therefore = 4ca sin B. 
This area is denoted by A. 


Hence A=4casin B=4absin C=4be sin A...(1). 


By Art. 169, we have sin .A = 2 V's(s—a) (s— b)(s—0), 


so that A=4besin A=Vs(s—a)(s—b)(s—c)...(2). 
This latter quantity is often called S. 
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EXAMPLES, XXXV. 


Find the area of the triangle ABC when 

1, a=13, b=14, and c=15. “2, a=18, b=24, and c=30. 
3, a=25, b=52, and ¢=63, 4, a=125, b=123, and c=62, 
5, a=15, b=86, and c=39. 6§, a=287, b=816, and c=865. 
7, a=35, b=84, and ¢=91. 
8 


. a=/38, b=/2, and gaNetNe 


9, If B=45°, C=60°, and a=2 (./3+1) inches, prove that the area 
of the triangle is 6+ 2,/3 sq. inches. 


10. The sides of a triangle are 119, 111, and 92 ae prove that its 
area is 10 sq. yards less than an acre. 


11. The sides of a triangular field re 242, 1212 and 1450 yards ; 
prove that the area of the field is 6 acres. 


19. A workman is told to make a triangular enclosure of sides 51, 41, 
and 21 yards respectively ; having made the first side one yard too long, 
what length must he make the other two sides in order to enclose the 
prescribed area with the prescribed length of fencing? — 


13, Find, correct to 0001 of an inch, the length of one of the equal 
sides of an isosceles triangle on a base of 14 inches having the same area 
as a triangle whose sides are 13-6, 15, and 154 inches. 


sin B sin C 

sin A 

If one angle of a triangle be 60°, the area 10,/3 square feet, and the 
perimeter 20 feet, find the lengths of the sidés. 


14, Prove that the area of a triangle is ag 


15. The sides of a triangle are in a.p. and its area is ° ths of an 


equal triangle of the same perimeter ; prove that its sides are in the ratio 
8:5:7, and find the greatest angle of the triangle, 


16. In a triangle the least angle is 45° and the tangents of the angles 
are in a.p. If its area be 3 square yards, prove that the lengths of the 
sides are 3,/5, 6,/2, and 9 feet, and that the tangents of the other angles 
are respectively 2 and 3, 


15—2 
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17. The lengths of two sides of a triangle are one foot and ,/2 feet 
respectively and the angle opposite the shorter side is 30°; prove that 
there are two triangles satisfying these conditions, find their angles, and 
shew that their areas are in the ratio 


J38+1:,/38-1. 
18, Find by the aid of the tables the area of the larger of the two 
triangles given by the data. 
A=81°15’, a=5ins, and b=Tins. 


199. On the circles connected with a given 
triangle. 

The circle which passes through the angular points of 
a triangle ABC is called its circumscribing circle or, more 
briefly, its circumcircle. . The centre of this circle is 
found by the construction of Euc. Iv. 5. Its radius is 
always called A. 

The circle which can be inscribed within the triangle 
so as to touch each of the sides is called its inscribed 
circle or, more briefly, its incircle. ‘The centre of this 
circle is found by the construction of Euc. Iv. 4. Its radius 
will be denoted by 7. | 

The circle which touches the side BC and the two 
sides AB and AC produced is called the escribed circle 
opposite the angle A. Its radius will be denoted by 7, 

‘Similarly r, denotes the radius of the circle which 
touches the side CA and the two sides BC and BA 
produced. Also 7; denotes the radius of the circle touch- 
ing AB and the two sides CA and CB produced. 


200. To find the magmtude of R, the radius of the 
circumcircle of any triangle ABC. 

Bisect the two sides BC and CA in D and # respec- 
tively, and draw DO and EO perpendicular to BC and CA. 
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By Eue. tv. 5, O is the centre of the circumcircle. 
Join OB and OC. 


The pomt O may either lie within the triangle as in 
Fig. L, or without it as in Fig. IL, or upon one of the sides 
as in Fig. ITI. 

Taking the first figure, the two triangles BOD and 
COD are equal in all respects, so that 


ZBOD=z COD, 
. ZBOD=42ZBOC=ZBAC (Euce. i111. 20), 
=A. 
Also BD = BO sin BOD. 
Oe 
9 = sin A, 


If A be obtuse, asin Fig, IL., Ne have. 
ZBOD=42 B06 =z BLC =180° — A (Eue. 11. 22), 
so that, as before, sin BOD =sin A, 


a 
and R= md 
If A be a right angle, as in Fig. IIL, we have 
R=04=00=5 


a Bian io Gia’ , | 
=. , since in this case sin A = 1. 
2sin A i 
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The relation found above is therefore true for all 


triangles, 
Hence, in all three cases, we have 
a b c 
R-adsmA OsinB  Gsine ‘47 163) 


201. In Art. 169 we have shewn that 
; oS gee, 95 
sin A = 7. /8 (8 — a) (s— b)(s—c)= Fp? 


where S is the area of the triangle. 
Substituting this value of sin A in (1), we have 


_ abe 
— 48’ 


giving the radius of the circumcircle in terms of the sides. 


202. To find the value of r, the radius of the incircle 
of the triangle ABC. 


Bisect the two angles B and C by the two lines BI 
and CI meeting in J. | 

By Eue. 111. 4, J is the A 
centre of the incircle. Join | 
TA, and draw JD, [F# and 
IF perpendicular to the 
three sides. 


Then (D=[E=IF =r. 
We have 

area of A IBC =41D. BC = tr.a, 

area of A ICA =4/H.CA =41r., 

and area of A [AB =UF. AB=4r.c. 
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Hence, by addition, we have 


4r.at+dr.b+4r.c= sum of the areas of the triangles 


IBC, ICA, and [AB 
= area of the A ABC. 


1.0. gp OTS ay 
2 

so that r.s=SF. 

 § 

cope 


203. Since the angles JBD and IDB are respectively 
equal to the angles BF and JB, the two triangles [DB 
and IF'B are equal in all respects. 


Hence BD=BF, sothat 2BD=BD+ BF. 
Soalso AH=AF,so that 2AH= AH+ AP, 
and CH =CD, so that 2CHE =CEH + CD, 
Hence, by addition, we have | 


2BD +2AE+2CE =(BD +CD)+ (CE + AE)+(AF+ FB), 


v.€. 2BD+2AC=BC+CA+AB. 
« IBD +2%b=a+b+ce= 2s. 
Hence BD=s—b=BF; 
SO CH=s—c=CD, 
and AF=s—a=AE. 
Now a = tan IBD = tan 7 


. r=ID=BD tan =(¢—b) tan 5. 


232 TRIGONOMETRY. 
SS pee SOP an ICE 66a 
and also r=/F=F'A tan IAF = (s—a) cat e 
Hence r=(s—a) tan 3 =(s—b) tan 5 =(s—c)tan 3 


204. A third value for r may be found as follows: 
we have a= BD+ DCO=ID cot LBD + ID cot ICD 


=7 cot Streets 


e eae. S] C 


=f Sl (+5)- in gg 4 pies 
=rsin|> 9 =P Sl feo eee S53: 


B 
sin — sin = 
2 2 
ie T= o 


cos = 
| 2 


Cor. Since a=2Rsin A =48K sin é Cos = 


oe: ae 2. 1. 
we have r=4 sin 3 sins sing: 
205. To find the value of 7,, the radius of the escribed 
circle opposite the angle A of the triangle ABC. 
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Produce AB and AC to L and WM. 

Bisect the angles CBL and 
BCM by the lines BI, and CL, 
and let these lines meet in J,. 

Draw J,D,, [,F,, and J,F; 
perpendicular to the three sides 
respectively. 

The two triangles J. D,B and 
I,F\B are equal in all respects, 
so that Li 7D, 

Similarly 1,4, = [,D,. 

The three  perpendiculars 
ILD,, [,F, and IF, being equal, the point J, is the centre 
of the required circle. 

Now the area ABJ,C is equal to the sum of the 
triangles ABC and [,BC; it is also equal to the sum of 
the triangles ,BA and 1,CA. 

Hence — 


AABC+ ALBC= ALCA+ALAB. 
o S+4LD,.BCO=4LH#,.CA+4LF,. AB, 


1.8. S+iér,.a=4r,.b4+ 47.0. 
b — b 
a Sh ae =", cee g =71, (8— a). 
2 _ 2 
pa 
me ea gh 


Similarly it can be'shewn that 


east. 


YT, = —— 
2 gee h s—c 
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206. Since A#,, and AF, are tangents, we have, 
as in Art. 203, AH, = AF'. 


Similarly BF,=BD,, and CH, = CD,. 
 2AB, =AE,+ AF, =AB+BF,+AC0+08, 
=-AB+BD,+AC+CD,=AB+ BC+ CA =2s. 
“ Af, =s= AF. 
Alo  BD,=BF,=AF,- AB=s~—c, 
and CD, =CH,=AH,-—AC=s—-b. 
. LE, = AE, tan L,AE,, 


r,—sta = 
1.0. — n 5: 


207. A third value may be obtained for 7, m terms of 
a and the angles B and C. | 


For, since JC bisects the angle BCE, we have 


ZI1,CD,=4(180° — C) =90° — .. 
So Z1,BD,=90° — >. 


. a= BO=BD,+D,C 
= I,D, cot IBD, + I,D, cot ICD, 


=r, (ton + tan $) 
V2 0d, 


2 
me gin c 
sin 9 9 


RADII OF THE ESCRIBED CIRCLES. 235 


 & COS De oes 3) 
ac z° =n ( 5 + cos 5 sin > 


. (B 6 —_ > A A 
= 7, sn (5+ 5)=nsin [90 ~F)=ncos 3: 


Cor. Since a=2Rsin A =4Rsin . Cos = 


. A B 
we have 7, =48# sin C08 | C08 2° 


EXAMPLES. XXXVI. 


1. In a triangle whose sides are 18, 24, and 30 inches respectively, 
prove that the circumradius, the inradius, and the radii of the three 
escribed circles are respectively 15, 6, 12, 18, and 36 inches. 


2. The sides of a triangle are 13, 14, and 15 feet; prove that 
(1) R=8t ft., (2) r=4 ft., (3) 7,=10% ft., 
(4) r9=12 ft., and (5) 7,=14 ft. 
7 : 5 
3. Ina triangle ABC if a=13, b=4, and cosC= -F> find 
R, 7, 71, Te, and 75. 


4, In the ambiguous case of the solution of triangles prove that the 
circumcireles of the two triangles are equal. 


Prove that | 
5, ry Toa 13 r=4hR. 6. To aa 1913 +737) = s?, 
A B . 
7. 7 773=7 cot? 3 cot? 3 cot? . , 8. 71% oT3= 8. 
9, ar aes eee | 10, S=2R?sin A sin Bsin C. 
7 1% %T3 ~*'T 
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ll, 4&sin 4 sin B sin C=acos 4+becos B+c cos C.. 


A 
12. S=4Rrcos ae cos a COs u : 13, —1=tan?—. 
9 9 9 Ts "g 


14, 7 (8 - a) =, (s — b) =13 (8 - ¢)=rs=8. 
15, @ (77+ 1973) = 0 (172+ 737) =C (7773+ 11) 


1 1,11 _ @+B+e | 


= *) (9 +2 
17. rr; cot 5 S. 18. (7, —r) (r", ~r) (r,-7)=4R 
10... (eb ian sea eon - Se 
2 2 
1 1 1 = 1 1 % 1g - 1 1 
20. A? be ca OR a1, bea a 5 . 


O92, Pre +1? +752 = 16R? — a? - b? —c?. 


208. Orthocentre and pedal triangle of any 
triangle. 7 


Let ABC be any triangle and let AK, BL, and CM be 
the perpendiculars from A, B,and C | 
upon the opposite sides of the tri- 
angle. It can be easily shewn, as 
in most editions of Euclid, that 
these three perpendiculars meet in 
a common point P. This point P 
is called the orthocentre of the | 
triangle. The triangle KLM, which is formed by joining 
the feet of these perpendiculars, is called the pedal 
triangle of ABC. 


209. Distances of the orthocentre from the angular 
points of the trrangle. 
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We have PK = KBtan PBK = KB tan (90° — 0) 


C 
sin C 
= 2f cos B cos C (Art. 200). 
Again AP=AK—PK=csinB—PK 
=2Rsin C sin B-—2K cos B cos C 


= ABcos B cot C= cos B cos C 


=—2Rcos(B+C) 
= 2h cos A (Art. 72). 
So ~BP=2RecosB, and CP = 28 cos C. 


The distances of the orthocentre from the angular 


points are therefore 2hcos A, 2h cos .B and 2h cos C; its 
distances from the sides are 2A cos B cos C, 2R cos C'cos A, 
and 2 cos A cos B. | 


210. To find the sides and angles of the pedal triangle. 
Since the angles PKC and PLC are right angles, the 


points P, L, C, and K lie on a circle. 


and 


- ZPKL=ZPOCL  (Eue, mt. 21) 
= 90°— A. | 
Similarly P, K, B, and M lie on a circle, and therefore 
sg PEM = 2 PBM 


= 90° — A. 
Hence ZMKL =180° —2A 

= the supplement of 24. 
So £ KLM =180° —2B, 


ZLMK =180° — 2¢, 
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Again, from the triangle ALM, we have 
IM _ AL _ABcosA 
sn A sn AML cos PML 


_ ecosA _ccoséA. 
~~ ecosPAL sind ° 


LM= --. sin A cos A 
sin C 
=acos A (Art. 168). 
So MK= bcos B, and KL=ccos B, 


The sides of the pedal triangle are therefore a cos A, 
bcos 5, and ccosC; also its angles are the supplements 
of twice the angles of the triangle. 


211. Let I be the centre of the incircle and J,, J, and 
I, the centres of the escribed circles 
which are opposite to A, Band C J, 
respectively. As in Arts, 202 and = Sk A 
205 IC bisects the angle ACB, and \ A 
I,C bisects the angle BC. ‘ Seren. 
- £ICL=ZICB+2z1,CB BY 
=42A0B+42MCB 
ee Z MCB) 
180° = a right angle. 
Similaaly Z ICI, is a right 
angle. 
Hence J,CJ, is a straight lme to which [C is perpen- 


dicular. 
So I,AJ, is a straight line to which JA is perpen- 
dicular, and I,BI, is a straight line to which IB is perpen- 


dicular, 


es 


e 
‘ sod 
Ly Soe 
ry te 
of 
je 
ad, 
"I 
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Also, since LA and 1,4 both bisect the angle BAC, 
the three points A, J, and J, are in a straight line. 
Similarly BIT, and CTT, are straight lines. Hence J,/,f, 
is a triangle which is such that A, B, and C are the feet 
of the perpendiculars drawn from its vertices upon the 
opposite sides and such that J is the intersection of these 
perpendiculars, ze. ABC is its pedal triangle and J 1s its 
orthocentre. 


212. Centroid and Medians of any Triangle. 


If ABC be any triangle, and D, #, and £ respectively 
the middle points of BC, CA, and 
AB, the lines AD, BE, and CF are 
called the medians of the triangle. 

It is shewn in any edition of 
Kuclid that the medians meet in a 
common point G, such that 


AG=2AD, BG =2BE, 
and CG =2CF. 
This point @ is called the centroid of the triangle. 


213. Length of the medians. We have, if AD =a, 
P= AC= AD? + DO? -2AD. DC cos ADC 


2 
= 7 + Gow cos A DC, 


and o = AB =a? + + ~ az cos ADB 


=¢4+ - + ax cos ADC. 
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Hence, by addition, we have © 


Do = Qa + 5. 


6 AD =a02=4 N20 + 2c? — a, 
Hence also AD=4V0?+c+2becosA (Art. 164). 
So also | 


BE=4% 2c? + 2a? — 8, and CF =} V2? + 2b? —c’. 


214. Angles that. the median AD makes with the sides. 
Ifthe 2BAD=8, and 2CAD=y, we have 


_asnC  —asin@ 
2a V/ Ob? + 2c? — a? 
asin B 
V2 + 20 — a? 
Again, if the 2 ADC be 0, we have 
sn@ AC _6b 


Similarly sin 8 = 


bsnC 2bsinC 

e 6/96? + 2c? — a? 

The angles that AD makes with the sides are therefore 
found. 


215. The centroid les on the line joining the circum- 
centre to the orthocentre. 
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Let O and P be the circumcentre and orthocentre 
respectively. Draw OD and 
PK perpendicular to BC. 

Let AD and OP meet in G. 

The triangles OGD and 
PGA are clearly equiangular. 

Also, by Art. 200, 

OD=Reos A 


and, by Art. 209, 


AP=2Reos A. 
Hence, by Kuc. vi. 4; 

AG _AP _, 

Cp oD 


The point G is therefore the centroid of the triangle. 
Also, by the same proposition, 
OG OD _1 
GP AP 2 
The centroid therefore lies on the line joining the 
circumcentre to the orthocentre and divides it in the ratio 
ae 
It may be shewn by geometry that the centre of the 
nine-point circle (which passes through the feet of the 
perpendiculars, the middle points of the sides, and the 
middle points of the lines joining the angular points 
to the orthocentre) lies on OP and bisects it. 
The circumcentre, the centroid, the centre of the 
nine-point circle, and the orthocentre therefore all lie on a 
straight line. 


216. Distance between the circumcentre and the ortho- 
centre. 


‘as 16 
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If OF be perpendicular to Ab, we have 
LOAF=90° — 2ZAOF=90° —C. 
Also ZPAL=90°-C. 
. ZOAP=A—ZOAF-ZPAL 
= A —2(90°- C)=A+2C0—180° 
=A+20-(A+B+O)=C-B. 
Also OA = &, and, by Art. 209, 
PA =2R cos A. 
.. OP? =0A?+PA?—20A.PA cosOAP 
= R?+ 4K? cos? A — 4h? cos A cos (C— B) 
— R?+ 4B? cos A [cos A — cos (C— B)] 
= R? —4R? cos A [cos (B + C) + cos (C— B)] 


(Art. 72), 
= R?—8R*cos A cos Beos C, 


-, OP=RNV1—8 cosA cos B cos C. 


*917. To find the distance between the circwmcentre 
and the wcentre. 

Let O be the circumcentre and 
OF perpendicular to AB. 

Let J be the incentre and JH 
perpendicular to AC. 

Then, as in the last article, 


LOAF =90° —C, 
. LOAT=ZIAF—ZOAF 
A+B+C C-—B 
a ai 


bo| Pa 


- (90° - )=440- 
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IE r 9 lO te OO 
= 4R sin 7 sng (Art.204, Cor.) 
sim Z sins 


». OP =O0A?+AP-20A. AI cosOAL 


PE Seen Oo: ae a O-~—B 
ee pod 2 Q 77 ast 2 rik ba 
= h? + 16R? sin 5 sin 5 8R sin 5 sin 5 cos 5: 
OF be ast te a 
ye 1+ losm 7 Sin’ Fs 
wget ew eae gf neg 
5 5 5 © g T sin > sin 
= sin 5 sin > 08 5 COs 5 ~ Sin 5 sin =) 
=1-8s1 sre eres 
BC one ann ena) 9 


re oe > A 
=1—8sin > sin 5 Sin > (ATG: 09) cai cew (1). 


_ = Dae Ost ae 
a OF =By/1—8sin 2 sin S sin 4. 


Also (1) may be written 
onan -A. B,C 
OP=hR?-2hx 4h sin G sin 5 sin > 


= f? —2Rr. (Art. 204, Cor.) 


In a similar manner it may be shewn that, if J, be the 
centre of the escribed circle opposite the angle A, we shall 


have 
. A B C 
01,= By/1+8sin4 cos cos S, 
and hence Ol? = fF? + 2Rr,. (Art. 207. Cor.) 
| 16—2 
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218. Bisectors of the angles. 
If AD bisect the angle A and 


- divide the base into portions x and A 
y, we have, by Hue. VI. 3, 
e AB _¢ 
y AC b | 
ees ne B oe 
ea es bao (1), 


giving # and y. 


Also, if 6 be the length of AD and @ the angle it 
makes with BC, we have 


AABD+ A ACD =AABC. 


1 opsin 4 A 5 Da 5 bosin A, 


2 
be a 2be A 
pion aa 9 
1.6. 6= ce ha eee (2). 
sin — 
2 
Also @=180° ‘iced etwas sw .. (8). 


We thus have the length of the bisector and its 
inclination to BC. 


EXAMPLES. XXXVILI. 


If I, I,, I,, and I, be respectively the centres of the incircle and the 
three escribed circles of a triangle 4BC, prove that 


1, Al=r cosec = 


9, IA.IB. IC=abe tan ian 5 tan ¢. 


3. AI, =7; cosee * 4, II,=asee 5. 
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5. IpI,=a cosec 6, I1,.11,. 11,=16R*r. 
B 
7. ply? 4B (ry+1,)- a. 2h 


Q, [1,74+1,70,f=11, + 1,1)27= 11," + L,. 
A B.C abe 
é A = 8R? cos = cos — cos~ =. 
10, Area of Al, I,I,= 88? cos 5 GOs 5 cos a = Op 


yy ebb Ua Ish _ Uy. Lh 
: sin A sin B sinG ° 


If I, O, and P be respectively the incentre, circumcentre, and ortho- 
centre, and G the centroid of the triangle ABC, prove that 


12. [0°=R? (3-2 cos d —2 cos B-2 cos C), 


13, P?=27r?-—4R? cos 4 cos B cos C. 


1 
14, OG?=R?— 5 (a' +b? +e"). 


15. Area of AIOP=2R? sin SF sin sin a : 


-C., -A, — 
16, Areaof aIPG=" Re sin “5 L sin poe sin ~~ 3 


17, Prove that the distance of the centre of the nine-point circle from 
the angle 4 is . J1+8cos A sin B sin C. 
18. DEF is the pedal triangle of ABC; prove that 


(1) its area is 2S cos 4 cos B cos C, 


(2) the radius of its circumcircle is 7 5 
and (3) the radius of its incircle is 2K cos 4 cos B cos C. 


19, 0,0,0, is the triangle formed by the centres of the escribed circles 
of the triangle ABC; prove that 


(1) its sides are 4R cos é , 4K cos 5 , and 4R cos oe 


ee 
9? 


a eo — 
2 2'2 2? 
and (3) its area is 2Rs. 


(2) its angles are d 5 
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20. DEF is the triangle formed by joining the points of contact of 
the incircle with the sides of the triangle ABC; prove that 


(1) its sides are 27 cos 2 27 cos - and 27° cos . ; 


2 2 
: Am B wr C 
(2) icine 54 2 a 
: yc aera Ge 
and {(3) its area is ee, Le. 5 BS: 


21. D, EH, and F are the middle points of the sides of the triangle 
ABC; prove that the centroid of the triangle DEF is the same as that of 
ABC and that its orthocentre is the circumcentre of ABC. 


In any triangle ABC, prove that 


292. The perpendicular from 4A divides BC into portions which are 
proportional to the cotangent of the adjacent angles, and that it divides 
the angle A into portions whose cosines are inversely proportional to the 
adjacent sides. 


93. The median through 4 divides it into angles whose cotangents 
are 2 cot A+cot C and 2 cot 4+cotB, and makes with the base an angle 


whose cotangent is : (cot C—cot B). 


94, The distance between the middle point of BC and the foot of the 
52 — 2 
2a 
25. O is the orthocentre of a triangle dBC; prove that the radii of 
the circles circumscribing the triangles BOC, COA, AOB and ABC are 
all equal. 


perpendicular from A is 


26. AD, BE and CF are the perpendiculars from the angular points 
of a triangle ABC upon the opposite sides; prove that the diameters of 
the circumcircles of the triangles AEF, BDF and CDE are respectively 
acot A, b cot B, and c cot C, and that the perimeters of the triangles DEF 
and ABC are in the ratior: R. 


9.7, Prove that the product of the distances of the incentre from the 
angular points of a triangle is 4Rr. 


98, The triangle DEF circumscribes the three escribed circles of the 
triangle ABC; prove that 
EF FD DE 
acosd beosB ccosC’ 
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99, If a circle be drawn touching the inscribed and circumscribed 
circles of a triangle and the side BC externally, prove that its radius is 


ee 
Zz tan 9 . 
30, If a, b, ¢ be the radii of three circles which touch one another 
externally and 7, and r, be the radii of the two circles that can be drawn 

to touch these three, prove that 
1 1.22 2 
a 

rT, T% a@ b C 

31. If A, be the area of the triangle formed by joining the points of 
contact of the inscribed circle with the sides of the given triangle, whose 
area is A, and A,, A,, and A, the corresponding areas for the escribed 


circles, prove that 
A, + Ag+ Ag = A =2A. 


32, If the bisectors of the angles of a triangle ABC meet the opposite 
sides in A’, B’, and C’, prove that the ratio of the areas of the triangles 
A'B’'C’ and ABC is 
A-B B-C C-A 


Pr ee a : COS co cos 
g Ng DF g “85 “37° 


83. Through the angular points of a triangle are drawn straight 
lines which make the same angle a with the opposite sides of the triangle; 
prove that the area of the triangle formed by them is to the area of the 
original triangle as 4cos?a: 1. 


84. Two circles, of radii a and b, cut each other at an angle @, 
Prove that the length of the common chord is 
2absind | 
/a2-+ 0? + 2ab cos 0 
35, Three equal circles touch one another; find the radius of the 
circle which touches all three. 


36. Three circles whose radii are a, b and ¢ touch one another and 
the tangents at their points of contact meet in a point; prove that the 
distance of this point from either of their points of contact is 


( abe ): 
at+b+e] ~ 
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37, In thesides BC, CA, AB are taken three points A’, B’, C’ such that 
BA’: A’'C=CB’: BA=AC': CB=m:n;3 
prove that if AA’, BB’, and CC’ be joined they will form by their inter- 
sections a triangle whose area is to that of the triangle ABC as 


(m—n)?: m2? 4+ mn4+n?. 


88. The circle inscribed in the triangle ABC touches the sides BC, 
CA, and AB in the points A,, B,, and C, respectively; similarly the 
circle inscribed in the triangle A,B,C, touches the sides in 4,, By, Cy 
respectively and so on; if A,B,C, be the nth triangle so formed, prove 
that its angles are 


Tee_gj-al( 4-7). 71 (_9)- ae 
T as WT 
and 3 t(-2) "(c-$). 
Hence prove that the triangle so formed is ultimately equilateral. 


39. A,B,C, is the triangle formed by joining the feet of the perpen- 
diculars drawn from ABC upon the opposite sides; in like manner 
A,B,C, is the triangle obtained by joining the feet of the perpendiculars 
from A,, B,, and C, on the opposite sides and so on. Find the values of 
the angles 4,,, B,, and C, in the nth of these triangles. 


CHAPTER XVI. 
ON QUADRILATERALS AND REGULAR POLYGONS. 


219. To find the area of a quadrilateral which ws 
anscribable in a circle. — 

Let ABCD be the quadrilateral, the sides being a, 6, ¢ 
and d as marked in the figure. 

The area of the quadrilateral 


=area of AA BC+area of A ADC 
=t4absin B +hed sin D (Art. 198.) 
=4(ab+ cd)sin B, 
since, by Kue. II. 22, 
£B=180° — 2D, 
and iierefore | 
sin B= sin D. 


We have to express sin B in 
terms of the sides. 
We have 


a? + b?— 2ab cos B= AC? = c? + d? — 2ed cos D. 
But cos D = cos (180° — B) = — cos B. 
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Hence 7 
a? + b?— 2ab cos B=c? + a? + 2cd cos B, 
2 ae b? —@2 — d? 
so th LE eee 
so that cos B Fb ca) 
Hence 


sin’? B=1—cos? B= 1 
_ {2 (ab+ed)P— {vr +h -—e— a}? 
4 (ab + cd) 
_ {2 (ab +d) +(W+0'—0— d?)} {2(ab +cd) -(2+6'-e—d’)| 
4 (ab + cd) 
_ a + 2ab +b?) —(c?—2cd+d?)} {(c? + 2cd +d?) —(a?+ b?-2ab)| 
4 (ab + cd) 
_ (a+ by —(e— dy} (e+dy —(a- b)?} 
4 (ab + cd) 
_{(atb+e-d) (a+b— —c+d)} {(c+d+a—6)(c+d—a+t b)| 
4 (ab + cd) 
Let 
a+b+c+d=2s, 
so that 
a+b+c—d=(a+04+c4+d)— 2d =2(s—d), 
a+b—c+d=2(s-—o), 
a—b+c+d=2(s—b), 
and —a+b+c+d=2(s—a). 


Hence 
2B CSO A) 2 ear e) 
= — A (ab-+ ed? 

so that 


(ab +-cd) sin B = 2.V(s —a) (s— b) (s —¢) (s— a). 
Hence the area of the quadrilateral 


=} (ab + cd) sin B= V(s — a) (s —b) (8—c) (s — d). 
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a? ab b2 ey ee d2 

2(ab+ecd) ’ 
we have AC? =a? +b? — 2ab cos B 
C+P-C-—a@ 

ab + ed 

_ (a +0") cd + ab (e+ a) 
7 ab + cd 


_ (ac + bd) (ad + bc) 
7 ab + cd | 


920. Since cos B= 


=a?+6?—ab 


Sunilarly it could be proved that 


_ (ab + cd) (ac + bd) 
7 ad + be 


BD 


It follows by multiplication that 
AC’, BD? = (ac + bd), 
1.0, AC. BD=AB.0D+BC.AD. 
This is Euc. vi. Prop. D. 


221. If we have any quadrilateral, not necessarily 
inscribable in a circle, we can express its area in terms of 
its sides and the sum of any two opposite angles. 

For let the sum of the two angles B and D be denoted 
by 2a, and denote the area of the 
quadrilateral by A. 

Then 


A= area of ABC + area of ACD 
=dabsinB+4cdsin D, 


so that 


A, 


B 


4A = 2ab sin B + 2cd sin D...(1). 
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Also a@?+0?—2abcos B=c? + ad? —2cd cos D, 
so that 
w+ b? — c? — d? = 2ab cos B — 2cd cos D...... (2). 
Squaring (1) and (2) and adding, we have 
16A? + (a? + b? —c? — cd?) = 4070? + 407d? 
— 8abcd (cos B cos D— sin B sin D) 
= 4.07b? + 4c?d? — 8abcd cos (B + D) 
= 40h? + 407d? — 8abcd cos 2a 
= 407b? + 4c?d? — 8abed (2 cos? a — 1) 


=4(ab + cd) — 16abed cos? a, 
so that 


16A? = 4 (ab + cd)? — (a? + B — c? — d?)? — 16abced cos? a 


But, as in Art. 219, we have 
4 (ab + cd)? — (+ 0 —? —a?)? 
—2(s—a).2(s—b).2(s—c).2(s—d) 
=16(s—a)(s—b)(s—c) (s—d). 
Hence (3) becomes 
A?=(s —a) (s —b)(s —c)(s — d) — abcd cos’ a, 
giving the required area. 
Cor. 1. Ifd be zero the quadrilateral becomes a 
triangle, and the formula above becomes that of Art. 198. 


Cor, 2. If the sides of the quadrilateral be given in 
length, we know a, 0, c, d and therefore s. The area A is 
hence greatest when abcd cos? «a is least, that is when cos? « 
is zero, and then a=90°. In this case the sum of two 
opposite angles of the quadrilateral is 180° and the figure 
inscribable in a circle. (Hue. IL 22.) 
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The quadrilateral, whose sides are given, has therefore 
the greatest area when it can be inscribed in a circle, 


222. Ex. Find the area of a quadrilateral which can have a cirele 
inscribed in it. 

If the quadrilateral 4 BCD can have a circle inscribed in it so as to 
touch the sides AB, BC, CD, and DA in the points P, Q, R, and S, we 
should have 

AP=AS, BP=BQ, CQ=CR, and DR=DS. 


. AP+BP+CR+DR=AS+BQ+CQ+DS, 


1.€. AB+CD=BC+DA, 
1.€. ate=b+d. 
Hence pat OOF atesbtd. 


. s-a=c, s—-b=d, s—c=a, and s—d=bD. 
The formula of the last article therefore gives in this case 
A?= abcd — abcd cos? a=abed sin? a, 
1.€. the area required = /abdcd sin a. 
If in addition the quadrilateral be also inscribable in a circle, we have 
2a= 180°, so that sina=sin 90°=1. 
Hence the area of a quadrilateral which can be both inscribed in 
a circle and circumscribed about another circle is ,/abed. 


EXAMPLES, XXXVIII. 


1, Find the area of a quadrilateral, which can be inscribed in a circle, 
whose sides are 
(1) 3, 5, 7, and 9 feet ; 
and (2) 7, 10, 5, and 2 feet.. 


2, The sides of a quadrilateral are respectively 3, 4, 5, and 6 feet, and 
the sum of a pair of opposite angles is 120°; prove that the area of the 
quadrilateral is 3,/30 square feet. 


3, The sides of a quadrilateral which can be inscribed in a circle are 
3, 8, 4, and 4 feet; find the radii of the incircle and circumcircle. 
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4, Prove that the area of any quadrilateral is one-half the product of 
the two diagonals and the sine of the angle between them. 


5, Ifa quadrilateral can be inscribed in one circle and circumscribed 


about another circle, prove that its area is ri abcd and that the radius of 
the latter circle is 
2,/abed 
atbie+a’ 


6, A quadrilateral ABCD is described about a circle; prove that 


_ A. B é On D 
AB sin a sin >= CD sin 2 8G: 
7, a, 0, c,and d are the sides of a quadrilateral taken in order, and a 
is the angle between the diagonals opposite to b or d; prove that the area 
of the quadrilateral is 


i (a? — b? +c? — d*) tana. 


8, If a, b, c,d be the sides and x and y the diagonals of a quadri- 
lateral, prove that its area is 


NiK 


; [4x?y? — (b2 + d?-a? — 6?)*]. 


9 Ifa quadrilateral can be inscribed in a circle, prove that the angle 
between its diagonals is 


sin-} [2./(s — a) (s — b) (s —c) (s— d) + (ac + bd)]. 


If the same quadrilateral can also be circumscribed about a circle, prove 


that this angle is then 
ac — bd 


ac+bd' 


cos"! 


10. The sides of a quadrilateral are divided in order in the ratio 
m:n, and a new quadrilateral is formed by joining the points of division ; 
prove that its area is to the area of the original figure as m?+n? to 
(m-+7)*. 


11. If a quadrilateral can be inscribed in a circle, prove that the 
radius of the circle is 


1 (ab + cd) (ac + bd) (ad + be) 


4N (s—a) (s - b) (s —¢) (s—d) ° 
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12. If a, b,c, d be the sides of a quadrilateral, taken in order, prove 
that | 


d?= a? +b? +c? — 2ab cos a — 2bc cos 8 - 2ca cos y, 


where a, 8 and vy denote the angles between the sides a and 8, b ande, 
and cand a respectively. 


223. Regular Polygons. A regular polygon is a 
polygon which has all its sides equal and all its angles 
equal. 

If the polygon have n angles we have, by Kuc. I. 52, 
Cor., n times its angle +4 right angles =twice as many 
right angles as the figure has sides = 2n night angles. 


Hence each angle = = right angles = = 


p.4 
pol 3a 


radians, 


224. Radw of the inscribed and circumscribing circles 
of a regular polygon. 


Let AB, BC, and CD be three successive sides of the 
polygon, and let n be the A " 
number of its sides. i 

Bisect the angles ABC s 
and BCD by the lines BO 
and CO which meet in OQ, 
and draw OL perpendicular 
to BC. | 

It is easily seen that O is the centre of both the 
incirele and the circumeircle of the polygon and that 
BL equals LC. — 

Hence we have OB = OC = R, the radius of the circum- 
circle and OL = 7, the radius of the incirele. 
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The angle BOC is th of the sum of all the angles 
subtended at O by the sides, 


ie. 2 BOC a *tight angles _ 277 aians. 
fa 7 
Hence  £BOL=4zB0C== 


n 
If a be a side of the polygon, we have 
a = BO =2BL=2Rsin BOL = 2K sin ss 


Again, 
a =2BL =20L tan BOL = 2r tan =. 


225. Area of a Regular Polygon. 


The area of the polygon is » times the area of the 
triangle BOC. 
Hence the area of the polygon 


=n x40L.BC=n.0L.BL=n. BL oot LOB. BL 


giving the area in terms of the side. 
Also the area 


=n.OL,BL=n. OL. OL tan BOL = nr tan ...(2), 
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Again, the area 


=n.OL.BL=n.O0OBcos LOB. OBsin LOB 


T. TT nN . Lr 
= nR? cos— sin — = — R’?sin — Kiedavnwencieteag eG): 
n n 2 n 


226. Ex. The length of each side of a regular dodecagon is 20 feet ; 
find (1) the radius of its inscribed circle, (2) the radius of its circumscribing 
circle, and (3) its area. 


The angle subtended by a side at the centre of the polygon 


360° ano 
=49°= 30°. 
Hence we have 10 =7 tan 15°= R sin 15°. 
*. r=10cot 15° 
10 
=10 (24+ .,/3)=37°32... feet. 
10 2/2 
Also R =n 1g 10 x 73-1 (Art. 106) 


=10.,/2 (./3 +1) =10 (./6+./2) 
=10 (2°4495.,.4+1°4142,,.) = 38-637... feet. 
Again, the area =12xvrx10 square feet 
= 1200 (2+-,/3) = 447846... square feet. 


EXAMPLES. XXXIX. 


], Find, correct to ‘01 of an inch, the length of the perimeter of a 
regular decagon which surrounds a circle of radius one foot. 


9, Find to 3 places of decimals the length of the side of a regular 
polygon of 12 sides which is circumscribed to a circle of unit radius. 


3. Find the area of (1) a pentagon, (2) a hexagon, (3) an octagon, 
(4) a decagon and (5) a dodecagon, each being a regular figure of side 
1 foot. : | 


4, Find the difference between the areas of a regular octagon and a 
regular hexagon if the perimeter of each be 24 feet. 


bet, 17 
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5, A square, whose side is 2 feet, has its corners cut away so as to 
form a regular octagon ; find its area. 


6. Compare the areas and perimeters of octagons which are respec- 
tively inscribed in and circumscribed to a given circle, and shew that the 
areas of the inscribed hexagon and octagon are nearly as ./27 to ./32. 


7. Prove that the radius of the circle described about a regular 
pentagon is nearly i%ths of the side of the pentagon. 


8. If an equilateral triangle and a regular hexagon have the same 
perimeter, prove that their areas are as 2: 3. 


9, If a regular pentagon and a regular decagon have the same 
perimeter, prove that their areas are as 2: 4/5. 


10. Prove that the sum of the radii of the circles, which are respec- 
tively inscribed in and circumscribed about a regular polygon of n sides, is 


© oot is 
) Qn’ 


where a is a side of the polygon. 


ll, Of two regular polygons of n sides, one circumscribes and the 
other is inscribed in a given circle. Prove that the three perimeters are in 
the ratio 


T T 
sec —: — cosec —:1, 
nn n 
and that the areas of the polygons are in the ratio cos? = a. 


12. Given that the area of a polygon of n sides circumscribed about 
a cirele is to the area of the circumscribed polygon of 2n sides as 3: 2, 
find n. 


13. Prove that the area of a regular polygon of 2n sides inscribed in a 
circle is a mean proportional between the areas of the regular inscribed 
and circumscribed polygons of n sides. 


14. The area of a regular polygon of n sides inscribed in acircle is to 
that of the same number of sides circumscribing the same circle as 3 is to 
4, Find the value of n. 


15. The interior angles of a polygon are in a.p.; the least angle 
is 120° and the common difference is 5°; find the number of sides. 
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16. There are two regular polygons the number of sides in one being 
double the number in the other, and an angle of one polygon is to an angle 
of the other as 9 to 8; find the number of sides of each polygon. 


17, Show that there are eleven pairs of regular polygons such that 
the number of degrees in the angle of one is to the number in the angle of 
the other as 10:9. Find the number of sides in each. 


18, The side of a base of a square pyramid is a feet and its vertex is 
at a height of h feet above the centre of the base ; if 6 and ¢ be respec- 
tively the inclinations of any face to the base, and of any two faces to one 
another, prove that 


2h db a? 
tan 0 = —- and tan 5 = ie 


19, A pyramid stands on a regular hexagon as base. The perpendi- 
cular from the vertex of the pyramid on the base passes through the 
centre of the hexagon and its length is equal to that of a side of the base. 
Find the tangent of the angle between the base and any face of the 
pyramid and also of half the angle between any two side faces. 


20. A regular pyramid has for its base a polygon of » sides, each of 
length a, and the length of each slant side is 1; prove that the cosine of 
the angle between two adjacent lateral faces is 


9 
4l? cos ole +a? 
n 


4]% — q? 


17—2 


CHAPTER XVIL 


TRIGONOMETRICAL RATIOS OF SMALL ANGLES. AREA OF 
A CIRCLE, DIP OF THE HORIZON. 


227. IF @ be the number of radians in any angle, 
whach rs less than a right angle, then sin 6, 6 and tan @ are 
m ascending order of magnitude. 


Let TOP be any angle which is less than a right 
angle. 

With centre O and any radius OP 
describe an arc PAP’ meeting OT 
in A. 

Draw PN perpendicular to OA 
and produce it to meet the arc of the 
circle in P’, 

Draw the tangent PT at P to 
meet OA in 7’ and join 7'P’. 

The triangles PON and P’ON are 
equal in all respects, so that PN = NP’ and 


arc PA =arc AP’. 


Also the triangles TOP and TOP’ are equal in all 
respects, so that 


PP= TP. 
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The straight line PP’ is less than the arc PAP’, so 
that VP is < are PA. 

We shall assume that the arc PAP’ is less than the 
sum of PT and TP’, so that are PA < PT. . 

Hence WP, the are AP, and PT are in ascending 
order of magnitude. 


NP arc AP PI : 
Therefore OP’ OP and OP are in ascending 
order of magnitude. | 
NP. 
But op = sin AOP =sin 8, 
arc AP | . 
ap = number of radians in 2 AOP = 6 (Art. 21), 
and — tan POT = tan AOP = tan @. 


Hence sin 6, 0, and tan @ are in ascending order of 
magnitude, provided that 
T 
O< 3° 
228. Since sind<6<tan 6, we have, by dividing 
each by the positive quantity sin @, 
l Za < i 
< sin 0 ~ cos 6° 
Hence cee always lies between 1 and 
sin 
This holds however small @ may be. 
Now when @ is very small cos @ is very nearly unity, 
and the smaller @ becomes, the more nearly does cos @ 


cos 0° 


. 1 
become unity, and hence the more nearly does aay 


become unity. 
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Hence when @ is very small the quantity ne lies 


n@0 


between 1 and a quantity which differs from unity by an 
indefinitely small quantity. 
In other words, when @ is made indefinitely small the 


sn B? and therefore _ , is ultimately equal to 
unity, 4.¢. Mike smaller an angle becomes the more nearly 
is its sine equal to the number of radians in it. 


This is often shortly expressed thus; 


quantity — 


sin @ = @, when @ is very small. 
So also tan = 0, when @ is very small. 


Cor. Putting 0=—, it follows that, when 0 is indefi- 
nitely small, n is indefinitely great. 
OL 
sin A 
is unity, when n is indefinitely great. 


Hence 


n 


So nsin = =a, when 1 is indefinitely great. 


229. In the preceding article it must be particularly 
noticed that @ is the number of radians in the angle 
considered. 

The value of sina’, when a is small, may be found. 
For, since 7° = 180°, we have 


a = (7 555) 


*, SING =sin (7) =i saa 


by the result of the last article. 
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230. From the tables it will be seen that the sine of 
an angle and its circular measure agree to 7 places of 
decimals so long as the angle is not greater than 18’. 
They agree to the 5th place of decimals so long as the 
angle is less than about 2°. 


231. If @ be the number of radians in an angle, which is less than a 
3 62 
right angle, then sin @is>0 — y and cos@is>1-=. 


4 2 
By Art. 227 we have 
tan J Y 
a 3 > 2 . 
in eee cos 
. SI 9 > 9 oO 5 . 
. 6 6 
Hence, since sin @=2sin 5 08 5» 
: QO, . 9 
we have sin 6 > 0 cos? 5 1.€. > 7 — sin? 5) ; 
But since, by Art. 227, 
: 0 
Sin 5 <= D) ’ 
7 é\2 6g? 
: Be et oat : eat 
therefore 1 —sin go (5) , ie. >1 Z° 
; e\ 8 
“. sin @>6 (3 - 7) 4.€. por es 
Again, cos 6=1-—2 sin? ; : 
ee, 6\2 
therefore, since sin?~<(-), 
2 2 
0 6\2 g2 
~Osin?-+>1—-2(—).4 Bees 
we have 1—2 sin g> t 2 (5) ie, >1 a° 
It will be found in a later chapter that 
: 68 62 6 
sin d>0-—, and cos @<1 Pg + 54° 


932. Ex.1. Find the values of sin 10’ and cos 10’. 


; je are 
ae 
Since 10 =% = Te0x6? 
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er ee ae Se 
we have sin 10’=sin (ss0xa) i80x6 
3°14159265... 
ak 17 or aa 0029089 nearly. 
Also cos 10’ = ,/1 — sin? 10’ 


aria ? 
=1- 5 [-000008468.. ‘1 


approximately by the Binomial Theorem, 
= 1-— 000004234... 
= '9999958.... 


Ex. 2. Solve approximately the equation 
sin 0='52. 


Since sin @ is very nearly equal to 4 6 must be nearly equal to 5 : 


Let then @= gre where x is small. 


‘52=sin Teg —sin ~ cos a+cos sina 
= 6 = 6 6 


1 /3. 
=5 008 + “G- sin a. 


Since x is very small, we have 
cos z=1 and sinz=# nearly. 


‘Doe s+ Mo, 


*. 2-02 x — radians = v/3° = 1:32° nearly. 


+5 75 
Hence 6=31° 19’ nearly. 


EXAMPLES. XL. 


Taking mr equal to 3°14159265, find to 5 places of decimals the 
value of 


1, sin 7’. 9, sin 1d”. 3. sinl’. 
4, cos ib’. 5, cosec 8”, 6. sec 5’. 
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Solve approximately the equations 
7, sin@='01. 8, sin @='48. 


9, cos @ +0 ) = +49, 10. cos 0=:999. 

1]. Find approximately the distance at which a halfpenny, which is 
an inch in diameter, must be placed so as to just hide the moon, the 
angular diameter of the moon, that is the angle its diameter subtends at 
the observer’s eye, being taken to be 30’. 


12. A person walks in a straight line toward a very distant object and 
observes that at three points 4, B, and C the angles of elevation of the 
top of the object are a, 2a, and 3a respectively ; prove that 


AB=3BC nearly. 


18, If 6 be the number of radians in an angle which is less than 
a right angle, prove that 
; l 62 @4 
cos 61s < -9 t+ a§: 


14, Prove the theorem of Euler, viz. that 


e 6 6 0 e 
sin 6=6@.cos 5° Gos mB cos gp ad. inf, 
: 6 6 6 6 6 
. _, . a aa D} . ee fe ce 
| We have sin 6=2 sin 5 cos g=2 sin 5p cos re cos 5 


eed 6 8 8 O 
=—2 SIN 53 COS 35 cos op COS > eee 


= 2” gin Rs X COS cos e cos f cos a 
= af 5° FR gee aoe 
Make 7 indefinitely great so that, by Art. 228 Cor., 
2” sin «i =@, 
H in 0=6 g O z ee ad inf, | 
ence sin @=0.C0S 3 . COS R gett ‘ 


15, Prove that 


(1 — tan? 5) (1 - tan? 5) (1 — tan? =) Saitead ad inf. 


=@.coté. 
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233. Area ofa circle. 
By Art. 225 the area of a regular polygon of n sides, 
which is inscribed in a circle of radius A, 1s 


My @ AT 
5 Zt? sin 7 


Let now the number of sides of this polygon be inde- 
finitely increased, the polygon always remaining regular. 

It is clear that the perimeter of the polygon must more 
and more approximate to the circumference of the circle. 

Hence, when the number of sides of the polygon is 
infinitely great, the area of the circle must be the same as 
that of the polygon. 


When n is made infinitely great i value of @ becomes 


infinitely small and then, by Art. 228, © sae is unity. 


a 


The area of the circle therefore = rR? =7 times the 
square of its radius. 


234. Area of the sector of a circle. 
Let O be the centre of a circle, AB the bounding arc 
of the sector, and let 2 AOB=<a radians. 
By Euc. vi. 33, since sectors are to one another as the 
arcs on which they stand, we have 
area of sector AOB — arc AB 
area of whole circle circumference 
_ fa a 
~ OrR Qa’ 
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‘. area of sector AOB = - x area of whole circle 


x r= = Roa. 


bo] 


sep Se 
Der 


EXAMPLES. XLI. 


1, Find the area of a circle whose circumference is 74 feet. 


2. The diameter of a circle is 10 feet; find the area of a sector whose 
arc is 224°. 


3. The area of a certain sector of a circle is 10 square feet; if the 
radius of the circle be 3 feet, find the angle of the sector. 


4. The perimeter of a certain sector of a circle is 10 feet; if the 
radius of the circle be 3 feet, find the area of the sector. 


5, Astrip of paper two miles long and :003 of an inch thick is rolled 
up into a solid cylinder ; find SER, the radius of the circular ends 
of the cylinder. 


6. A strip of paper, one mile long, is rolled tightly up into a solid 
cylinder, the diameter of whose circular ends is 6 inches; find the thick- 
ness of the paper. 


7. Given two concentric circles of radii 7 and 27; two parallel 
tangents to the inner circle cut off an are from the outer circle; find its 
length. 


8, The circumference of a semicircle is divided into two ares such 
that the chord of one is double that of the other. Prove that the sum of 
the areas of the two segments cut off by these chords is to the area of the 
semicircle as 27 is to 55. 

"22 
[r=7-] 


9, If each of 3 circles, of radius a, touch the other two, prove that 


; ; 4 
the area included between them is nearly equal to 35 a’, 
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10. Six equal circles, each of radius a, are placed so that each 
touches two others, their centres being all on the circumference of 
another circle; prove that the area which they enclose is 


2a? (3/3 —7). 
1], From the vertex A of a triangle a straight line 4D is drawn 
making an angle @ with the base and meeting it at D. Prove that the 


area common to the circumscribing circles of the triangles ABD and 
ACD is 


: (b?y + ¢?8 — 2be sin A) cosec? 6, 


where 8 and y are the number of radians in the angles B and C respec- 
tively. 


235. Dip of the Horizon. 


Let O bea point at a distance h above the earth's 
surface. Draw tangents, such as OT a 
and OT’, to the surface of the earth. pie 
The ends of all these tangents all ae 
clearly lie on a circle. This circle is 
called the Offing or Visible Horizon. 
The angle that each of these tangents 
OT makes with a horizontal plane POQ 
is called the Dip of the Horizon. 

Let r be the radius of the earth 
and let B be the other end of the diameter through A. 

We then have, by Euc. III. 36, 


OT? =O0A.OB=h(2r+h), 
so that OT =Vh (2r +h). 


This gives an accurate value for OT. 

In all practical cases, however, h is very small com- 
pared with r. 

[r=4000 miles nearly and A is never greater, and 
generally is very considerably less, than 5 miles. ] 


B 
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Hence h? is very small compared with hr. 
As a close approximation we have then 
OT =V2hr. 
The dip =2ZTOQ 
= 90° ~ 4 COT = Z OCT. 
Also ton OCT = OT NBT | [2h 


so that, very approximately, we have the angle 


OCT =4/ S radians 


_ (,/* a _ [180 x 60 x 60 ie 7 
Y 7 r | 
236. Ex. Taking the radius of the earth as 4000 miles, find the dip 
at the top of a lighthouse which is 264 feet above the sea and the distance 


of the offing. 


Here r=4000 miles, and h= 264 feet =55 mile. 


Hence fh is very small compared with r, so that 


OT= a pa x 4000 = ./400 = 20 miles. 


Also the dip = we “ radians = a " radian 
1 180x60\’ 54\’ 
af ye oe ( — ) 121” ‘ly. 
€. ‘. T ) (=) ey neat 


EXAMPLES. XLII. 


1, Find in degrees, minutes, and seconds the dip of the horizon from 
the top of a mountain 4400 feet high, the earth’s radius being 21 x 10° 
feet. 


9. The lamp of a lighthouse is 196 feet high; how far off can it be 
seen ? 
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3, If the radius of the earth be 4000 miles, find the height of a 
balloon when the dip is 1°. 
Find also the dip when the balloon is 2 miles high. 


4. Prove that, if the height of the place of observation be n feet, the 


distance that the observer can see is ape — miles nearly. 


5, There are 10 million metres in a quadrant of the earth’s circum- 
ference. Find approximately the distance at which the top of the Hiffel 
tower should be visible, its height being 300 metres. 


6, Three vertical posts are placed at intervals of a mile along a straight 
canal each rising to the same height above the surface of the water. The 
visual line joining the tops of the two extreme posts cuts the middle post 
at a point 8 inches below its top. Find the radius of the earth to the 
nearest mile. 


CHAPTER XVIII. 
INVERSE CIRCULAR FUNCTIONS. 


237. IF sin@=a, where a is a known quantity, we 
know from Art. 82, that @ is not definitely known. We 
only know that @ is some one of a definite series of 
angles. 

The symbol “sina” is used to denote the smallest 
angle, whether positive or negative, that has a for its sine. 

The symbol “sin-+a@” is read in words as “sine minus 


? 


ee aac 1 
one a,” and must be carefully distinguished from ra 


which would be written, if so desired, in the form (sin a)—. 

It will therefore be carefully noted that “sina” is an 
angle and denotes the smallest numerical angle whose 
sine Is @. | 

So “costa” means the smallest numerical angle 
whose cosine is a. Similarly “tana,” “cota,” “co- 
sec! qa,” “seca,” “vers a,” and “covers! a,” are defined. 

Hence sina and tana (and therefore cosec™ @ and 
cot a) always lie between — 90° and + 90°. 

But cosa (and therefore sec a) always lies between 
0° and 180°. 


y) 


yx ¢¢ 
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238. The quantities sina, cosa, tana,... are 
called Inverse Circular Functions. 

The symbol sina is often, especially in foreign 
mathematical books, written as “arc sina”; similarly 
cosa is written “are cos a,” and so for the other inverse 
ratios. | 


239. When a is positive, sina clearly lies between 
0° and 90°; when a is negative it lies between — 90° and 
0°. 


Ex. sin“? = 80° sin-! — w 2 — 60°. 


When a is positive, there are two angles, one lying 
between 0° and 90° and the other lying between — 90° 
and 0°, each of which has its cosine equal to a. [For 
example both 30° and —30° have their cosine equal to 
/3 
ae 
Hence cos-'a, when a is positive, lies between 0° and 90°. 

So cosa, when a 1s negative, lies between 90° and 
180°. 

Ex. cos} “5 = 45°; cos7} ( - 5) = 190°, 

When a is positive, the angle tan—a lies between 0° 
and 90°; when a is negative, it lies between — 90° and 0°. 


Ex. tan7!,/3=60°; tan7!(-1)= — 45°. 


| In this case we take the smallest positive angle. . 


Sonate 12 16 
; 1S ppg Seria t 
940, Ex. 1. Prove that sin 5 C08 igs 65 


: 3 : 
Let sin’ 2=4, so that sin ane, 


and therefore cos a= Yi, 1 - a: = . ‘ 
25 5 
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12 12 
12 _ el 
Let Cos i377 so that cosB=75, 
144 5 
and therefore sin B= a 1- 169 = 13° 
16 16 
—j Se So 
Let sin BR = 8° that sin y = 65° 
We have then to prove that 
a-B=y¥, 
i.e. to shew that sin (a — 8)=sin y. 
Now sin (a — 8) =sin a cos 8 — cosa Sin 8 
_38 12 4 5 _ 36-20 16 in 
“5°18 5'B 6 6 
Hence the relation is proved. 
Ex. 2. P that 2t ma pines? 
x. 2. Prove tha an~* 5 aaa 
1 L 
Let | tan~*5=4, so that tan a= 3? 
| 1 
and let tan! a= Ph, so that tan 6B = 7 
We have then to shew that 
a+ p=7F ‘ 
2 tan a 
Now tan 2a = eee 
A 
_ 38 6.8 
~~ 1 8 4° 
ie 
9 . 
tan 2a + tan B 
ae Men 20 8) Tiana tan 6 
Bg 
_ 277 2144 25 yt 
Tet BB=8 BB 
4°7 
. 2at+ p= . 
L. T. 


18 
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Ex. 8. Prove that 


cog7! 63 ls 3 
§ 65 as Sun 5 . 
63 63 
ee eae S28 
Let COs @g so that cosa = BE 
632/657-6382 _ 16 
f a V tts ao oo ee ee 
and therefore sin a= 1 6x = 55 Gs 
Let tan-15 = 6, so that tan B = 
and therefore (as in Art. 32), 
: 1 5 
sin B= 9% and cos B = a6 
19 : 3 
Also let sin“! B= 80 that sin Y=E° 
We have then to prove that 
| a+2B=y¥. 
Now sin (a +28) =sin a cos 26 + cos a sin 28 
=fx (cos? 6 — sin? 6) + 6 Be z% 2 sin 8 cos B 
16) (25-1 re 
“65 \ 96 ) "65" 26 
_16x24463x10_ 1014 _ 3x 338_ 3x13 _3_ 
~~ 65x26 65x26 65x26 65 5 ” 


Hence a+ 28=y7, so that the relation is proved. 


Ex. 4. Prove that 


1 1 T 
= ee = Ee ae 
oan z tan 939 — 4 
1 1 
Let tan™ p= 4, so that tan a=5. 
2 
2tan a 5 5 
Then tan 2a=7 fata 7 12” 
25 
10 
12 120 
and tan 4a= == Ti9: 
~ 144 


so that tan 4a is nearly unity and 4a therefore nearly i 
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Let 4a =F +tan~! x. 
_ 120, T gi 2 ee 
‘ i19~ tan G + tan x) — eee (Art. 100). 
ie Me 
~~ 239 
. 1 1 T 
arg as ca 
Hence 4 tan F tan 539 = T° 


Ex. 5. Prove that 


tan a+tan-1b=tan7) = am P 
1-—ab 
Let tan-la=a, so that tana=a. 
Let tan-1b=8, so that tan B=). 
ap ( at0\ _ _ a+b 
Also let tan (; = 3) =‘, so that tan Y=T-a3° 
We have then to prove that 
a+Bp=y. 
t 

Now tan (a + 8) Ee OH cai 


~j—tanatanB 1—adb 


so that the relation is proved. 
The above relation is merely the formula 


tan # + tan y 


tan (a+Y)=7 tan oteny’ 


expressed in inverse notation. 


For put tanz=a, so that «=tan—a, 
and tany=b, so that y=tan7! b. 
a+b 
Then tan (x+y) = i-ab’ 
: ie EO 
. £+y=tan Fanb? 
1.€ tan“! a@+tan-!b=tan a : 
a 1~—ab 


18—2 
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a+b 
l—ab 


In the above we have tacitly assumed that ab <1, so that is posi- 


tive, and therefore tan! i + lies between 0° and 90°. 


: ans and therefore according to our defini- 


If however ab be>1, then 


a+b 

l—ab 
and, since tan (r+-y)=tan y, the formula should be 
a+b 
1—ab’ 


is a negative angle. Here y is therefore a negative angle 


tion tan7! 


tan—! a+tan71!b=7+ tan! 


Ex. 6. Solve the equation 


1 Pe ce 

tan-1 == + tan7! —— =tan-1(-7). 
a-l1 a 

Here we have 


at+B=y, 
x+1 


1 
where a=tan—! = and hence tan a=—— , 
xz-l z-1 
a—-1l 


= tl eS 
B=tan P and hence tan §= ra 


and y=tan-(—7) and hence tan y= — 7. 


Since tan (a+ 8) =tan y, 


_ tanattanB _ 
" 1-tanatan Bp - 
e+1l «£-1 
e-lo oe 

e+la—-l1. 
= 
col 2 


27, 


4; 


227-a2+1 


4. €. Ll-—2z —%, 


so that v2. 


This value makes the left-hand side of the given equation positive, so 
that there is no value of x strictly satisfying the given equation. 
The value x=2 is a solution of the equation 


sine Pee eee 
z-1 


tan! =m-+-tan! (-7). 
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Prove that 
1. sin? 3 4sint Saosin Z. 
9, sin 1 + sin! a =cos~! ( _ 7) g 
38. costs at tan“! > =tan7! a F 4, cos-! e+ cost a cos7! re 
5, cost#=2 sin-! ee —5 =2 cos ita a a 
6. 2cos~ 8 + cot! + 5 cos"? cen. 
7. tay : + tant, =sin—! 55 + cot-!13= 45°, 
8. tan7} ot tan-} = ten15 : 9, tan7} : = 5 tan? = : 
10, tan=! i+ tant = = : cos? : ’ 
11, 2tan7} : +tan-! 7+ 2tan-1 : Reed 
12. tan an tan—1 _- tan7} a= 7 ' 
13, tan-* 7 +tan7! : + tan + tani = i , 
14, 3tan- ; +tan—! An =a" tan—! i — 5 
15. 4 tan} : ~ tan™ a +tan-! — i ‘ 
16, tan? a = 2 sin7} 7 : 17. tan-! ~ ~ tan“ —— = i : 
18, tan-2¢+tan7! Declare ve ea 


1-7? — 
Bt ~ 1 


ie =| i 
t< 7 and = r-+tan ie if i> Fs. 
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eee PERV sacs, (TED 
be — ca 


19, 
stoma, / lerb+9) 
ab 

_a+l1 _,o¢+1 a 
20. cot as a + cot aes + cot peor =); 
21, tann+cot-!(n+1)=tan7! (n?+n+1). 
22, GOs (2 tan7! 7) = sin (4 tan7! 3) ; 

et oO! B)_...-1f tan 2a + cos 8 
23, 2tan | tan (45° — a) tan 5 | = O0R a ep aasee cian @oone 
24, tan~!2=2 tan [cosec tan~! x — tan cot™! x]. 
95. 2tan-) | tan 5 tan (F- 5) |= tan-1 sin a cos SPIN CORE 
sin sin B+ cosa + cos a- 
26. Shew that 
—] oct ae =] = —-j a — x 
cos ee sin Pe cot a 
= sini 2/(a — £) (xz — b) 
a—b 
27, If cos71 ras cos7} a =a, prove that 
x? Quy y? 2a 
ae a aye ab ja Sin?’ a 
Solve 
2 — 92 
28, tan7! Vi¢e— /I-a_ B. 
JV1+a2+J1-a 

~1 Pee 2-1 ttl 
29, tan-!227+tan 80 = 5 30. tan ro t tan re ah 

fe : . 4 _,3 
31, tan~1 (v+1)+cot7! (¢-1)=sin 7 + cos} z 

7 ~ 8 
32, tan7! #+ tan! (2-1)=tan-! — a7 ° 
30. 2tan-!(cos#)=tan—! (2 cosec 2). 


{Exs, XLITTI. | 


34, 
36. 
37, 
38. 
39, 


41, 


42, 
43. 
44, 


tan7! a +2cot-2 = : T. 35. 
cot! x — cot—! (x +2) =15°. 
x? —1 Qa. 2Qar 
= Ac in BE 
cos ai +n wel 3 
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: 1 
tan cos~! a= sin cot-1 5° 


cot~! # + cot—! (n? - x +1)=cot7! (n-1). 


_ a Tv 
sin7! + sin7!2a¢= 3° 


tan71 . +tan-1 ° + tan} a + gee we 
x £ x zx 2 


x x 
sec~1 At sec7l a sec! b —sec-la, 


cosec™! x =cosec™! a + cosec™! b. 


1-a? 1-b? 
1+0?° 


2 tan! ¢=cos—! — cog! 


1+? 


107 


es eee 
40, sin7! —+sin7!— =~ 
x x 


Tv 


CHAPTER XIX. 
ON SOME SIMPLE TRIGONOMETRICAL SERIES. 


241. To find the sum of the sines of a series of angles, 
the angles being wn arithmetical progression. 
Let the angles be 


a a+ B,at+26,...... {a+ (n—1) 8}. 
Let 


S=sina+sin(a+f)+sin(a+28)...+sin fa+(n—1) Bl. 
By Art. 97 we have 


eT ae  £p re) 
2 sina sin 5 =cos (a -5)—cos(a +5), 


2 sin (a +A)sin§ = cos (« +5) — cos (2 +) ‘ 
2 sin (a +28)sin§ = COs (a + aP — COS (« A a 
2 sin {a-+(n—2)8} sin =cos {a+ (n—&) |} —cos {a+(n—3) PB}, 
and 
2sin {a+(n—1) 8} sing =cos{a+(n—3)8}—cos{at+(n—4) BI. 
By adding together these n lines, we have 


2sin§ .S= cos (a -§) cos {a + (n —4) B}, 
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the other terms on the right-hand sides cancelling one 


another. 
Hence, by Art. 94, we have 


ae S=2sin fa ae (“S*) al sin 2B, 


mt 
sin ja+ ("5") 8} ny 


2.€. s= 


Ex. By putting 8=2a, we have 
sina+sin 8a+sin 5a+...+sin (Q2n-—1)a 
_sinjat(n-a}sinna  sin?na 


sin a | sing - 


942. To find the sum of the cosines of a series of 
angles, the angles being in arithmetical progression. 


Let the angles be 


a,a+P,a+26, ...a+(n—-1)8. 
Let 


S= cosa + cos (a+) + cos(4+28) +... + cosja + (n—1)8}. 
By Art. 97, we have 


2 cos asin = sin (a +5) —sin (2 -§), 


2 2 
| 2 cos (a+ 8) sin § =sin(a + 3°) ~sin (a +5), 


2 cos (a + 28) sin = sin (a +P) — sin (2 +5) ; 


@eeoeoreoeev eRe eoevPeeeaesveeeenvoveeve ev eve eevee veanvseetsteerneveerevenvnveeveteoaneeansd 


2cos {a+(n—2)B} sin =sin fa+(n—%) 8}—sin [a+(n —$) 8}, 
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and | 
2cos{a+(n—1)} sink =sin {a+(n—4$)8}—sin fa+(n—38) B}. 
By adding together these n lines, we e have 
2S x sin E = sin fa+(n—4) 6} —sin ia -5t. 


the other terms on the right-hand sides cancelling one 


another. 
Hence, by Art. 94, we have 


, oe  n-i) | si np 

28 x sin'5 = 2 cos a+ —5— 8} sin 7 

cos {a+ "57 Bl sin 

| 2 

v.€. ice aN 
sins 


243. Both the expressions for S in Arts, 241 and 242 


vanish when sin is zero, t.e when “p is equal to any 


z.@. when “e = pT, 


multiple of 7, 


where p is any integer, 
2a 


z.e, when B=p.—. 

Hence the sum of the sines on cosines) of n angles, 
which are in arithmetical progression, vanishes when 
the common difference of the angles is any multiple 


of 27 
n 


Qer Ag 
EXs. COS a+ COS a+ + cos aS +... ton terms=0, 
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, , Ar : S1r 
and sina+sin a+ +sin a+ +... ton terms=0. 


944, Ex.1. Find the sum of 
sina — sin (a+ B)+sin(a+28)—.,. ton terms. 
We have, by Art. 73, 
- gin (a+8+7)= —sin (a+ 8), 
sin (a + 28 + 2) =sin (a +28), 
sin (a+38 +3) = — sin (a+ 38), 


PORTE H HEHE eraser eo EOE ETH RHR Eero eROHEOHE 


Hence the series 
=sina+sin (a+6+7)+sin {a+2(8+7)} 


+sin fa+3(84r)$4+... 
sin jor "5 (6+ nh cin 2 E47) 
= , by Art. 241, 
sin? <7 
ae e+ an) ain 
cos 


Ex. 2. Find the sum of the series 
cos? a +cos? 2a + cos? Ba+...... to n terms. 
By Art. 107, we have 
cos 8a=4 cos? a —3 cosa, 
so that 4 cos® a=3 cos a+cos 3a. 
So 4 cos? 2a = 38 cos 2a + cos 6a, 
4 cos? 83a =3 cos 3a-+cos 9a, 


oem reser anrereeec eres oreo neeeenneenee 


Hence, if S be the given series, we have 
48 = (3 cos a+ cos 3a) + (3 cos 2a + cos 6a) + (3 cos 8a+c0s Ja)+... 
= 3 (cos a+cos 7 3a+..,)+(cos 3a+ cos 6a+ cos 9a+...) 


nN aoa 1 . n . 3a 
Cos apne sin > Gos 48a+ 9 . 3a} sin 5 
7 sin 2 se . gin Bat 
2 2 
sin cos ey Si 
D) Dy g oreo 
=3 + = 
~. ot 
sin ~ sin — 
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In a similar manner we can obtain the sum of the cubes of the sines 
of a series of angles in A.P. 


Cor. Since 
2sin?a=1-cos2a, and 2 cos?a=1+ cos 2a, 
we can obtain the sum of the squares. 
Since again 8 sin! a= 2 [1 —cos 2a}? 
=2-—4 cos 2a+2 cos? 2a=3 — 4 cos 2a+4 cos 4a, 
we can obtain the sum of the 4th powers of the sines. Similarly for the 
cosines. 
Ex. 3. Sum ton terms the series 
cosa sin B+ cos 8a sin 28 + cos 5asin3dB+... ton terms, 
Let S denote the series. 
Then 
28 = {sin (a+) —sin (a — 8)} + {sin (3a + 28) — sin (8a — 28)} 
+ {sin (5a +38) — sin (5a ~88)}+.. 
= {sin (a+) +sin (3a +28)-+sin (5a+36)+...} 
~ {sin (a—8)+sin (3a — 28)+sin (5a —-38)+...} 


sin e+e rae (2a + A) sin nate 
- sin eae 
(a — 8) - (2a — p) gies ev 
i? “2a B , by Art. 241, 
sin 
2 
sin {na fe 6 sin a 
- mm a 
gin {re _ “sel ae 
sin te 
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Ex. 4. 4A,d,...4, is a regular polygon of n sides inscribed in a circle, 
whose centre is O, and P is any point on the arc A,A, such that the angle 
POA, is 0; find the sum of the lengths of the lines joining P to the angular 
points of the polygon. 

s 2 

Bach of the angles 4,045, 4,04q,...4,04, is — , 80 that the angles 

POA,, POAg,... are respectively 


2 4 
OO ee ws Ope 
n n 
Hence, if r be the radius of the circle, we have 


PA,=2r sin “C4 = 2r sin ; , 


ten OAs _ (8 @& 
PA,=2r sin 9 =arsin (5 +5 


PA,=2r sin pacer ar sin (2 + a), 
2 2° 7 


Hence the required sum 


ek | 6 : 6 Q@r 
= or [ sin —~+sin{(~+- }+sIn{ —-+— j+...... to nN terms | 
2 2 7 n 


i 7 n= 7 [sing T 
sin | 5+ 2 n 2° n 


=p (Art. 241) 
. Tv 
sin on 
aed TCOSEC a E a oe 
== 2r cosec as Gos Ce. a 


EXAMPLES. XLIV. 
Sum the series: 
1, cos é+cos36+cos 56+... to n terms. 


2. cos S +cos 24 e084... to n terms, 


sina+sin 2a+sin 3a+...+sin NO ton nm+1 
cos a+cos 2a+...-+C0s na 2 


3 


a. 
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sin a+sin 3a+sin5a+...+sin (2n—1)a 


= tan na. 
cos a-+ cos 8a+ cos 5a4...+¢08 (2n—1) a : 


e 7 37r 53 

5. CO8a 4 + COs oc + COS mnie ... to n terms. 
6, cosa—cos (a+f)+cos (a+ 28) —... to 2n terms. 

7 sin a — sin (2+) +sin (2 +28)+... to n terms 

* cosa—cos (a+8)+cos(a+28)+... to m terms 


=tan Jor" (7 + a) ; 


; . n—-4 nn 
8, sin é+ sin—— 6+sin d+... to n terms. 
n—-2 n-2 
9, cosz+sin3x+cos 5x%+sin 7v+.,..+sin (4n—1) x. 
10, sinasin 2a+sin 2a sin 8a+sin 80 sin 4a+... to 2 terms. 


1], cos asin 2a+sin 2a cos 3a+cos 3a sin 4a 
+sin 4a cos 5a-+... to 2n terms. 


12, sinasin 3a+sin 2a sin 4a+sin 8asin5a+... to n terms. 
13, cos acos 8+ cos 3a cos 28+ cos 5a cos 38... to n terms, 
14, sin? a+sin?2a-+sin?3a+... to 2 terms. 
15, sin? 6+sin? (0+ a)+sin? (642a)4+... to m terms. 
16, sin?a-+sin® 2a+sin?3a+.., to n terms. 
17, sinta+sin‘2a+sin*3a-+... to n terms. 
18, costa-+cos!2a+ cost 8a+... to m terms. 
19, cos @ cos 20 cog 36 + cos 24 cos 30 cos 46+... to n terms. 
90. sinasin(a+)—sin (a+) sin (a+28)+... to 2n terms. 
91, From the sum of the series 
sina-+sin 2a+sin3a+... to n terms, 
deduce (by making a very small) the sum of the series 
14+243+. 0.40. 


99. From the result of the example of Art. 241 deduce the sui of 
1+3+5... ton terms. 


: Qa 
23. If a= 17 +) 
prove that 2 (cos a+ GOs 2a + cos 4a + C08 5a) 
and 2 (cos 8a + cos 5a+ cos 6a + cos 7a) 


are the roots of the equation 
xet+e-4=0. 
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24, ABCD... isa regular polygon of n sides which is inscribed in a 
circle, whose centre is O and whose radius is 7, and P is any point on the 
arc AB such that POA is 6. Prove that 


PA.PB+PA.PC+PA.PD+PB.PC+... 


6 T T 
— 72 Te Rca cae are pS 
= | 20s €é yr, )eoses on nN |. 


95. Two regular polygons, each of n sides, are circumscribed to and 
inscribed in a given circle. If an angular point of one of them be joined 
to each of the angular points of the other then the sum of the squares of 
the straight lines so drawn is to the sum of the areas of the polygons as 

2: sin ae 
n 


96. 41; Ao...doni, are the angular points of a regular polygon in- 
scribed in a circle and O is any point on the circumference between 4, 
and Aoj4i,3 prove that 


OA, + OAg+ vee + OA ont = OA,+ OA,+ one + OAon 


97, If perpendiculars be drawn on the sides of a regular polygon of n 
sides from any point on the inscribed cirele whose radius is a, prove that 


5 (f) =8 ond = (Z) 5. 


CHAPTER XX. 
ELIMINATION. 


245. IT sometimes happens that we have two equa- 
tions each containing one unknown quantity. In this 
case there must clearly be a relation between the 
constants of the equations in order that the same 
value of the unknown quantity may satisfy both. For 
example, suppose we knew that an unknown quantity 
x satisfied both of the equations 

av+b=0 and ca#?+dx+e=0. 


From the first equation we have 


and this satisfies the second if 


o(—2\ +a(-7\+e=0, 


2.€. if bc — abd + ae =0. 

This latter equation is the result of eliminating a 
between the above two equations, and is often called their 
eliminant. 
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246. Again, suppose we knew that an angle @ 
satisfied both of the equations 


sin? @=b, and cos? 0 =e, 
so that sin 0 = b3, and cos 0 =¢% 
Now we always have, for all values of 6, 
sin? 6+ cos? @=1, 
so that in this case B4ce=1, 


This is the result of eliminating 0. 


247. Between any two equations involving one 
unknown quantity we can, in theory, always eliminate 
that quantity. In practice a considerable amount of 
artifice and ingenuity is often required in seemingly 
simple cases. 

So between any three equations mvolving two un- 
known quantities we can theoretically eliminate both 
of the unknown quantities. 


248. Some examples of elimination are appended. 


Ex. 1. Eliminate 0 from the equations 
acos@+bsin@=c, 
and | bcos 6+csin 0=a. 


Solving for cos@ and sin@ by cross multiplication, or otherwise, 


we have 
cos @ sin 6 1 


e—ab at-be  ac—b?* 


(c? — ab)? + (a? — be)? 
(ac — b*)? : 


4.€. (a? — be)? + (c? — ab)? = (0? - ac)”. 


*. 1=cos? 6+ sin? @= 
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Ex. 2. Eliminate 6 between 


ax by aa. 
ek eer eel ee 1 
cos@ sin®é at (9, 
axsin@  bycos0 _ 


cos? @ sin? @ 


and 


Ouiernnace can uindeaianiens (2). 
From (2) we have ax sin? = — by cos? 6. 
sin@ _cos@ _ »/sin? @+cos" 9 
= (by)s *r (ax)3 - N/ (by)3 + (ax)? 
(Hall and Knight’s Higher Algebra, Art. 12) 
ra ere 
Nyt + (aay 


~~ 2 2 
Hence —s = — ey + (ax)? 


sing (by)? 


and 


so that (1) becomes 


a — b= N (by) + (azx)8 | aa : 


ss ou 7 ale 


= N (by)8 + (ax)¥ (ax)? + (by)3} 
= {(ax)3 + (by)3}, 
4.€. (ax)3 + (by)3= (a? - B28, 


The student who shall afterwards become acquainted with Analytical 
Geometry will find that the above is the solution of an important problem 
concerning normals to an ellipse. 


Ex. 8. LHliminate 6 from the equations 


x y 3 = 
7.008 @ - 7, sin md 0 | ee (1), 


and sin 0 + s COSC DSU 20 wisecisrund wursariveca (2). 
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Multiplying (1) by cos @, (2) by sin #, and adding, we have 
~ = 008 6 cos 26+ 2 sin 6 sin 20 
=¢C0s 0+sin 9 sin 26=cos 6 + 28in? 8608 O.......cee ee, (3). 
Multiplying (2) by cos 6, (1) by sin 6, and subtracting, we have 


F=2 sin 26 cos 6 — cos 26 sin @ 


= sin 26 cos 0+sin 0=sin +2 Sin 0 COS? O..,......0..065 (4). 


Adding (3) and (4), we have 


= + $= (sin 8 +-c0s 8) [1+2 sin @ cos 6] 


= (sin @-+ cos @) [sin? 6 + cos? 6+ 2 sin 6 cos 6] 


= (sin 6+ cos 6)*, . 
so that sin 0+ cos = (¢ + yy" hci staeten toate suanaaet (5). 
Subtracting (4) from (3), we have 
= - = (00s 6 —sin 6) (1-2 sin @ cos @) 
= (cos #— sin 6), 
so that cos @-sin 0= G ~ zy" he Menicrshwu secon (6). 


Squaring and adding (5) and (6), we have 
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Eliminate @ from the equations 

1, acosé+bsin d=c, and dcosd—asind=d, 

2. w=acos (9—a), and y=bcos (0-8). 

3, acos20=b sin @, and csin26=dcos@. 

4, asina—becosa=2bsin@, and asin 2a—bcos26=a. 
3-7-5 sin? 9 2 1 

5, «vsin 0-y cos 0=,/a?+y, and - +r ran 


19—-2 
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wz Cos 0 sin 6 
6. eee b =i. 


a 


and x sin@—y cos 6= Ja? sin? @ + 6? cos? 0. 
7, sin@—cosd=p, and cosec @-sin6=q. 


8, If m=cosec 6—sin 6, and n=sec 6 —cos 6, 


prove that m3 +n = (mn) — 3, 
9, Prove that the result of eliminating 6 from the equations 
x cos (0-+a)+y sin (@+a)=a sin 26, 
and y cos (0+a) —xsin (0 +a) = 2a cos 26, 
is (x cos a+y sin ays + («sina-y cos a) $= (Qa)s, 
Eliminate 9 and ¢ from the equations 
10. acos?é+bsin?@=c, bcos? d+asin? p=d, 
and atan 6=) tan ¢. 
11. cosé+cos g=a, cot 6+cotd=b, and cosec 6+cosec @=c. 


12, asin d=bsin ¢, acosé+bcos¢=ce, and x=y tan (0+ ¢). 


a ae aes, ed eee 
13. 7 cos +5, sin d=1, ~ cosp+;> sin g=1, 
and aia sty D caainnd cha 


2 2 2 2 


PART I. 


ANALYTICAL TRIGONOMETRY. 


CHAPTER XXI. 
EXPONENTIAL AND LOGARITHMIC SERIES. 


249. In the following chapter we are about to obtain 
an expansion in powers of w for the expression a*, where 
both a and # are real, and also to obtain an expansion for 
log.(1 +), where w is real and less than unity, and e 
stands for a quantity to be defined. 


250. To find the value of the quantity € + =" , when 


n becomes infinitely great and is real. 


Since : < 1, we have, by the Binomial Theorem, 
1 n(m—1)1 , nm—l)(m—2) 1 


hn 1 
(1 +5) any ee Ce 1.2.3 wo 


me COD 0-2) 0-0-8) 


ls E + p 


This series is true for all values of n, however great. 
Make then x infinite and the right-hand side 


a eae eens cae 


Cae oa 
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v1) 
Hence the limiting value, when » is infinite, of (1 + -) 
is the sum of the series 


de uk : 
Bee stat ..ad inf, 
The sum of this series is always denoted by the 
quantity e. 
Hence we have 
] n 
Lt (1 + ~) =e, 
n=0 n 
where Lt stands for “the limit when n= 0.” 
n= 


Cor. By putting nee, it follows (since m is zero 


when n is infinity) that 
Le (1 +myr=Lt(14 +2)'=e. 


N= 


251. This quantity e is finite. 


For since as oes 
JB 2.2 2?’ 
le 1 <i 
|4 5.2.9~ 93° 
ne ce 
1 1 1 
e<Iltl+st+ate aoe ad inf. 
1 
<1l+j-y 


<1+2, 1a < 3. 
_ Also clearly e > 2. 
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Hence it lies between 2 and 3. 
By taking a sufficient number of terms in the series, it 


can be shewn that 
e = 2'7182818285... 


252. The quantity e is incommensurable. 
For, if possible, suppose it to be equal to a fraction rt where p and q 


are whole numbers. 


We have then 
1 1 
(1). 


SIs anne on sa epee 
e tpt t gt peit eet 


Multiply this equation by [g, so that all the terms of the series (1) 
Hence we have 


become integers except those commencing with rene : 
es 1 sp cl gece 
p |g-1=whole number ged g+3 gaat 


= + See 3 ip 1 ‘ 2) 
qt1 (¢+1) (¢+2) (q +1) (¢+2) (¢+3) Sia: deo 
But the right-hand side of this equation is > cel . i’ and 

i ge Mas ge Bhs 


i.e. an integer= 


q+1- q+1/’ 
ha: a ih 
2.€, 1s <r 
q 
Hence the right-hand side of (2) lies between a and and is there- 


24.é. 18 


fore a fraction and go cannot be equal to the left-hand side. 
Hence our supposition that e was commensurable is incorrect and it 


therefore must be incommensurable. 
253. Exponential Series. When x is real, to prove 


that 
‘ a“ dd 
é eda One ae wmf. 


— ae 
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and that 
2 
a®*=1+a#log,.a+ ig (loge a)? + ad wf. 
When n is greater than unity, we have 
nN) a 
i(2 +=\ = € +2)" 
iL 107 


ee es oe - 1 4 1 (ne — 1) (ne —2)1 ‘ 


1.2 nr Lead n? 
1 Lyf 2 
e(e-7) #(#-Z)(#-a) 
i 


1,2 1.2.3 


In this expression make v infinitely great. The left- 
hand becomes, as in Art. 250, e*. 
The right-hand becomes 


Leet tg te 


Hence we have 


a big tad oe (1), 


Let a=e°, so that c=log.a. 


=] ge 


Cat | oat 
BB 
by substituting cw for x in the series (1). 


A= eM=1+ c4+—— eee 


054. It can be shewn (as in C, Smith’s Algebra, Art. 274) that the 
series (1), and therefore (2), of the last article is convergent for all real 
values of x. 
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1 1 
255, Ex. 1. Prove that 5(e-2)=+ 5 +t... ad inf. 


|3 [6 
By equation (1) of Art. 253 we have, by putting xz in succession equal 
to l and ~1, 


1 1 ot ' 
e= 1 iv 2 ge a ad inf. 
1 1 1 ' 
and as peer “Bt .. ad inf. 


a2 
Hence, by subtraction, 
e—~et=2 (1455 ; +s s es oF 


[3 © {5 
’ bie ett 
1c; 5} eS) = Bt Bt 


Ex. 2. Find the sum of the series 


142 14243 1424+3+4 


et B i 


+... ad inf. 


Sota) 
_it2+3+...t¢n_ 2 
= | c 


_lnt+l _ ;(S2e 1)+2 aa |: 
~ 2 jn-1 ita jn—-1 i. eee 2 * faa 


provided that n > 2. 


The nth term 


Similarly 
the (n —1)th term=5 “ales ne nal 
Irl 2 
the 4th term=5 lia + i. ’ 
1rl. 2 
the 8rd term=5 ii ae 3 
. 1 2 
Also the 2nd term=5 E + a ; 


uf 2 
and the Ist term=5 5 i F 
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Hence, by addition, the whole series 


=5 Lat pt sd] 
+y-8[14 5 +5 ae ad inf, | 
3e 


256. Logarithmic Series. To prove that, when y is 
real and numerically < 1, then 


log. (1 +y)=y-5y +3y iy +... ad inf. 
In the equation (2) of Art. 253, put 


a=l+y, 
and we have | 


(1+y)®=1+alog,(1+y) + a flog. (1 -+y)}2+...(1). 


But, since y is real and numerically < unity, we have 


— “1h,  e@- at Ne 2) 
oe 


(I1+y)*=l+ea.yt+ ye + yet... 


The series on the right-hand side of (1) and (2) are 
equal to one another. and both convergent, when y is 
numerically < 1. Hence we may equate like powers of «. 

Thus we have | 


bi sanege = = a Sy + DEVE) 4 


+... ad inf., 


1 1 1 
Ue. loge (1 gap hale deel daa av 4yrt sce (3). 
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257. Ify=1, the series (3) of the previous article is equal to 


pis 
Oe B.A 
which is known to be convergent. 
If y= —1, it equals —1 ~ ; ~ ae which is known to be divergent. 


In addition therefore to being true for all values of y between —1 and 
+1, itis true for the value y=1; it is not however true for the value 
y= —l. | 

258. Calculation of logarithms to base e. 
In the logarithmic series, if we put y= 1, we have 


tT 1 1 


log, 2= l-5+5-qGt+- ‘iertetwekaees (1). 
1 
If we put Y= 35> 
we have 
log, 3 — log, 2 2 = log. =log, (1+ 5) 
Td a dy ae 
=“g-g:p tg ge agit 
If we put y=5 
we have | 
I Te ede ek 
log. 4—loge8 = log.(1+5)=5-5-g+3-H— ERT 


From these equations we could, by taking a sufficient 
number of terms, calculate log, 2, log, 8, and log, 4. 

It would be found that a large number of terms would 
have to be taken to give the values of these logarithms to 
the required degree of accuracy. We shall therefore 
obtain more convenient series. 
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259. By Art. 256 we have 
1 1 
log, 1l+y)=y- sy tay—gyt ee (1), 
and, by changing the sign of y, 
1 1 1 
loge(l1—y)=-¥- 5 Y-g¥-Zyt-- (2). 


In both these series y must be numerically less than 
unity. 
By subtraction, we have 


1 1 
loge (1+ y) — loge (1 —y) =loge or =2 Ly tayt nyt 4 


Let = : 


where m and n are positive integers and m > n, so that 
I+y_m | 
l-y n° 


The equation (8) becomes 


m—-N lL/m—n\?_ 1 /m—ny\?* . 
loge = 2 (=) +3(——) +5(=—) + |) 
Put m=2,n=1 in (4) and we get log, 2. 
Put m=8, n=2 and we get log,3 —log, 2, and there- 
fore log, 3. 


By proceeding in this way we get the value of the 
logarithm of any number to base e. 


260. Logarithms to base 10. The logarithms of 
the previous article, to base e, are called Napierian or 
natural logarithms. 
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We can convert these logarithms into logarithms to 
base 10. 


For, by Art. 147, we have, if NV be any number, 
log, V = log, N x log. 10. 


1 
oe sOBu Ve logett % log, 10° 


Now log,10 can be found as in the last article and 


then 18 found to be °4342944819... 


1 
log, 10 
Hence log, N = log, N x °43429448..., 


so that the logarithm of any number to base 10 is found 
by multiplying its logarithm to base e by the quantity 
‘43429448.,.. This quantity is called the Modulus. 


EXAMPLES. XLVI. 


Prove that 
1 1 1 1 
va =~] nee oes — 
1. g (ete aia fe, 


ae 


— 


eb ie 
2° 3B A é 2 4 6 
4, lt+at+atat.uss 5. fateh ee 
aa eae 7 [sf 
are 
(a e~1 
aaa Cara Near 
gp 
oo 3¢ 43 
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Find the sum of the series 


1 1 
8. l-5t+5- 


4 
‘1 1 1 see 
Q~3°gt3: 
Prove that 


a-b lfa-b\? 1 fa-—b\3 
10. a +5 (*>) +53() +,,.=log.a—log,b. 


is 


1 11 
9, 93 a? gate 


1l+z A: ytd 3g 
ll. log.7— = 2(+32 +e a +., Ne 
e-+1 1 1 1 : 
12. log. 4 =2 (5+ matagt-) if g>1. 
Boe 3 4 
13. beset oes a 
2 3 4 
nr 
+ ( yeas? Me, 
provided that 2x be not >1. 
1 1 
14, 2log.«—log,(#+1) —log,(#- =>, + ya taiet , if a>1 
1 1 
ee aes i ne a er 
1 #1 1 1 
UG) 8c? 9- 20.8 8.4.8 6.6.0 
T 
cos (0-5 
17. tan 0-++ tan’ 94 tand0+..v= blog ,ifo<c. 
3 5 T 4 
cos ( 0+5) 


18. lf @ be > and <7, prove that 


(1) sin o43 sin? 0 ie sind 6+... ad inf. 


3 5 
ee er eee ae 
=2| cot; + 3 cot g + goot gre ad int. |, 
; 1 eae ee Lo : 
and (2) g sin 6 +7 sin* 0 + sin 6+... ad inf. 


=2 | tan’ E45 tants + stants 4 we OO int. | 
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19. If tan?@<1, prove that 


tan? 6 — ; tan! 6+ ; tan®@—.., ad inf. 
‘ di «3 It = | : 
= sin? O+5 sin’ 6 ta sin® @+... ad inf. 
20, Prove that, if 26 be not a multiple of z, 


log cot = cos 26 +5 cos? 26 +5 cos’ 20+... ad inf. 


91. Prove that the coefficient of x” in the expansion of 
{log. (L+2)}? 


Tiikvbenal] 
Peta bncte, 


29. Use the methods of Arts. 259 and 260 to prove that 
logio 2 = *30103. oe 
and log,)3= ‘47712... 


is 


93, Draw the curve y=log, x. 

[Ii « be negative, y is imaginary ; when xis zero, yequals—o; when 
x is unity, y is nothing ; when x is positive and >1, y is always positive ; 
when # is infinity, y is infinity also.] 


94, Draw the curve y=log,,x% and state the geometrical relation 
between it and the curve of the last example. 
[Use Art. 147.] 


25, Draw the curve y=a*. 


261. The two following limits will be required 1 in the 
next chapter but one. 
262. To prove that the value of (cos =) when n 1s 
unfinite, 1s unity. 
We have cos = = (1 — sin? =) 
n n 
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Now, by putting 
eed: 
—sin?’— =™, 
n | 


we have 


— _— 1 
Lt . — sine} ma t {1+ m\" =e, (Art. 250, Cor.) 


a= 0 


Also, by Art. 228, 


NM» 4 O 
sn = 
2 nN 

2. AX? 

Say a? 

= 1x —=1x0=0, 
a 2n 
n 


when 7 is infinite. 
Hence, when n 1s infinite, | 


| 17 
cos < ==], 
Nn 


Aliter. This limit may also be found by using the 
logarithmic series. 


For, putting (cos =| =u, we have 
an o 
log, u =n log, cos 5 log, cos? - 
= ue — an? a 
= 5 log. (1 sin =) 


nf/.,a 1. a 1. oa 
=—3 (sin —+—sin*— + —sin*— + ea) 
n 2 n 39 nN 
(Art. 256.) 
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The series inside the bracket lies between sin’ — and 


the series 
° a é 
sin? — _ + sin‘ = + gin® — ss +.,,ad inf, 


4.e. lies between 


a! 

sin? — 

4 

sint— and ———., 
n _ 4 a 
l—sin? — 
n 
; 4 , a a 
ze. lies between sin? — and tan? — 


Hence — log u hes between 


La ih of 
5 Sin? and 5 tan pn neesenaaes (1). 
But 
ee 
nm. 0 gaa 
ar 20 ai 
tigen, i a x 5 1x0=0. (Art. 228.) 
n 
And 


a Qn 


a 2 
. Z eae 1 a2 
Lt 5 tan?— = Lt X mmm X 5- } = Lx 1xK0=0. 
— cos* — 
n 


(Art. 228.) 


Hence in the limit both quantities (1) become 0, so 
that log u becomes zero also, and therefore, in the limit, 


i 


20—2 
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263. To prove that the limiting value of — |, 


when n 1s infinate, 1s unity. 
We have shewn, in Art. 227, that sin 6, 6 and tan @ are 
in ascending order of magnitude. 


. a a a 
Hence sin—,—, and tan — 
nn n 


are in ascending order. 


a. 
Hence 1, , and : 
sin — cos — 
n n 
are in ascending order. 
| OL 11) 
n ; 1 \~ 
Therefore = lies between 1 and , SO 
, OL 
sin — cos — 
n 


= a\.™ 
sin — 
nN : SO 
that ao lies between 1 and (cos =| 
n 7 
But, by the last article, the value of (cos = is unity, 


when v is infinite. 
Hence, when is infinite, the value of | — 


is unity. 


CHAPTER XXII. 


COMPLEX QUANTITIES. DE MOIVRE'S THEOREM. 


264. Complex quantities. The quantity «+yV—1 1, 
where w and y are both real, is called a complex quantity. 
A complex quantity consists therefore of the sum of two 
quantities, one of which is wholly real and the other of 
which is wholly imaginary. 


265. A complex quantity can always be put into the 


form 7 (cos 6+ V —1 sin 6), were yr and @ are both real. 
For assume that 


a+yV—1=r(cos6+¥ —1sin 6) 
=rcos O6+V—I1.rsind 


Equating the real and imaginary parts on the two 
sides of this equation, we have 


and | sin 0 = OT raised baneseneee: (2). 
Hence, by squaring and adding, we have 7° = # + 7’, 


so that r=NVa+ y?. 
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It is customary to take the positive square root of 
a+ y? and hence r is known. 
From (1) and (2) we then have 


a 
OO ap and sin Om 

Whatever be the values of «# and y, there is one value 

of 6, and only one value, lying between —7 radians and 
+ 77 radians which satisfies these two equations. 

The quantity «+yv—1 can therefore always be 


expressed in the form r (cos 6 +,/—1 sin 6). 
Def. The quantity + fa? + ye is called the Modulus 


of the complex quantity, and that value of @ (lying 
between — mw and +77) which satisfies the relations 


cos 6 = —-—. and sin@= —“—— 
+Va? + 9 +Ve +o 
is called the principal value of the Amplitude of 
a+yN —1. 
266. Ex.1. Hxpress in the above form the quantity 1+ Ri Zl 
Here 14+,/-1=r (cos 0+,/—1sin 6), 
so that - reoso=l, 
and rsin @=1, 


We therefore have r=+/1+1=+./2, 


1 1 
th = i = 
and then cos 0 7 and sin @ 73” 
hat =", 
so tha | 6 i 
Hence 1+ fats | cos T+ /nisin§ |, 


so that ,/2 is the modulus and tis the principal value of the amplitude 


of the given expression. 
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Ex. 2. Quantity-1+,./—3. 


Here ~14+.f/-1,/3=r (cos 6+ J -isin 6), 
so that rcos 6= —1, and rsin 6=,/3. 
. rat /1l48= +2, 
and then cos 6= a: and sin g=X2, 
so that o= 


an 2 = 
-14/=8=2| cos e+ aisin = |. 


Ex. 3. Quantity -1~,/-—3. 


Here rcosé=-—1, and rsiné= —,/3, 
so that r=+/14+3= +2, cos #= ~ 5 and sin = — >. 

Hence (since we choose for @ that value which lies between -— 7 and 
+1) we have O= 8 


267. In Art. 265 the equations 


and sin @ = J 


+ Va? + y? + Va? + y? 


are satisfied by more than one value of @. For the cosine 
and sine of an angle repeat the same values when the 
angle is increased. by any multiple of 27 radians, so that, 
if 6 denote the value between — 7m and +7 satisfying the 
above relations, the general solution is 


Qn + 0, 
where is any integer. | 
This is expressed by saying that the amplitude of a 
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complex quantity is many-valued. The principal value 
is that particular value of the amplitude that hes between 
—7 and + 7. 

If to the principal value of 6 we add any multiple of 
27 we obtain one of its many values. 

To sum up; If @ be that value, lying between — 7 
and + 7, which satisfies the equations 


and sin @=——4— ...... (1), 


cos 0= 
Vae + y? Nae + oP 


then 
a+yv —1= Ve+y? [cos (Qnr+6)+,./—1 sin (Qnz + 6)). 


The quantity 2na7 + is called the amplitude and @ is 
called its principal value. — 
For brevity we often write equations (1) in the form 


tan 0=2, we. @=tan7 , 
Ms a 


but it must be understood that here the angle denoted is 
the one that satisfies the conditions (1). 


268. De Moivre’s Theorem. Whatever may be 
the value of n, positive or negative, mtegral or fractional, 
the value, or one of the values, of 


(cos 0+ —1 sin 8)” ts cosnO+/ —1 sin nd. 


Case I. Let n be a positive integer, 
By simple multiplication we have 


[cosa +/—1 sina] [cos8+¥V —1sin 8] 
=cosacos 8 —sinasin 8 + V—1 [sin acos 8 +cosasin 6] 


= cos (a+ 8)+ V7 —1sin(a + 8). 
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So 
feosa + —1 sina] [cos 8+ V7 —1sinf][cosy+V —1siny] 
=[cos (a+ 8)+¥V —1sin (a+ 8)] [cosy +V¥—I1siny] 
= [cos (a + 8) cosy — sin (a + 8) sin y| 7 
+ —1 [sin (a + 8) cos y + cos (a + 8) sin y] 
=cos(a+B+y)+V—l1sin(at+h+y¥). 
This process may evidently be continued indefinitely, 
so that 
[cosa t+¥V —1sin a][cos8+V —1sin B][cosy+¥V —1siny] 
Gateat to n factors 
=cos(a+8+y7+... ton terms) + V¥—1 sin fat+B+y+... 
| to m terms]. 
In this expression put | | 
tS BSS icons =, 
so that we have 
[cos 6+ / —1 sin 6]" = cos nO +./—1 sin nf. 
Case II. Let n be a negative integer and equal to 
— mM. 
We have, by the ordinary law of indices, 
(cos 0+ —I1sin 0)" = (cos 0+ / —1sin gy-™ 
ee ee eee ee “ 
~ (cos O0+V—I1 sin 0)” cosmO+V—1 sin md’ 
by Case I, 
_ cosmé — V —1 sin md 
~ (cosmO + V —1sin mé) (cos m6 — V —1 sin m@) 
_ cos md — Vv —1sin md 
cos? mO + sin? m0 
= cos (—m) 0+ —Isin (— m) 0 
=cos nO +¥ —1sin nd. 


=cosmé —/ —1 sin m@ 
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Case III. Let n be fractional and equal to a where 


q 18 a positive integer and p is an integer, positive or 
negative. 
By the previous cases, we have 


cos F V—1 sin | | = 08(¢. 4 +V —Isin (4. “) 
q q q q 
=cos6+V —1 sin 6, 
7 —— .@. 
Therefore ee a yeaa | rr is such that when multi- 
plied by itself g times it gives cos 6+ —1 sin 8. 
Hence cos “+ Vv —1 sin . is one of the gth roots of 
cos 6 +V —1 sin @, 
1.6. cos a +V—Isin u 
q q 
is one of the values of 


1 
(cos 6+,/—I1sin 6)?. 
Raise each of these quantities to the pth power. 
We then have that one of the values of 


ee Ye, 0 —— . O\P 
[cos 0+ 7 —1sin 6]! is (cos + V=1 sin) 
1.€. 18 soe! pal = ate. 
q q 
269. The quantity 7 is always used to denote V—1 


and will be often so used hereafter. The expression 
cos 0-+7tsin 6 therefore means cos 6+ —1sin 0. 
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Ex. 1. Simplify 
(cos 30 +7 sin 30)> (cos 0 —7 sin 6)? 
(cos 50 +4 sin 56)? (cos 20 —% sin 26) ° 
We have cos 36 +7 sin 36=(cos 0+7sin 6), 
cos 6—7 sin 6=cos (~ 6) +isin (—6)=(cos 6 +7 sin 6)—}, 
cos 56 +4 sin 56 = (cos 6 +7 sin 6), 
and cos 20-—isin 20=cos (—26)+isin (—20)=(cos 0+7 sin @)~*. 
The given expression therefore 
_ (cos +7 sin 6) (cos 6+7¢sin 0)~3 
~ (cos 0+% sin 6)® (cos +7sin 6)~1° 


=(cos ?+7sin 6)"’= cos 136 —7 sin 138. 


1 1 
Ex. 2. If 2 cos O=2-+— and 2 cos@=y+-, 
1 
. — MyM 1 
prove that 2 cos (mA +ng) =x"y + itnyn 
We have x?-—2xe cos d= -1. 


(% — cos 0)?= —~1+cos? 6= — sin? 0. 


x=cosé+isin @, 


so that x™=cos mO+isin mé, 
J ied 

and — =cos mO —i sin mé. 

x nr 
Similarly y=Ccos é+i sin ¢, 

so that y= cos np+i sin nd, 
1 a ai 

and ae cos nd —7 sin nd. 

Th pe 
eye ayn 


= (cos mé +7 sin mé) (cos np +7 sin nd) 
+ (cos m9 —i sin m6) (cos nd —i sin ng) 
= cos (mé +n) +i sin (mA +n¢) 
+cos (m0+n¢) —i sin (mé +n) 
= 2 cos (m6 +n¢). 

Similarly it could be shewn that 


gm nr 
ye + So =2 cos (md ~n@). 
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Ex.8. If sina+sinB+siny=cosa-+cos8+cosy=0, 
prove that cos 3a,+ cos 38+ cos 8y=3 cos (a+ B+), 
and sin 8a + sin 8B + sin By =83 sin (a+ B+). 
This is an example of the many trigonometrical identities which are 
derived from algebraical identities. 
For we know that if | a+b+c=0, 
then a? + b+ ¢c3= Babe. 
Let a=cosa+isina, b=cos8+isinB, and c=cosy+isin y, 
so that we have a+b+c=0. 
(cos a+é sin a)? + (cos B+i sin B)?+(cos y+7sin y)? 
=3(cosa+isin a) (cos 8+7 sin B) (cos y+7sin y), 
so that, by De Moivre’s Theorem, 
(cos 8a + cos 36+ cos 3) +7 (sin 8a-+sin 36+ sin 3y) 
=8 cos (a+6+y)+3isin(a+Bt+y). 


Hence, by equating real and imaginary parts, we have the required 
results. 


EXAMPLES. XLVII. 


Put into the form r (cos 6 +7 sin 6) the quantities 


1, 1+%. 9, —-1-i. 3, -/3+7. 
4, 344%, 5, 14+/2+i | 6. 2-/3+4, 
Simplify 


(cos 6—isin 8)! (cos a+isin a) (cos 8 +7 sin B) 


0. (cos a+iésin a)?" 8. (cos y+isin y) (cos 6+7sin 6) * 
9 (cos 20 —i sin 20)? (cos 36 +7 sin 36)~5 
"(cos 40 +7 sin 46)!2(cos 50 — isin 56)-®" 
w ., w\it 
(cos G6 ) iy, (eosat tsi a)! 
v0. (cos Féin 3)" " (sin B-+4 cos B)®" 


12, {(cosé-cos¢) +i(sin 6 - sing) }”+ {cos @ -— cos¢ —i (sind —sin p)}* 
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13, Prove that 


(sin 2 +1 COS x)"=cosn (5 - x) +isin n G -s), 
1+sin@+7¢os @\” _ NT 
and that eros aa _ = COs e - ng ) +7 sin (F - ng). 
If x, y, z and u stand respectively for 


cosa+isina, cosB+isinB, cosy+isiny, and cos6+7sin 5, 


prove that 
14, (ety) (@+uy= 4.08 “FF eos 75" | cost PEI 8 
isin TEES?) 
Ve on ont SU ORB Ve Of Oe hye O 
15. (e—y) (z-u) BO Ge 5) cosec 5) | os ae 
~i sin SEES YE). 


6 6... 
16. ny +2u= 200s “TP E gtterys +7 sin 


at+B+y ) 
rg 

17, From the identity 

(a? — b) (0? — d?) = (c? ~ b?) (a? — d?) + (a? — ¢”) (b? — a?) 
prove, by putting a=cosa+isina and similar expressions for the other 
letters, the identity 
sin (a — 8) sin (y - 6) =sin (a — 4) sin (y — 8) +sin (a- y) sin (6 - 9). 

18, From the identity | 
ig) eZee) pe aes 
(a= 0) (ac) * (b=) (b~ (c—a)(c-6) ~ 

deduce, by assuming w= cos 20+7 sin 20 and corresponding quantities for 
a, b, and c, that 

sin (0 — 8) sin (@ —- +) 

sin (a — 8) sin (a - y) 

Similarly, deduce identities from the identity 


1 1 1 
(2- a) ("- b) (a@—b)(@—a) (a—b)(e—b)’ 


sin 2 (0-a)+two similar expressions =0. 
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19, Prove that 


(a+ bi)” +(a — bi)” =2 (a?-+ b?)?* cos (Fian) : 
90, If 2eosd=o+~, 
that 2 O6=2" : 
prove tha cos 19 =a" +. 
1 1 
91. if 2cosG="+—, sad dass ae Sein, 
prove that 2008 (0+ O+...)=aye.., tan : 
92. If L,= COS at J =Isin 5; 
prove that 2y.@_.%g.... ad inf.=cos 7. 


93, Using De Moivre’s Theorem solve the equation 
xt — x3 4 4% — 2 +1=0, 


270. In Art. 269 we have only shewn that 
6 ss... ¢ 
cos —+,/ —I1 sin— 
q v q 
is one of the values of 
1 
(cos 0+ —1sin 6)!. 


The other values may be easily obtained. For 


- ra - 
(cos 6+ —1 sin 0)? =[cos (Qn +0) + J —1sin (Qnxr+ Q))? , 
where » is any integer, and one of the values of the latter 
quantity is | 


y) 
og TEE + fH i sin ante 


By giving 1 the successive values 0, 1, 2, 3,...(q—1), 
we see that each of the quantities 


ten es eae 
q q 
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27 +86 


ia ay +e 


cos 


Cos sre + /—1sin 


@eeoneeeoeoev epee eevee eeoteteoaseeaesesees ev eens 


is equal to one of the values of 


1 
(cos 0+ J —1 sin 0). 


The highest value that we need assign to n isq—1; 
for the values g,¢g+1, q¢+2,... will be found to give the 
same result as the values 0, 1, 2,.... 

Also no two of the quantities (1) will be the same. 
For all the angles involved therein differ from one another 
by less than 2a and no two angles, differmg by less than 
Qer, have their cosines the same and also their sines the 
same. : 

To sum up; By giving to n the successive values 
0, 1, 2,...q¢—1 in the expression 


Qn + 6 


2n7 +6 
Ss ——-—-_-_——- 


CO +,/—I1sin 


we obtain g, and only gq, different values for 
1 
(cos 6+,/ —1 sin 6)%. 
271. By the use of the last article we can now obtain 


trigonometrical expressions for any root of a quantity of 
the form x + yt. 
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For we proved in Art. 267 that 
a + yt = p [cos (Qnr + 6)+./ —1 sin (Qna + 8)], 


where | p=+ J@+y, 
and @ is such that 
cos =~ and sin 0=2. 
Hence i . 
1 1 


(a + yi)? = p! oop Se Jo sin nad . 
? q 
By giving » in succession the values 0, 1, 2,... ql, 
we obtain the g required roots. 


272, Ex.1. Find the values of 


2 4 
(cos F + fe 1 sin 7)" 


We have | | 
7 — , w\f 4 
(cos at ey -1gsin a es E 2n7 += 3)+ roe ee Isin | 2n7 += 3 a) | 


where x is any integer, 
2nT 2n3r 1 
=00s (“7 aes m)tv=i isin (7 mi +B): 
Giving n in succession the values 0, 1, 2, and 3 we have as our answers 


the quantities 


igtN-1 1sin 55 © 75 LNG isin 7, 


1 


eee Batt ol 
cos et al isin", and cos Or + ZA sin 2 


‘The student will note that the value n=4 will not give us an additional 
value. For it gives 


cos (ar+F i) tv=1 1sin (2r+35), 
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° > T Foaay = iy Tv 
which is the same as cos iat J ~I1sin 12’ 


and this is the first of the quantities already found. Similarly the values 
n=5, n=6, n=7 would only give respectively the remaining three quan- 
tities, and so on. 


Ex. 2. Find all the values of (- 1)3. 


Since cos r= —1, and sinw=0, 
1 Meron i: 
we have (—1)®=(cosm+ J ~isinz)3 
tae L 
=[cos (2n2 + 7) + xi —1sin (2n7+7)]° 
ae 
= COs rir d —lsin “ 


Giving n the values 0,1, and 2, the required values are 
— — 5 —- , 65 
cos 5 + /—Isin 5, cos7+,/—Isin 7, and cos atv -Isin = 


4.6, ees ~1, and er ae 


EXAMPLES. XLVIIL 


- Find all the values of 


Lv. a. (-1)e. 8. (- 78. 

a (-DF Be =HR 8 Gt =8)%. 

7; Gaye. Ssageye, 9, Weesleu® 

10. 164. 11, 326. 12, (L+a/—3)4(1 -/— 3)". 
13. Simplify ( cos 7 ae sin 3) 


and express the results in a form free from trigonometrical expressions. 
14, Find the continued product of the four values of 
(cos ~ +4 sin 3)° 4 
3 3 
15, Prove that the roots of the equation 79+ 1125-1=0 are 


/5-1 [ 20 203 


cos —— +i sin — 
2 5) 5 


16, Solve the equation #12—1=0 and find which of its roots satisfy 
the equation et+er?+1=0. 


L. T. 21 
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17, Prove that Na+ bit Ya-bi 
has 7 real values and find those of 
3 J 2 
ies towee: 
18. Prove that the n nth roots of unity form a series in G.P. 
19, Find the seven 7th roots of unity and prove that the sum of their 


nth powers always vanishes unless n be a multiple of 7, n being an integer, 
and that then the sum is 7. 


273. Binomial Theorem for Complex Quantities. 
It is known that for any real values of » and z, provided 
that z be less than unity, we have 

i n(n — I) se , H(n—1)(@~2%) ,, 
(l+2z)"=l+nz+ L 123 

When z is complex (=#+ y V—1) and n is a positive 
integer, the ordinary proof applies and the theorem (1) is 
still true. 

When z is complex, and n is a fraction or negative, it 
can be shewn that 


1 tng BG) Ce ee eer ee 0-5) 


is one of the values of (1+ z)”, provided that the modulus 
of 2, i.e. Ja? +y?, is less than unity. When this modulus 
is equal to unity, the theorem is only true (1) when n is 
positive, and (2) when n is a negative fraction and z is not 
equal to — 1. | 

The proof is difficult and beyond the range of the 
present book, We shall therefore assume the result. 
The student may hereafter refer to Hobson’s Trigo- 
nometry, Arts. 211 and 212. 


CHAPTER XXIII. 


EXPANSIONS OF sinn@ AND cosn@. SERIES FOR sin @ 
AND cos@ IN POWERS OF 6, 


274. By the use of De Moivre’s Theorem we can 
obtain the expansion of cosn@ and sinn@ in terms of the 
trigonometrical functions of @. 

For we have 

cos nO + 2sin nO =(cos 8+2s8in 8)”, — 

Since n is a positive integer, the Binomial Theorem 
holds for (cos @ + 7 sin 0)”. 

Hence, by expanding, we have 


cos nO + 2sin n@ = cos” @ + n cos”! 8.4 sin 


—1 a n(n—1l)\(n—2 ae 
ae = 5 ) eos 8. sin? O+ NO cost-20.i8sint 8... 
Hence, since 
vol, v2=-1, vol, 2@=4,.., 
we have 
n(n—1) 


cos n@ +2 sin n@ =cos” @— 


n(n —1)(n—2)(n—8 ) 
a 1.2.3.4 


cos”? @ sin? @ 


1.2 
cos” @ sint 8+... 


n(n —1)(n— 2) 


ee ee ae 
+i | nos é sin 0 33 


cos”? 8 sin? 8 +.. : 


21—2 
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By equating real and imaginary parts, we have 
n(n —1) 


a 2 
cos n@ = cos” @ 12 


cos”? sin?@+...... (1), 


and 
n(n—1)(n— 2) 
1.2.3 
_ w(n—1) (n— 2) (n— 8) (n— 4) 
| 1.2.3.4.5 
The terms in each of these series are alternately 
positive and negative. Also each series continues till one 
of the factors in the numerator is zero and then ceases. 


sin nO = n cos” @ sin 6 — cos”? @ sin? @ 


cos" 6 sin'O —...... (2). 


275. From equations (1) and (2) of the last article 
we have, by division, 
sin nO 
cos n6 


tan n@ = 


n cos”) Ogin 6 — n(n —1) (n—2) 


= i _ n(n—t) 
cos” @ “7 o- 


r—-3 ne 
1.2.3 cos 6 sin’ 6+ ...... 


(2 — 1) (m— 2)(m — 3) 


cos”? 9 sin? 6 + it 1.2.3.4 cos”-4@sin?@...... 


Divide the numerator and denominator of the right- 
hand member of this equation by cos” @, and we have - 


tan n0 = 
ntan@—" (n—1)(n—2) foes g.e-Dm =2)(n~8) (n—4) tan®é 
1.2.3 [5 ae 
ie Ae tan? @ saaaata maaan tan’ @...... 


276. The values for cos 7@ and sin n@ in Art. 274 may also be 
obtained, by Induction, without the use of imaginary quantities. 


For assume (1) and (2) to be true for any value of x. Then, since 


cos (n+ 1) 6=cos 76 cos 6 — sin né sin 8, 


TANGENT OF A SUM OF ANGLES. 325 


we obtain the value of cos (n+1) 6, which, after rearrangement, is found 
to be obtained from (1) by changing n into {n+1). 

Similarly for sin (2+ 1) 0. 

Hence, if the formule (1) and (2) are true for one value of a, they are 
true for the next greater value. 

But it is easy to shew that they are true for the values n=2 and n=3. 
Hence, by Induction, they can be proved to be true for all valués of n. 


277. From De Moivre’s Theorem may be deduced 
expressions for the sine, cosine and tangent of the sum of 
any number of unequal angles in terms of the tangents of 
these angles. 

For we have 


cos(atP+y+...)+tsn(a+@B+yt+...) 
=(cosa+sin a) (cos 8 +7s81n 8) (cosy +2 sin y)...(1). 
Now cosat+isina=cosa[l+¢tana], 


cos 8+7sin 8 =cos 8 (1 +7 tan ), 


eaeor*+eecvsespeoevneeneneoeeeeseeosoeoneeaewnes 


Hence (1) may be written 
cos(a+Ah+yt+...)+esmn(at+B+y+...) 
=cos2cos 8 cosy...(1 +2 tan a) (1 +2 tan 8) (1 +7 tany)... 
= cosacos@cosy...[1+¢(tana+ tan @+tany+...) 
| +2? (tan atan 6+ tan Btany+...) 
+2(tanatan Btan y+tan @tanytan6...) 


SP coe yitesean aad ane aeiee (2). 


Using the notation of Art. 125, this equation may be 
written 


cos(a+ B+y+...)+¢sn(at+@B+y+...) 


= cosacos 8 cosy... [1 + 18, — 8 — 183 + 84+ 18; — 8... | 
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Hence equating real and imaginary parts, we have 
sin(a+@B++y...)=cos a cosScos y...[8, — 83+ 8;— & ...]...(8), 
and 
cos(a+ B+y...)=cosacos 8 cosy...(1 — 8. + 8, —85...)...(4). 

Hence, by division, 

tan (a+ B+y+...)= toe tee (5). 

The signs in the expressions on the right hand of (3) 
and (4) are alternately positive and negative. 

The relation (5) was shewn, by Induction, to be true 
in Art. 125. 


278, x. Prove that the equation 
a? cos? 6 + b2 sin? 6+ 2ga cos 6+2fb sind+ c=0 


has 4 roots, and that the sum of the values of 0 which satisfy it is an even 
multiple of wr radians. 


= 6 
Let ¢ = tan 5° 
2 tan 1- fae” 
Then since (Art, 109), sin@é= and cos @= or 
i+tan? 5 1+ tan? 5 


the equation above becomes 


1 — t?\2 2t \2 1- 
2 eth, 2 
re Gis) aa (3) eee area t irate ou 


or, on reduction and simplification, 
t4 (a? - 2ga+c)+4f bt? +t? (4b? — 2a? + 2c) + 4fbt+a?+2ga+e=0...... (1). 
This is an equation having 4 roots. 
Afb 
a? —2ga+e’ 
; 2 2a* +2 
8,=sum taken two at a ine ee ana’ 
a? -2ga+e 
Afb 
a2 —2Qgat+e’ 


; 242 
and . $,=sum taken four at a time =“, 99 *° ; 
a* —-2ga+ec 


Also s,=sum of the roots= — 


y) 


s,=sum taken three at a time= — 
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Since s,=5,, it follows, by the last article, that 
an (A+ A. + 03+ =) ee ia ee 
2 


[The denominator 1~—s,+s, does not vanish unless a= b?.] 
. 0,40.+ 65+ 04=2. nm radians 


=an even multiple of m radians. 


EXAMPLES. XLIX. 

Prove that 
1, cos 46=cos* 6 — 6 cos? 6 sin? 6+ sin 6. 
9. sin6@=6cos) 6 sin 6 — 20 cos? @ sin? 0 +-6 cos 9 sin 6. 
8. sin 70=7 cos® 6 sin 6 — 35 cos! @ sin? 6 +21 cos? 9 sin? 6 — sin’ 0. 
4, cos 96=cos? 6 — 36 cos’ @ sin? 6+ 126 cos® 6 sin4 0 

— 84 cos? @ sin® 9 +9 cos @ sin’ 6. 
5. cos 86=cos® 6 — 28 cos® 6 sin? 8+ 70 cos* 6 sin* 6 

— 28 cos? @ sin® @ + sin? @. 

Write down, in terms of tan @, the values of 
6, tan 56. 7, tan 76. 8, tan 96. 


9, Prove that the last terms in the expressions for cos11é and 
sin 116 are 
—1lcos @sin! @ and —sin"™ @. 
10. Prove that the last terms in the expressions for sin 89 and sin 96 
are —8cos @sin’ 6 and sin? 6 respectively. 


11, When n is odd, prove that the last terms in the expansions of 
sin n@ and cos n@ are respectively 
nal nai 
(-1) ? sin®@ and n(-1) * cos @sin®“16. 
12. When n is even, prove that the last terms in the expansion of 
sin n@ and cos n@ are respectively 
n-2 


n(—1)? cosé@sin®-20 and (—1)*sin”@. 
13, Tia, 8, and y be the roots of the equation 
x + px*+qu+p=0, 
prove that. tant a+tan 6+ tan-!y=mn7 radians, 
except in one particular case. 
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14, Prove that the equation 
sin 30=asin6+bcos@+e 


has six roots and that the sum of the six values of 6, which satisfy it, is 


equal to an even multiple of 5 radians. 


15, Prove that the equation 
ah sec @ — bk cosec @= a? — b? 


has four roots, and that the sum of the four values of 6, which satisfy it, 
is equal to an odd multiple of w radians. 


16, Ifa, 8, y,... be the roots of the equation 


sin mz — nz cosmx=0, 


prove that tan-2 = 4 tant +...4+tan7} = 0. 
a 


EXPANSIONS OF THE SINE AND COSINE OF AN ANGLE IN 
SERIES OF ASCENDING POWERS OF THE ANGLE. 


279. Asin Art. 274 we have 


cos nO = cos” 8 —_— cos” @ sin? @ 
—n(n—1)(n—2) (n—8) wer 
a arg r= ee 4@sint O-.... 


Put n@ =a, and we have 


ae | 
6 € -1) 
cos a = cos” 6 — cos”? @ sin? @ 


2 
a /a a a 
oe )(o- 2) (6-8 (6- ?) (6-5) cos”—4 @ sint 6 — 
1.2.3.4 ae 
— a(a—O) sin @\2 
= COS 0 ——>—5~ 008 (=| 


a(a—@O)(a—20)(a—30) _ , /sin @\4 
? 1.2.3.4 ae ‘0 (=-) - teeees (1). 
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In equation (1) make @ indefinitely small, a remaining 
constant and therefore » becoming indefinitely great. 


Then me is, in the limit, equal to unity and so is 
every power of (a). (Art. 263.) 


Also cos @ is, in the limit, equal to unity and so also is 
every power of cos @. (Art. 262.) 
Hence (1) becomes 
2 a‘ a’ 


a ‘ 
“2747 cm ad inf. 


cosa=l1 
280. Zo expand sina in terms of a. 
As in Art. 274, we have 


a cos” 4 sin? @+... 


sin nO =n cos” @ sin 6 — i 


As before put n@ =a, and we have 


ala- 1) (6-2) 


. a ; 
sina= 7 cos”! @ sin 6 — 


cos”? @ gin? @ 


1.2.3 
a (ao a a a 
G-IG-96-96-4 
+ g(-*)(G-2)(6-9) (6-4), sin’ @.. 
1.2.38.4.5 
=acos”! @, es) — tee zi cos”—3 eae 


As in the last article make 6 indefinitely small, keeping 
a finite, and we have 


a a a 
sina=a--—=+ 


is js pe inf. 
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281. _There is no series, proceeding according to a 
simple law, for the expansion of tan@ in terms of @, 
similar to those of Arts. 279 and 280. 


We shall find the series for tan @ as far as the term 
involving 6°. 


9 6s 65 
r : gin 8 _ ae ae 
a rrr 
(2 A 


GB 6 i 
=(¢-3tig7 | E -(G-at)| 


@3 G5 G2 @4 
=(6- F497) [1+(G-ut-) 
Vane : j 
pe -Sutap 
by the Binomial Theorem, 


_ 63 G5 [" @2 Q4 eu 


neglecting 6° and higher powers of 0, 


GF. GF GP ...'O 
=(0-G +i 7 (Lt g tage) 
e 2) 


on reduction and neglecting powers of @ above @. 

_A similar method would give the series for tan @ to 
as many terms as we please. The method however soon 
becomes very cumbrous and troublesome. 


282. In Arts. 279 and 280 we tacitly assumed that 
a was equal to the number of radians in the angle con- 
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sin @ . 


6g 


sidered. For, unless this be the case, the limit of 


not unity when @ is made indefinitely small. 

When the angle is expressed in degrees we proceed as 
follows. a 
Let a° = « radians, so that 


SO sha 

180. 7’ 

T 

and hence L = 180 * 

Then COS a = Gos 2° 
18,84, 
a 6 
Set EO Ns ee 
7 }2 180? }4 180* |6 180° “=, 

So also 

ee ee aii cl 
— ae I3 bo 


ee ae =) 
~ 180 3 (180 5 (130 a 


283. Sines and cosines of small angles. The 
series of Arts. 279 and 280 may be used to find the sines 
and cosines of small angles. 


For example, let us find the values of sin 10” and 
cos 10”. 


Since 10’ = ( ! ) radians 


Y Tv 
6x60 180, 


| ne 
= Can 
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we have 
sin 10” = 7 — 2 stam) +g (gaan) 
~ 64800 ~ 3 (Gasoo) i 64800) ~°7 
vy Af(_mYy tfim \_ 
and cos 10” = 1 3 (x80) - p (<a500) i 
a | 
Now 64300 = 000048481368..., 
7 2 3! 
(caso) = 0000000023504... 
T 3 
aad (sass) = 000000000000113928..... 


Hence, to twelve places of decimals, we have 


sin 10” = 000048481368, 


and cos 10” = 1 ae 
= 1 — 000000001175 
= 999999998825. 


284. Approximate value of the root of an 
equation. The series of Art. 280 may also be used to 
find an approximate value of the root of an equation. 
The method will be best shewn by examples. 


sind 1849 


Ex.1. J 6 = 7350 


, prove that the angle @ is very nearly equal to 


1 ; 
15°” radian. 


We know that, the smaller 6 is, the more nearly is equal to 


unity. Conversely in our case we see that @ is small. 
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In the series for sin @ (Art. ae) let us omit the powers of 6 above the 
third, and we have 


63 
rate 
[3 1349 ae 
6 1350 1350° 
7 a 
= 1350 225° 


Hence 6= = , so that the angle is 5 of a radian nearly. 


If we desire a nearer approximation, we take the series for sin 6 and 
omit powers above the 5th. We then have 


63 @° 
"~B "B_, 1 
Qe 1850. 
eo 120 20 
a ta ee 
This gives 64 — 206 1350 595 


Fence, by solving, 


(22480 _ 150 - 149-933312..._ -066688 
15 15 ~ 415 


62=10+ 


_ 100032 
~~ TR 
1-00016 
15 


This differs from the first approximation by about ee 00 th part. 


radian. 


Ex. 2. Solve approximately the equation 


C08 (F + 6) =°49. 


Since ‘49 is very nearly equal to which is the value of cos 5 =, it 


follows that 6 must be small. 
The equation may be written 


1 /3 . Pe ee 
3 C08 8 ~“5- sin 0= 49=5 — 100 ose wie cine dave attends (1). 


For a first approximation omit squares and higher powers of 6. By 
Art, 280 this equation then becomes 
1 J3 Lk 
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so that 
2 1 _ 2/3 34641... 


"= "73° 100 300 300 


=°011547... radian. 


For a still nearer approximation, omit cubes and higher powers of @. 
The equation (1) then becomes 
1 as @\ J re Ly, ee 
2 2) 2  ~2 100’ 
1.€ 6? + 2.,/30 = s ‘ 
ca . 100 


6=—/3+ v/804 _ 0115086... radian. 


The first approximation is therefore correct to 4 places of decimals. 

The angle @ is therefore very nearly equal to -0115 radian, i.e. to 
about 40’. 

The accurate answer is found, from the tables, to be ‘0115075... 
radian. 


285. Evaluation of quantities apparently inde- 
terminate. We often have to obtain the value of quan- 
tities which are apparently indeterminate. 


Suppose we required the value of the expression 


3 sin 0 —sin 36 
@ (cos 6 — cos 3)’ 


when @ is zero. | 
If we substitute the value 0 for 6, we have 
0-0 
0x 0’ 
which is apparently indeterminate. 
The expression however, for all values of 0, 


— 8sind—(3 sinO—4sin?@) _ 4: sin? 0 
~~ 6 {cos 6 — (4 cos*?@ — 3 cos A)} — @ {4 cos 6 — 4 cos*6} 
sin’ sin 0 1 sin 0 


~ Ocos Osin2?6 Ocosd cos d - 0 
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Now, the smaller @ is, the more nearly do both 


1 sin 0 
cos MO 
approach to unity. Hence, when @ is actually zero, the 
given expression = 1 x 1=1. | 
Such an expression as the one we have discussed is 
said to be indeterminate. We should more properly say 
that the expression is “at first sight” indeterminate. 


286. In many cases the real value is very easily 
found by using the series for sin 6 and cos @. The method 
is shewn in the following examples, of the first of which 
the example in the preceding article is a particular case. 


Ex.1. Find the value of 


n sin 6 — sin n@ 


0 (cos 6 — cos n@)" 
The expression 


a (0-5 +B) 2 (wee =i) 
[G-Bt) x 0-2) 


ne - 5 
5 93 — 2 z 65 + higher powers of 6 


Te — 1 —1 
6 ion 9? — ae 64+ higher powers of a | 


wW-n n—n 
Eee 


es ee 


7 ie 


When 6 is zero, this expression 


62-4 higher powers 


62+ higher powers 


Fe ee 
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Ex. 2. Find the value, when x is zero, of the expression 


cosxz—log (1+x)+sinz-1 | 


e® —(1+2a) 
Since log, (L42)=0— 50245 a8—Fat.., 


v2 3 get 


v— ——s, sy 
and € =e + E + a (Arts. 253 and 256), 


this expression 


1 xe? at i re eer re 1 
(1-S48..)-(sfosda.)+(2-B48..)- 


Cr cee 
(iietb+ G+ a) (L+2) 


a x 


“B +higher powers of «  - p +powers of x 
= ets = Seco, 
ote 1 
B + higher powers of x -~-+ powers of x 


|2 


When x is zero, this latter expression 


==. 


Ex. 3. Find the value, when x ts zero, of 


i 
tan x\ x 
. ‘: 


When x is zero, this expression is of the form (5) : 


0 
‘ 
w+ + he 
But it also = 7 (Art. 281). 
Now, by Art. 250, the value of 
3 
x2\ x2 
(1 +5) 
is e, when x is zero. 
xe 
Hence the expression =e3 ses, 


The value of the expression may be also found by finding the value of 
its logarithm. 
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EXAMPLES. L. 


sind 1013 
ou 6 1014’ 
prove that @ is the number of radians in 4° 24’ nearly. 
sing 863 
2. If 6g roca 864 ? 


prove that @ is equal to 4° 47’ nearly. 


sin@ 5045 
oe “9 = 5046’ 
prove that the angle @ is 1° 58’ nearly. 
sin@ 2165 
4.0 @ ~ 2166’ 
prove that 6 is equal to 3° 1’ nearly. 
sin@ 19493 
5. Ht @ 19494’ 
prove that 6 is equal to 1° nearly. 
1 
6, If tan O= 7% ; 


find an approximate value for @. 


Find the value, when x is zero, of the expressions 


7 x —sin x 9g x? sin ax 
, ee * 1-cosmz’ * gin ba’ 
tanz—sin x tan ox —% sina versin 
10. sme ae Bers 
13 Msin x— sin mx 14 a’ sin ax — 6? sin bx 
* m (cos & — cos ma) ' Btan ax —a*tan ba” 
15 b* sin? ax — a? sin? bx 16 xz log, (1+.2) 
' tan? axe— a? tan2ba ° ; 1—cosz 
17 e* 1 +log,(1— 2) 18. x+2 sin c—sin 3x 
: sin? x ; ‘ g+tanae—tan2z ° 
sin «+sin 62 — 7x sin? naz ~ sin? px 
19. ——————__.. 20. ile a 


x 1—cos px 


L. T. 22 


337 


ax 
ba’ 
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91 i sing ee _ 2 | 99 sin? ,/mn6 — sinmé sin nd 
" 6 @ 20 ; " — (1-cos m6) (L—cosnd) ° 

3 sin « — sin 38x 

Lo 
v—sin & 
: son \F 
(sin x —2sin 5) +(1- cos x) 
2 
24, 
: ; 5H 4, 
sin v sin 2% — 8 cos # sin? 373 sint x 
3 

a® — b* tan a\” 

25. e 26, ( =| ° 
x : 2X 
ae 
x 
27, (cos ~ +sin =) 
m m 
Find the value, when x equals got 
28 (cos z+ sin 2% + cos 3x)? 
* (sing+ 2cos 2a - sin 3x)3° 
29, (sin tan @ 30, seca—tan x. 
Find the value, when is infinite, of 
ie F 
81, (cos ve 32. (cost) 33. (cos )" ‘ 
n nm) en 
1 
T n 


34, If be >1 and =~ nearly, prove that (sin@) is very nearly 


equal to 


2 
(n—1)+(n+1) sin 0 
(n+1)+(n—1) sin 6° 
35, In the limit, when B=a, prove that 
| a sin B-B sin a ee 
cose 6 or ~ = tan (a —tan7a). 
36, Prove that | 
. 1 1 
ag Yaar 8 
4 tan eer tan 230 
and deduce that in a triangle ABC, in which C is a right angle and CA is 
five times CB, the angle A exceeds the eighth part of a right angle by 
3/36”, correct to the nearest second. 
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37, Find a and bd so that the expression asinv+b sin 2% may be as 
close an approximation as possible to the number of radians in the angle 
x, when x is small. 


38, If y=2~-esin a, where e is very small, prove that 


Geel Pape 
tan }=tan 5 (1 é+e*sin 5) 


and that 


2 2 


where powers of e above the second are neglected. 


tan © =tan 2 (1tere cos? s) ‘ 


39, If in the equation sin (w—@)=sin w cosa, @ be very small, prove 
that its approximate value is 


m= (1~ tan? @ sin? * 
2 tan w sin 5 € tan* 5 sin 5) 


40. If ¢be known by means of sin ¢ to be an angle not > 15’, prove 
that its value differs from the fraction 


28 sin 2¢+sin 4¢ 
-12(34+2 cos 26) 


by less than the number of radians in 1’. 


22—2 


CHAPTER XXIV. 


EXPANSIONS OF SINES AND COSINES OF MULTIPLE ANGLES, 
AND OF POWERS. OF SINES AND COSINES. 


[On a first reading of the subject the student is recommended 
to omit from the beginning of Art. 293 to the end of the chapter.] 


287. In this chapter we shall shew how to expand 
powers of cosines and sines of an angle in terms of cosines 
and sines of multiples of that angle, and also how to 
express cosines and sines of multiple angles in terms of 
powers of cosines and sines. 


988. Let «=cos@+7sin 8, so that 


1 1 cos 86 —7 sin 6 


Ss a ae ee A ee A ie = cos @—isin 0. 
zx cos@+7sin@ cos?@+sin?6 


Hence x + ; = 2 cos 8, 


and o == isin 6. 


Also, by De Moivre’s Theorem, we have 


x” = cos né +2 sin n8, 
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1 e * 
and — = cos nO — 7 sin 0, 
a 
dl 
so that a” + — =2cos n0, 
2 
1 
and gn — a 2¢ sin n8. 


289. To expand cos” 6 in a sertes of cosines of multiples 
of 8, n being a positive integer. 
From the previous article we have 


(2 cos 0)" = . + 


= 1.20 
4% n-1 1 1 1 
o- 2 De a ma maT if 
= ge” + na? Ae se a gn4 +. a 
at (n-—1) 1. 1 1 
ae oe yt +n ‘na -+- ye : eae nteen (1) 


Taking together the first and last of these terms, the 
second and next to last, and so on, we have 


(2. cos 6)" = (w" + 5) +n (w+ ee 


is 


2D (wey 1) 4... 


But by the last article we have 


om + _ = 2 cos né, ot = 2cos(n— 2) 6... 
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Hence | 
2” cos” 6 = 2.cos nO +n.2 cos (n — 2) 0 
aaa =) 2 cos(n —4) O+ v0.00. , 


1.€ 2” cos” 6 =cos nO +n cos (n — 2) 0 
ee cos(n—4) A+... ... (2). 

If n be odd, there are an even number of terms on the 
right- hand side of (1), so that the terms take together in 
pairs and the last term contains cos @. 

If n be even, there are an odd number of terms on the 
right-hand side of (1), so that after all the possible pairs 
have been taken there is a term left not containing «. 
This term will, when divided by 2, form the last term on 
the right-hand of (2). 


990,.. Ex. 1. Expand cos® 6 in a series of cosines of multiples of 0. 
. 8 
We have (2 cos 0)8 = (« + =) 


ee de ca SE 
= 28 + 878 +. 2804 + 5627+ 70+ 56. F 4.98 Oy ae ae 
ce x x x 


= 284 zt +8 ( 2+ Z 428 oy ea +56 nt 4 +70 
ae Ce sae a a 
-=2,c0s 86+8.2cos 60 +28. 2 cos 40+56. 2 cos 29+ 70, 
27 cos? 0 = cos 86 + 8 cos 66 + 28 cos 40 +56 cos 20 +35. 
Ex. 2. Expand cos’ 6 in a series of cosines of multiples of 0. 
7 
We have (2 cos 6)7= (© + 5) 
an a 


of : tins fy Bons od 1 
=u'+7., 2° +9193 + 385e¢+35.-+21. a ds — + 7 
: H 63 i ae x 


= (2745) +7 (a+) +21(0°+5 ) +35 (« + 3) 


=2. cos 70+ 7.2 cos 56421. 2 cos 36435. 2.cos 4, 
26 cos? 0 = cos 70 +7 cos 56 +21 cos 36 + 35 cos 6. 
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291. To express sin” @ in a sertes of cosines or sines of 
multiples of 6 according as n 1s an even or odd integer. 
By Art. 288 we have 


2isin0d=x#-—-, 


so that. — 224 gin” @ = (2 *) aval oietig nt (1). 
Case I. Let n be even, so that the last term in the 
expansion is. 


1. dec’ 
+ oa and i=(—1)?. 


The equation (1) is therefore 


~ 1 n(m—1) 1 
_1)2 aa —1 2 NY pn? 
2”(—1)? sin” @ = a2” — nx” tog OO at ee 
n(n—1) 1 2 ak 1 
+ ~T.F oP vi) a pid aa i teeres (2) 
1 - ob \ n(a—-1) 1 

Eas n Eh eee n—2 yn—4 Qi, 
=(« +5) n(a +o) + 12 (« + =) 
= 2. cosnf —n.2 cos (n= 2) 0+" =") 9 cos (n—4) 6 


as in Art. 289. 


a. 

“. 29-1 (—1)? sin” 6 = cos nO — n cos (n — 2) 0 

n(n —1) 

12 

Since n is even, there are an odd number of terms in 

(2), so that there will be a middle term which does not 

contain 2. This term,-on being divided. by 2, will be the 
last term in equation (8). 


cos(n—4)0—...  ...(3). 
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Case II. Let n be odd, so that the last term in the 
expansion (1) will be 
n-1 


and y=4.i—2=4(—1) 2. 


er ? 


The equation (1) then becomes 


pings 1 n(n—1) il 

= Q - — pr —l] 7 —2 

27.4.(—1) 2 .sin® 0 = a” — na” clan ae ns 

_n(w-l), 1 1 ot 

eee 12 ann TNO 

1 1\ ,n(m-1) 1 

— | 7 = Pe ak ee Se Rees a ees 
- (« =) ‘ [a =) + —T79 a | — 

canes eeaseee (A): 


Now, by Art. 288, 


eae 
ge — — = 2isin n8, 
a” 


| 1 edd 
are rs 20 sin (n — 2) 8, 


Hence (4) becomes 


2” .4.(—1) 2 sin” 6 = 2isin nO —n. Qisin (n— 2) 0 


+20 —F) o¢ sin (n— 4) 0... 
n-1 
so that 2° (—1) 2 sin” @ 
=sin nO —nsin (n— 2) 6+ me sin (n—4)O—...... 


Since x is in this case odd, there are an even number 
of terms in (4), so that (4) can be divided into pairs of 
terms, and there is no middle term. The last term in (5) 
therefore contains sin 0, 
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292, Bx. 1. LEzpand sin® 6 in a series of cosines of multiples of 6. 


6 
We have 28 76 gin’ @ = (« as : 


1 
~ 6x4 +1629 ~ 20415. -6.5,4 5, 
4b OF x 


so that.  — 2% gin® g= (28+ 5) -6(a4+5) +15(a+ +3) 20 
x x 
=2 cos 66—6.2 cos 404+15.2 cos 20 — 20. 
* —25 sin 6=cos 66 —6cos 446+ 15 cos 26-10. 
Ex. 2. Expand sin’ 6 in a series of sines of multiples of 6. 
. : 
We have 2? 77 gin’ = (« _ =) 


~ 7054 2108 — 350485.+-91.5,47.4- : 
x x 


= ihe -7 ae 21 oe — 85 ees ; 
x? x5 x x 
— 27.4. sin’? 0=2isin 760 —7.2i sin 56 +21. 27 sin 30 — 35, 2isin 6. 
— 26 sin? @=sin 76 —7 sin 50 + 21 sin 36 — 35 sin 6, 


Ex, 3. Expand cos’ 6 sin’ 6 in a series of stnes of multiples of @. 


We have | | 
1\5 : — 4N\? 
25 cos? @= (e+: , and 2 sin! = (« - =) - 
1\5 -1\2 
Hence 932. i7 . cos® @ sin’ 6= G eo =) (« es 3) 
| x x 


gi B08 102*— “5 +2, ~ =| [e245 
x x 


=(2-3)-2(-3)-#(e-B)on(e-$) 


Hence, as before, we have 
~ 21) eos? 6 sin? 6 = sin 126 — 2. sin 106 — 4 sin 86+10 sin 60 +5 sin 46 
— 20 sin 24, 
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EXAMPLES. LI 
Prove that 


1, sin® 0=%5 (sin 5@ — 5 sin 36410 sin 6]. 


2, cos? é — [cos 96 +9 cos 76 + 36 cos 50 +84 cos 36 +126 cos 6]. 
3. cos! oe : 


1 | , 
519 [cos 10¢+10°cos 86+ 45 cos 60 +120 cos 46 + 210 cos 26 + 126]. 
: : 1 
4, sin’ @= {98 10 86 — 8 cos 66 + 28 cos 46 — 56 cos 26 + 85]. 


5, sin? 0= 55, [sin 96 — 9'sin 70 at 36 sin 56 — 84 sin 36+ 126 sin a]. 


sin nd 
293. ‘Lo express ind 


in a series of descending 
powers of cos @.° 
If « be < 1, we have 
sin 0 
eae Ear 
+o" sinnd +... ad inf wi (a). 
This may be shewx by multiplying each side by 
1 — 2x cos 6 + x, 
when it will be found that the right-hand member will 
reduce to sin 0. 
Another proof will be found in Art. 358. 
Equating coefficients of #”— in (1), we have 


=sin @+ asin 26 + sin BO+.. 


sin n@ 


= coefficient. of a in [1 — 2e cos 6+ a] 
sin @ © 


.= coefficient of a in fl — a c cos 6 — oP 
= coefficient of a” in 
1 +0 (2 cos 0 — #) + #7 (2 cos @ — a)? + ..0... 
+ a" (2 cos 6 — x)" + a” (2 cos 8 — x)” 
+a" (2 cos 6 — a)" + a” (2 cos 6 — £2)" + we. (2). 


SIN 760 
SIN @ 
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Now coefficient of 
a" in a” (2 cos 6 — aw)” = (2 cos 6)", 
coefficient of 2’ in = .a@”-2 (2. cos 9 — #)" 
= coefficient of # in (2cos d— a)" 
= —(n— 2) (2 cos 8)", 
coefficient of a’ in @”-8(2 cos 0 — #5 
= coefficient of # in (2 cos @—«#)* 
= a @ cos 6)", 
and so on. 


Hence, from (2) picking out in this manner all the 
coefficients of 2”, we have 


‘sin 0 © jth Pee eae so Bas 
ney = (2 cos 9)"~! — (n — 2) (2 cos @) 
+ (n— 8) (n— 4) » a =_ (2 cos ae 
_ (n— 4) (n— 5) (n— 6) | n— 
oe (2 cos @)"" + ...... 


nat 


If n be odd, the'last term could be proved to be (—1) ? ; if n be even, 
‘ Lame | , 
it could be shewn tobe (~— 1)” (ncos 6). 


**294. To express cosn@ in a series of descending 
powers of cos 0. 


If « be <1, we have 
1-—-# 
1 — 2x cos 6+ 4 


= 1+ 2a cos@ + 2a? cos 26 + 22° cos 86 +.. 
+ 2a” cos nd +... ad inf. ...... (1). 

This may be — by. multiplying both sides by : 

1 — 2a cos 0+ 2, 
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when it will be found that all the terms on the right-hand 
side will reduce to 1 — z. 
- Another proof will be found in Art. 358, _ | 
Equating coefficients of «” on the two sides of (1), we 
have | 


2 cos n@ = coefficient of #” in (1 — a) [1 — 2a” cos 6 + a*} 
= coefficient of « — coefficient of a”? in | 
eS x (2. cos 0 — a)\t 
= coefficient of «” — coefficient of 2"? in 
1+2(2 cos 0—«#)+ 2 (2cos 0— a)? +... 
oe + ar (2 cos 0 — xv)" + 2” (2 cos O— x)" 
+ a” (2cos 8 — x)" + a"! (2. cos 0— a)" +... 
Picking out the required coefficients as in the last 
article, starting with the term 


a” (2 cos 0 — wy", 
we have 2cosn0 


= (2 cos 0)” —(n —1) (2 cos 0)? + se) 7 m=) (2cos 0)"~4 


_ (a= 3) os (0 = 5) (9 G08 O84 veces. 
~ c cos 0)"-? — (n — 3) (2 cos 6)"-4 
+ a (2 cos @)?-* — in 


=(2cos0)"—n(2cos)" + Ss +(n=8)| (2cos0)"-4 


(Sr a Pa DC) | 2088)“ = 
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so that, finally, 
2 cos nO = (2 cos 0)" — n (2 cos #)"? + 
_n(n—4 

ans 


The last term could be shewn to be 
n-1 n 
(—1) ? .m.(2c0s@) or (-1)? 


according as n is odd or even. 


g kaon) ae (2 cos 6)" 


2 Maas 5) (2 cos ee artsica.. Waaieie (2). 


2, 


—**295. To expand sili m a serves of ascending 


powers of cosO, 
As in Art. 293, we have 


sin n@ 


sin @ 


= coefficient of #— in [1 — 2¥ cos 0+ a7] 
= coefficient of 2” in [1 +a (# —2 cos @)}> 
= coefficient of #”— in 
1 —x (w= 2 cos 0) +4? (4 — 2 cos 0)? —...... 
seceee $(— 1)" &” (@ — 2008 OY" +0... (1). 
Case I. Let n be odd, so that (n — 1) is even. 
The lowest term in (1) which gives any coefficient of 
x” is then that for which 
n—l 
x 


T= 


Hence, in this case, 


= ue = coefficient of a’ in 1 — a (w—2 cos 0) +... 
sin 6 


n=1 =I m-1 tl mtd n+) 

+(—1) 2? #% ? (a—-2cos@) 2 +(—1) 2 #2 (w—2cos) 2 
nt8 +3 nk 

+(—1) 2 wa? (w—2cos@)? +4...... 


+ (— 1)?" a" (@ — 2 cos "1 + 0... ; 
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Picking out the required coefficients as in Art. 293, we 
have 


nt+1n—l1 


sin n6 - tees atl | 97 ' 9 
eV OS A = 2 
an @ ( 1) + ( 1) Ta (— 2 cos 0) 
n+3 n+1 n—1 n—-3 
(3. SS oS 
+(—1)2., a z (— 2 cos 0)! + 


1.2.3.4 
+ (2 cos 8)", 
Hence, finally, when » is odd, we have 


n—-l 2 2 ; 2 Q2\ 
(iy? nn = 1 -> — aegis i . ay cos! @ 
_ (= V) (P= BY —B) oa g_ a 

6 
= n-1 
+(-1)? EP 2 C08 D) Passi enna): 


Case II. Let » be even, so that » — 1 is odd. 


The lowest term in (1) which gives any coefficient of 
a" is then that for which 
ee. 
_ "ea 
Hence, in this case, 


sin n@ 


sin @ 


= coefficient of #— in 1 — #(#—2cos@)+... 


+1 S41 
x 


+ (—1)? 2*(# —2 cos6)?-+ (— 1)? (w ~ 2 cos gye* 


+(—1)2 Tyee (a — 2 cos gy" au 
+ (- 1) a (@ — 2 cos APPT +o. ; 


SIN no 
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Picking out the required coefficients, we have 


@ fe at n ; 
5 = (1)? , 5 (— 2cos 0) 
n n\ (n> 
O62 
-1) Stl (3 2) ae se ; 
nm \(n- n(n n 3 
aie (— 1? ae peau lta tL se (— 9 eos 0)? 
L.2.38.4.5 (2 0 8 
ot pgnihieakend + (2 cos 0)", | 
Hence, finally, when n is even, we have 
art | sin nO 
1 
sin 0 
= cos @~— MOF 2 an @ — cos' 6 
=e $ (= 1)? (2.008 A) esp ssesee(B)- 


N.B. It will be noted that equations (2) and (3) of this article are 
simply the series of Art. 293 written backwards. This is:clear from the 
method of proof, or the statement could be a verified independently. 


**296. To expand cos nO in a series of ascending 
powers of cos 0. 
As in Art. 294, we have 
2 cos nO = coefficient of 2” — coefficient of ar in 
(1 — 2% 608 6 + gy 
— coefficient of «” — coefficient of ar? in 
1—a(@—2 cos @)+ # (@— 2 cos OP eee 


| ae 1)* a lies Oyr+ jag. Seb); 
as in Art.°295. 
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Case I. Let n be odd, so that n—1 is even. 
The lowest term in (1) which will give any of the 
coefficients we want is that for which 


pis n—Il 
— 9 
Hence 2 cos x6 = coefficient of «” — coefficient of a”—? 
in 7 
BY ed ae, 
l—a#(#—2cosA@)+...+(—1) 2 a2? (@—2 cos 8) 2. 
atl ntl ntl Nt+3 NB N+3 
+(—1)2 #@ ? (@—2cos6) 2 +(—1)? w? (#- —2 cos@) 2 
Bente + (— 1)" a (a — 2 cos 6)"...... 
n-1 
=(-1)2 =" FC 2 eos 6) 
n+l n—-1 n-38 
met = 2 
L(— |] 2 _ as 3 
+(—1)2 ——(— 2 cos 0) Cas (— 2 cos 0) 
— 1n+t8 n+1 n—-i1 
wee Oe 9,  ” 
Cae ae eam A a 
n+3n+1n—-1In-—38n-5 
2 2 2 2 ' 
T.2.5.4.5 rao) 
aL yG eases weeee + (2 cos 0)” 


nm-1 


(-1) ? .2cos nd 
=cos6[(n—1)+(n+1)]— EOD cost o[(n— 3) -+(n-+3)] 


Ete Hardens) cos! O[(n — 5) + (m+ 5)] +... 


n-l 
+(—1) 2 (2cos 6)”. 
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Hence, finally, when n 1s odd, 


n-1 


(—1) ? cosné 


= 08 9— BO cost 9 4 3) cost 8 
oa 


heuer (—1) ? . 2% cos" 6...... (2). 


Case II. Let n be even. 


The lowest term in (1) which will give any of the 
required coefficients is that for which 


_n-2 
oie a 


Hence we have 


2 cos nO = coefficient of a” — coefficient of v”—? in 


n-2 n-2 n-2 
1 —a(a—2cos0)+...+(—1) 2 a 2? (w@—2c0s6) 2 
N+H2 nt2 +2 
+(-— iat ie vende Ce 1) 2 2? (—2cos 6) 2? 
oP Aamceene aware + (— 1)" a” (@ —2.cos 0)" +...... 
; n n—2 
Sa 5 
- 1)? [-—1]4+(- 1)? Ls ( — 2 cos 6)? 
n+2n 
ni0| 9°93 
+(—-1)? 5 (— 2 cos 6) 
n+2 n n— 2 = 
2 °2° 2 
seam A Cn 


i. T. 23 
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nm+4n+2 n ne= 
Nnt+4 . > 
2 2. 2 
—_ 2 == 4 
+ ( 1) 2 ow (—2cos 8) 
n+A4 n+ 2 n n— 2 n—A4 noe 
Lee ae a : (—2.cos @)° 
Se ee err + (2 cos 6)”, 


(—1)? .2cos nO 


=D +1] SSE fm (n= 2) 4 (n+ 2). 
+p Tin + 2). (0 2)(n—4) Hn +4) (H42).m.(n—2) 
fe eeasice + (—1)?. (2.008 8) 


Hence, finally, when n is even, 
n? cos? @ ie n? (n? — 2°) 
2 pe 
_ n(n? — 2?) (0? — 4) 
\6 
+(—1)?2"- cos” 0........ saetesnies (3). 


N.B. As before, the equations (2) and (8) of this article are only the 
series (2) of Art. 294 written backwards. 


**297. From equation (2) of Art. 295 and equa- 
tion (2) of Art, 296 we have, if n be odd, 
*—" sin nO n— i? (n?— 1*)(n?—3?) 


(—1)? sin @ ea aa 4 cos! 6 


_ ha VB) = 9) a sy es) cos® 6 +. 


(—1)? cosn? =1— cos! @ 


cos®’ d+... 
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ae Poa 
and (—1) 2 cosn@ =n cos 6 sia aa cos* 8 
m2 12 2__. 92 = nm-1 
poe % (nr dest ere +(—1) 2 2” cos”@ 
ice (2). 
In these equations change @ into = —6, and therefore 


2 
cos 8 into sin @. 


Then sin n@ will become 


= n= 
sin (F -n8), 1.€. (—1) ? cosné, 


and cos 7@ will become 
nm~-1 


cos (F — nd) : 1.e. (— 1) 2 sin nO. 


On making these substitutions we shall have, if n be 
odd, 
2. 4]2 _ 12 2_ 22 
cosné = cos 6 11—— : wep 1) (nt 3!) 
2 4: 
na—1 a 


—- (— 1) 2) ON] gin? 6} schie ace ater .(3), 


sint@ —.., 


ed 


and 
n(n? 


n(n? — "6 (n? — 3?) int 6 


—1*?). 
sin n8 = nsin 6 ~ 5 sin? 6 + 


n-1 


Pcoiaaiks 4+(—1) 2? 2” gin" @...... (4). 


* *298. Again from equation (8) of Art. 295 and 
equation (3) of Art. 296 we have, if n be even, 


sind 3 
a (nv? — “5 (n? — 4?) . 
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and 
n? (n® — 2%) 
c 


+(- 12 DP (COS O Janine (2). 


(— 1: cos nO = 1— ong +” COS! 0 = s2seus 


2 


In these equations change @ into 77 6, and therefore 


cos 8 into sin @. 
Then sin n@ will become 


sin (S — nd , ve. (- 1? sin n6, 


and cos 7”@ will become 


cos é — nd) , ue. (— 1)2 cos né. 


2 
On making these substitutions we have, if n be even, 
, 2 92 
sin n6 een ee n(n? — 2?) sin? fo 2?) (n? — 4?) ere 
cos 0 3 \5 
et . 

+(-—1)? (2sin 6)""...... (3), 
and 

2 2 
cos n@ =1 — sin? + Ne) aes 0 


? i 


**299, Equations (1) and (2) of Art. 297 and equa- 
tions (1) and (2) of Art. 298 give the expansions of sin n@ 
and cos n@ in ascending powers of cos @ for the cases when n 
is even or odd. Equations (3) and (4) of the same two 
articles give the expansions of the same two quantities in 
terms of sin @. 
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EXAMPLES. LII. 


sin 706=7 sin 6 — 56 sin? 6 +112 sin’ 6 — 64 sin’ 6. 

cos 76 = 64 cos’ 6 — 112 cos® 6 +56 cos? 0 — 7 cos 0. 

sin 86= sin 6 [128 cos’ @ — 192 cos® 6 + 80 cos? 6 — 8 cos 6]. 

cos 86=1 — 32 sin? +160 sin4 6 — 256 sin§ 6 + 128 sin8 6. 

sin 96=sin 6 [256 cos8 6 ~ 448 coss 9 + 240 cos! @ — 40 cos? 6 +1]. 


Express cos 69 in terms of cos 6 only and verify for the cases 


PD oP ow pe 


Tr Tv 
@ = BY $ 6 = 9 
respectively. 


7, Prove the algebraic identity 


u(n 


pr+qr=(p+q)-n (p-+q)"2pq 3) (p+q)"-*p*q?+.. 


Deduce that 
—3 
2 cos 26 = (2 cos 0)” — n (2 cos 8)"—? + usa (2 cos @)®—-4 — 


** 38300. Ex. Prove that the roots of the equation 
— 447 -— 4¢+1=0 


are cos a cos on and cos 
7 b) q 7 > 


37r br 1 
and hence that cos 7 =o cos 7 + cos WF 9: 


COS ~ COs say eel cos iL a COS = ate 
7 7 7 7 7 7~ oe 


and ™ cos on cos Os - : 
COs == 608 ~z 778: 
On putting n=7 in equation (2) of Art. 294, we have 


~ = (2008 6), 


2. cos 70 =(2 cos 6)’ — 7 (2 cos 4)* +4 > (2 cos 6)? — 


4.é., on reduction, ; 
cos 70 = 64 cos’ 6 — 112 cos® 6+ 56 cos? 6 — 7 c08 O......445. (1). 


Now put cos 76= —1, so that 
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Equation (1) then becomes 
64 cos’ @ — 112 cos’ 6+ 56 cos? 6- Tcos 6+1=0............ (2), 


and its roots are 


COs = eT el rail as aoee cos sl and cos nde 
i a TC ‘i (ie 7 7 
Now 
sae —1 sage Seon ® ig EE a cae and se ees 
7 : 7 7’ 7 7? 7 7 
The roots of (2) are therefore —1, and cos 7 , COS 7 , and cos * the 


latter three roots being twice repeated. 
Writing c, for shortness, for cos 6, the equation (2) may be written 


(¢ +1) (8c3 -- 4c? — 4e +1)? =0. 


T arr OT ; 
Hence cos =, cos =, and cos = are the roots of the equation 


7 7 7 
= Ae Ae LO craves eeieiseteyanets (3). 
We therefore have 
bos ences nee cs 
7 7 ‘i 8 Q’ 
cos © 008 * +008 5 cos 7 +.c08 "= cos = = ees 
7 7 7 7 7 8 2’ 
a 80 5r -1 1 
and cos— COS — COS — =——=-—=. 


7 7 7 8 8 


In equation (3), putting =, and therefore ex , it follows that the 
N 


quantities seo", seo, and sec? = are the roots of the equation 


1 4 4 
Oe x gee 
or, on rationalizing, 
0? — 24a? + 80a — 64220... ce cccccecseeecnatavses (4). 


Again, putting c=1+y, then, since sec? 6=1+ tan? @, it follows that 
T 30 Dar 
tan’ — , tan? 7 and tan? 7 


are the roots of the equation 
(1+y)?— 24 (L+y)?+80 (1+ y) —64=0, 
i.e. of yp — Q1y? + 35y —-T=0. 
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Aliter, Without assuming the series of Art. 294, which is difficult to 
remember, the equation (2) may be deduced directly from De Moivre’s 
Theorem. | 


For the equation (cos 0+7sin 6)? ee eer rere eee (5), 
1.€. cos 76+7s8in 7é= -1, 
is clearly satisfied when @ has either of the values 


n Br br Te Oe Un 3 180 : 
ey (ony mee! Pa eae ei 7 ene eoe eee renrse ). 


Writing c for cos @ and s for sin @, the equation (5) on being expanded 
by the Binomial Theorem becomes 


ce” + Tic’ 5 ~ 21¢5 52 — 85ic4s? + 853 s4 + 2lic?s® — Fes’ — is? = — 1. 
Equating the real parts on each side, we have 
ce? — 21¢5 5? + 35c3.s4 — 7es6§ + 1=0. 


Putting s?=1-c?, we see that the cosine of each of the angles (6) satisfies 


the equation 
.64c? — 112¢° + 56c? — 7e+1=0. 


But this is equation (2). 
** 301, Ex. Find the value of 


2 4 
sec 0+sec (0+) + sec (0+ =) +... ton terms, 


sec? 6 + sec? (04-7) +- sec? (6+=) +... ton terms, 


From equations (2) and (3) of Art. 296, we know that 


n (n? — 1?) at (n? — 12) (n? — 3?) — 


ne — c+... 4(-1) 7 Qnier 


[3 5 
n-1 
= (1) 7? COSTA. cciccccccccescccuseees sacl): 
when n is odd, 
and that 
1p ttt (- I ater ( 1) Peosnd Rotate (2), 


ome tore 


when n is even, 
where in each series c stands for cos @. 
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If cos n@ be now given, the equations (1) and (2) give cos é. 
But since cos nO = cos (nO + 2) = cos (nO +47) 


wm eco nee eeesoeooesae 9 


these equations would also give 


cos (04-7) , COS (0+=2),.... 
n n 


Hence, in each case, the roots are 


2 
cos 0, Gos (0+ =) » cos (0+2) sinnigas to n terms. 


In (1) and (2) put ox and multiply by y”. 


We have then the equations 


n—l (n?2 om 12) 
3 


(-1)? cosndxy®—n. y®1+" YP Pm =O. rere (8), 


E 


when n is odd, 
a 2 
and [(-1)7 cos no Tyne gyr oe | Ae ee ere (4), 


when 7 is even. 
The roots of these equations are respectively 


sec 0, sec (0457) » sec (042), 
n nr 


Call these Yas Yasiscey Uns 
Then 
Yt Yot... $Y,= sum of the roots 
n—-l 
= a =(-1) 2 nsecnd, when 2 is odd, 
(-1) * cosné 
and =0, when 7 is even. 
Also 
Yet Ye + oe FYnPr= (Yt yo oe $Yn)? — AY Yat Yost +) 
2 
= =n? sec? nd, when n is odd, 
cos* n@ 
m2 
and ee 2 = ee oma when 7 is even. 
7 


n 


Til * cos no—1 1-(-1) cosno 
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EXAMPLES. LITI. 


1. Prove that 


or Ar 67 Sir 
(©-2 008-5 ) (2- 260s 7) («- 2008" ) (a2 cos | 


= 044243 — 22-241. 
9, Prove that the roots of the equation 


8x? + 422-42 —-1=0 are cos, cose, and cos 


3. Prove that sin , sin = and sin - are the roots of the equation 


Prove that 


1 1 1 
4, ————— 


Qn 4 67 
4—sec?— 4-gsec?— 4-sec? — 


7 | 7 7 
Qr 37° 4r 19 
at qo go" gt | 
5, cos" G+ cos g + cos g + cos 9 = iG 
3 
6. seot + sec4 = + sect + sect = 1120. 
a 37 51 U1 9r 1 
7: coszz + cos Wt cos Tit cos Tit cosa = 5° 
8, Form the equation whose roots are 
2a 30r AT 53 
as 9 a7 pee gam gon 
tan? a , tan ii? tan iT’ tan? ii and tan Ti’ 
[Commence with equation (3) of Art. 277.] 
Aor 53 
9, cot? a + oar ant + cot? = + cot? li + cot? — il =15, 


Q0 37 AW 
— 2 2 2 ct on —_ 
10, sec? A + 860" 35 + sec i + sec il + sec? =60, 


Prove that 
187 ,/13-1 


ll pete ieee -+- Gos —_—— 
eas) 13 13°74 
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107 14% 227 —,/13-1 
13, cos-<+ cos ie Go ilr Gos lgr_ 
iB Te ne ee get 


T 
14 
6428 — 80x7+ 24x? -1=0. 


14, Prove that sin — is a root of the equation 


Find the value of 


: F 2 : 4 ; 2 
16, sin @ sin (0+=*) sin (6+)......8in {e+ (n—-1) a . 
nT vf) n 
: Qa Aor 
17, cosec? @+cosec? { 0 sr +- cosec? { 0+ pram oa to n terms. 


4 
18, tan?é+tan? ¢ + =) + tan? ¢ + =) ae to n terms. 


[For the following 5 questions commence with equation (5) of Art. 
277. ] 


2 
19, tan é@+tan (0 +=) + tan (0 +F) oor . to n terms. 
20. cot 6+ cot (9 + =) + cot (0+ =) Satis to n terms. 
91, tan é tan (0 + 4 tan (0 + =) oe to n factors. 


99,, tan? 6+ tan? ¢ + 7) + tan? (0 + =) + ieee to n terms. 


923. Ifn be odd, prove that S=3C=n?-1, where 


T Qa 37r 
S=sec? —+ sec? — +sec?—+...... to n—1 terms, 
tt vi) yao 
T Qr 37 
and C=cosec? = + cosec? 7 + cosec? a Be eral to n—1 terms. 


94, Find the sum of the products, taken two at a time, of expressions 


of the form. sec Gea , where r has all values from zero to n—-1. 


CHAPTER XXYV. 


EXPONENTIAL SERIES FOR COMPLEX QUANTITIES. CIRCU- 
LAR FUNCTIONS FOR COMPLEX ANGLES. HYPERBOLIC 
FUNCTIONS. 


302. WHEN @ is a real quantity we have proved in 
Art. 253 that 


=] Fat +h tad inf. feuwsetl): 


2 


When «2 is not real but is a ae. of the form 
a+b,/—1, the expression e* has no meaning at present. 


Let us so define it that for all values of # (whether 
real or complex) it shall mean the series 


ett bad int s eeaesiea eigen (2). 


303. We can basil shew that _ series 1s convergent 
when « is complex. 


For let w= r (cos 6+,/ —1sin @). 
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Then e=1l+ae+ 3 + gt saan ad inf. 
=1+4r(cos@+2sin cee ma 
5 Coed 8) 


go te 


r? cos 20 =r? cos 84 


2 T 3 ee 


ae rsin2@ sin 30 
+ JH |rsing + CAPA PE + aetoirs | 


=1+/rcos 6+ 


The quantity 


— 20+ — Ene 36 + ...... 


1 pean) 4 
2 [3 


ys 
18 <ltrt5t st mies 


and is therefore convergent since this series is convergent 
for all real values of r. (Art. 254.) 
Similarly the eee, 


sin 20+...... 


2 
is convergent. 
Hence the series for e” is always convergent. 


rsin 0+ — 


304. When w is a complex quantity the quantity e 
is then a short way of ee 


l+e+- BTS “Paine 


2 


Unless x be real, the e in e” does not mean the series 
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When « is complex, e* stands for a series of the same form 
as that series which, when 2 is real, has been proved 


to be equal to 
(1+1+5 i + y 
|2 [3 @eeeeve e 


Instead of e* the expressions E (x) and exp (x) are sometimes used. 


— 805. By a proof similar to that of Art. 300, C. 
Smith’s Algebra, it may be shewn that 


e* ev = TY, 
whether w and y be real or complex quantities, so that 


the functions e® and e” obey a law of the same form as 
the index law. 


306. If x be put equal to , where @ is real, we 
then have 


als dis +o 4 pataes 
ge gs} 
=] a+ |e 6 rere 
+i[O-5 45 oe 
=cos 6 +7 s1n 0. (Arts. 279 and 280.) 
So e-% — cos 8 —isin 6. 


Hence, by addition, we have 
ef abe e~% 
9 ’ 


cos 6 = 


and, by subtraction, 
Gi est 


yA) 


sin 0 = 
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Circular functions of complex angles. 


307. When « is a complex quantity, the functions 
sin 2 and cos « have at present no meaning. 

For real values of # we have already shewn in Arts. 
279 and 280 that 


eee FG zt eee ad inf. 
fee, . sles 

2 4 6 
and cosw= 1-5 +g ig+ ere ad inf. 


Let us define sinz and cos w#, when 2 is complex, 
so that these relations may always be true, we. for all 
values of « let 


? a 
sin f#=x2— a*p ra oe peetiees (1), 
a 4 6 
and cos = 1 — Sate oltis, <ucadihes (2). 


EE f 


When is complex, the quantities sin # and cos « are 
then only short ways of writing the series on the right-hand 
sides of (1) and (2). 


308. We have then, for all values of «#, real or 
complex, 


xe Ls, at 
cosa+tsin e=lt+ari— 27 i 


_ (ai)? (at (at) 
=Il+a0+ 2 + B + | a0 
— gti 7 (Art. 302.) 


So cos @—tsin w« =e~™, 
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Hence for all values of w, real or complex, we have 


cos X = -——_——_., and sinx= : 
2 : Qi 


These results are known as Euler’s Exponential Values. 


309. We can now shew that the Addition and 
Subtraction Theorems hold for imaginary angles, 2.¢. that, 
whether a be real or complex, then 

sin (@ +y)=sin # cos y + cos # sin y, 

cos (a + y) = cos # cos y — sin wsin y, 

sin («@ — y) =sin £cos y — cosasin y, 

and cos (%# — y) = COS # COS Y + SIN # SIN y. 
Since 

oti 4 gai ett _ gai 


cos @ = ————- and sinx = 
2 | 24 : 


we have sin “cos y+ cos #sin y 
| ert 28 enw ey? Zip et ew a ext eyt et ey 
Oe 2 20 
et! Devt — ett Devi — piwty)t — p-wtyit 


= a = (Art 808) 


= sin (@+ Y). 
Similarly the other results may be proved. 


310. It follows that all formule which have been 
proved for real angles and which are founded on the 
Addition and Subtraction Theorems are also true when 
we substitute for the real angle any complex quantity. 

For example, since 


Cos 34 = 4 cos? @ — 3 cos 6, 
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where @ is real, it follows that 
cos 3 (a+ yt) = 4.cos? (w + yt) — 3 cos (4 + Y2). 
Again, since, by De Moivre’s Theorem, we know that 
cos n6 + 7sin né | 
is always one of the values of 
(cos 6 +72 sin 0)”, 
when @ is real and n has any value, it follows that 
cos n (a+ yt) +4 sin n (@ + yr) 
is always one of the values of 
[cos (@+ yt) +2 8in (a + yr) |”. 

311. Periods of complex circular functions. In 
equations (1) and (2) of Art. 309 let « be complex and let 
y = 21. | 

Then sin (#+ 27)=sin x cos 27 + cos # sin 2a 

= sin a, 
and cos (@ + 27) =cos # cos 2a — sin # sin 27 
= COS &. 


Hence sin # and cosa both remain the same when « 
is increased by 27. Similarly they will remain the same 
when # is increased by 


Hence, when 2 is complex, the expressions sin # and 
cos # are periodic functions whose period 1s 277. 

This corresponds with the results we have already 
found for real angles. (Art. 61.) | 
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EXAMPLES. LIV. 


evi 1 eax . ext — oxi 
5 and sin 2 =——g,-— prove that, for 


all values of x, real or complex, 


Assuming that cosz= 


1, cos?z+sin?a2=1. 2, cos(—x)=cos z. 

3, sin(-—2#)=sinz. 4, cos 22=cos? x — sin? x=1-2 sin? x. 
i : Rie . LEY . Yk 

5. sindr=3singz-—4sin? a. §, cos«—cosy=2sin ae Teg sin 3° 


7, sing- sin y=200s 5" sin —" 


Prove that 
8, {sin(a+6)—e*sin 0}"=sin™ ae ”%, 
ne 


9, sin(a+n6) -esinnd=e~”™ sin a, 


10. {sin (a-6)+e*"sin 9}"=sin™" a {sin (a -n6) +e sin not, 


312. In the formule of Art. 308 if x be a pure 
imaginary quantity and equal to yi, we have, since 


?=—1, 
, evtpe yt evytey v+e¥ 
COG 0) ee ee ee 
J 9 D 5? 
and : 
2, Ct em Yiet EY eye ¥ — CY 
SIn 7= ; = SS eee 
J 2i 24 2(—1) 
.e¢ — e7¥ 
7 2, 


313. Hyperbolic Functions. Def. The quantity 
ev’ —e V 
a a 
whether y be real or complex, is called the hyperbolic 
sine of y and is written sinh y. 
L. T. 24 
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Similarly the quantity 
ev + e-Y¥ 
2 
is called the hyperbolic cosine of y and is written 
cosh y. 


[It will be observed that the values of sinh y and cosh y are obtained 
from the exponential expressions for siny and cosy by simply omitting 


the ?’s.] 

The hyperbolic tangent, secant, cosecant, and cotangent 
are obtained from the hyperbolic sine and cosine just as 
the ordinary tangent, secant, cosecant, and cotangent are 
obtained from the ordinary sine and cosine. 


sinhy e&—ey 


Thus tanh U= Soahy pew’ 
‘ 1 2 
verge snhy e&%—e¥’ 
ee ee 
I cosh y+ ew’ 
Y4 ey 
and coth y = Biogas 


tanh y eY — e7¥" 


The hyperbolic cosine and sine have the same relation 
to the curve called the rectangular hyperbola that the 
ordinary circular cosine and sine have to the circle. 
Hence the use of the word hyperbolic. 


314. From Arts. 312 and 313 we clearly have 
cos (yt) = cosh y, 
and sin (yz) =2 sinh y. 
So tan (yt) =? tanh y. 
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315. Corresponding to most general trigonometrical 
formule involving the ratios of angles there are formule 
involving the hyperbolic ratios. 

For example, we have, for all values of the angle 2, 


co’ a+ sin? a= I, 
so that cos" (yt) + sin? (yz) = 1, 
and hence, by the last article, 
cosh? y — sinh? y = 1. 


[This may be deduced independently from the definition of the hyper- 
bolic functions. For 


Y4e~y\2 Y—eY\2 
cosh?y ~ sinh?y = ({ “ ) -(¢ = ) 


pe ea pee ane) 
4 ae ee 


Again, for all values of u and v we have 
sin (u+v)=sin ucos v + COS u SIN V. 


Put u=ai and v= yt, 
so that 


sin [(w + y) 2] = sin (a2) cos (yt) + cos (at) sin (yt). 
The expressions of the last article then give 
7sinh (7+ y) =tsinh # cosh y+ cosh # x 7sinh y, 
*. sinh («+ y) = sinh w cosh y + cosh & sinh y. 


[Directly from the definition of the hyperbolic ratios we have 


sinh x cosh y + cosh x sinh y 


Of gee ye ee oe 


on multiplication, =sinh («+y).] — | 


24—2 


372 TRIGONOMETRY. 


Again, for all values of 0, we have 

3 tan 6 — tan’ @ 

| 1—8 tan? @ 

Put then =i, and we have 

3 tan (a2) — tan’ (a2) 
1 —3 tan? (#7) 

Hence the substitutions of Art. 314 give 


32 tanh « — 2 tanh? x 


tan 30 = 


tan (322) = 


t tanh (8”) =~ aay pa, 
~~ 1+3 tanh? 
_ 3 tanh # + tanh’ x 
so that tanh (3x) = 14 3tank2a | 


As before, this may be easily proved from the definition 
of tanh x. 


316. In general it follows from (1) of Art. 314 that 
any general formula which is true for cosines of angles is 
also true if instead of cos we read cosh. 

From (2) of the same article, since 

sin? (yz) = — sinh’ y, 
it follows that any general formula involving the cosine 
and square of the sine of an angle is true if for cos we 
read cosh and for sin? we read — sinh’. 

Similarly from (8) we may turn a formula involving 
tan? into another by writing for tan? the quantity — tanh? 

In this manner formule and series involving the 
hyperbolic functions may be obtained from Arts. 241, 
242, 274, 275, 277, 289, 291, and 2938—298. 
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317. From the values in Art. 318 it follows, by 
Art. 802, that 


cosh 4 = ; (e* + e-*) 


x? Fa Fa 


+etatet weotee ; 
sinh = 5 [¢*— e-*] 
=O+ Ere ae 
Bo 5° [7 


These are the expansional values of cosh w and sinh . 


*318, Periods of the hyperbolic functions. 


For all values of 6, real or complex, we have cos 0i=cosh 6. 
Hence 


cosh (+ yi) =cos {(%+yt) i} =cos (ai - y)=cos[-2r+ai-—y] (Art. 311) 
= cos [(Qri+ a+ yi) i]=cosh [2ri+ #+ yt] 
= (similarly) cosh [47i+a+yi]=...... 


Hence the hyperbolic cosine is periodic, its period being imaginary 
and equal to 277i. 
Again, since sinh é= —isin 6i, we have 


sinh («+ yi) = —éisin {(#+ yi) 7} = —isin[wi-y] 
= -—isin[ -2r+ai—y]= —isin {[2ri+e+yi]i} 
= sinh [27i+a2+yi], 


so that the period of sinh (a+ yi) is 27i. 

Similarly it may be shewn that the period of tanh (w+ yi) is mi. 

The hyperbolic functions therefore differ from the circular functions 
in having no real period ; their period is imaginary. 


319, Ex. 1. Separate into its real and imaginary parts the expression 
sin (a+ Bi). 
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We have sin (a + Bi) =sin a cos Bi+ cos a sin Bi 
i jaar Zeid 
D Oy 


ef +e7B8 eB —e8 


=sina 


= sin a 


= sin a cosh B+7 cos a sinh p. 


Ex. 2. Separate into its real and ima ginary parts the expression 
tan (a+ Bi). 
sin (a + B7) 
cos (a + Bi) 
__2sin (a-+ Bz) cos (a — Bi) 
~ 2. cos (a+ Bi) cos (a — Bt) 
__ sin 2a + sin 26% 
~ C08 2a + cos 28% 


We have tan (a -+ Bi) = 


_ sin 2a+7¢ sinh 28 
~~ Cos 2a + cosh 26 ° Caer! 
Aliter. Let tan (a+ fi) =a+yi, so that tan (a — Bi) =a —- yi. 

e=4[tan (a+ Bt) + tan (a — B2)] 


_ sin (a + Bi) cos (a — Bi) + cos (a + Bt) sin (a — Bt) 
a 2 cos (a+ Bi) . cos (a — Bi) 


: sin 2a, sin 2a 
~ Cos 2a+ Cos Bi cos 2a + cosh 28° 


igor 34 =5 [tan (a-+@#) - tan (a — Bi)] 


1 sin (a+ 82) cos (a — Bi) — cos (a+ iz) sin (a — Bi) 


~ 35 cos (a + Bi) cos (a — Bi) 
_l sin 281 te sinh 28 
~ ¢ cos 2a+cos 28% cos 2a + cosh 28° 
sin 2a+7 sinh 26 
ea cos 2a + cosh 28 ° 


Ex. 8. Separate into tis real and imaginary parts the expression 
cos h (a+ Bit). 
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a+Bt Boe 


Bi 
5 (Art. 313) 


We have cosh (a+ 6) = 


et Pt e7*, e7Ri_ 6% (cos B+ sin 8) +e * (cos B—i sin f) (Art. 308) 


poe ca EE 
— — 


2 2 


_ cos B(e* +e“) +i sin B (e*—e~%) 


=cos 8 cosha+isin Bsinh a. 


Aliter. cosh (a+ i)=cos {(a+i)i} (Art. 313) 
=cos {ai—B} 
= cos (at) cos 8 +sin (at) sin B 
= cosh acos 6 +isinh a sin £. 


EXAMPLES. LV. 
Prove that | 
1, cosh 2%7=1+4 2 (sinh x)?=2 (cosh x)?-1. 
2. cosh (a+8)=cosha cosh 8 + sinh a sinh B. 
cosh (a+) — cosh (a — 8) =2 sinh a sinh £. 


tanha-+ tanh B 
1+tanh a tanh p° 


cosh 32=4 cosh? z — 3 cosh a. 


tanh (a -+- B) = 


sinh 32 =3 sinh «+4 sinh? a. 
sinh (x + y) cosh (x — y) =4 (sinh 2x2 + sinh 2y). 
cosh 2x -+ cosh 5x-+ cosh 8% + cosh 11x 


ON OS oR Oe 


= 4 cosh ae cosh 32 cosh sl ‘ 
2 2 
9. cosh x+ cosh (x+y)+cosh(#+2y)+...... to n terms 


nm—-1 . 4 ny 
_oosh ( x gr v) sinh a 


a 
| sinh 9 
10, sinhz+sinh (¢+y)+sinh (7+ 2y)+...... to n terms 
: n—-1 - , ny 
ee (=+ or y) gees 3 


sinh 5 
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n(n--1) 


= sinh 84+...... to (n+1) terms 


ll, sinhz+nsinh2z + 
= 2” cosh” 5 sinh (G+ 1) Le 

12, sinh Bsina+7 cosh B cos a=7 cos (a + fi). 

13, sin 2a+7 sinh 26=2 sin (a +78) cos (a — 7p). 

14, cos (a+78)+isin (a+) = e~8 (cosa+isin a). 


15. If tany=tana tanh #, and tanz=cota tanh 8, then prove that 
tan (y +2) =sinh 28 cosec 2a. 


16, If w=log tan (¢ + 5) , prove that tanh 5 =tan : ‘ 
Separate into their real and imaginary parts the quantities 
17, cos (a+ fi). 18. cot (a+ i). 

19, cosec (a+ Bi), 20, sec(a+ i). 

91, sinh (a+ i). 22, tanh (a+ i). 


23, sech (a+ fiz). 
u+iv sinu+isinhy 
94. Prove that tan a = “cos w+ coshv ° 
25, Ifsin(4+iB)=x2+iy, prove that 
x2 y? 23 y? = 
cosh? B - sinh? B™ 1, sin? A  cos?A_ : 


26. If sin (+ ¢i)=cosa+isina, prove that cos*é= +sina. 


and 


27, If sin (6+%)=p(cosa+isin a), prove that 
p?=4 [cosh 2¢ — cos 20] and tana=tanh ¢ cot é. 
98. If cos(0+¢i)=R(cosa+isin a), prove that: 
_ 11> Sin (6 - 4) 
P= 2 108 Sn (O-+a) 
29, If tan(6+¢i)=tana+i seca, prove that e%? — 3. cot 5 , and that 


206=nr + 5 te. 


30. If tan(6+¢%)=cosa+isina, prove that 


eT ame fe go 
0=5 +7, and ¢= log tan (7 +5) - 
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31. If 4+iB=c tan (2+iy), then 


2cA 
2_ 4{2_ Be" 


32. If tan (@+¢1)=sin (x+iy), then | 
cothy sinh 2¢= cot « sin 24, 


33. If tan (a+78)=7, a and 6 being real, prove that a is indeter- 
minate and 8 is infinite. 


Prove that 


tan 22= 
CG 


34, 4 (sinh a+sin 2) =2+"s att rare ad inf. 


35. J Cosh a +e082) =1 47 + ane 

#%%* 320. Inverse Circular Functions. When a 
and £ are real and a= cos £, we defined, in Art. 237, the 
inverse cosine of « to be that value of @ which lies 
between 0 and 7, and it was pointed out oe 8 was a 
many-valued quantity. 


If now xv -+ yt = cos (u+ v0), 
then similarly w+ vi is said to be an inverse cosine of 
x+y. 

But since 


x + yt = cos (u + vt) =cos [Qn + (ut v2)] (Art. 311) 
it follows that 2nm7 + (w+ vi) is also an inverse cosine of 
“+ yt, where n is any integer. 

The inverse cosine of «+ yt is hence a many-valued 
function. When the many-valuedness of the inverse 
cosine is considered it is written 


Cos (@ + yt). 
The principal value of the inverse cosine of #+ yt 


is that value of 2nm7+(w+ vt) which is such that either 
2In7 +:u or 2Znm — u lies between 0 and zw. 
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This principal value is denoted by cos (a# + y?). 
We have then 


Cos (a + yt) = 2na + cos (a + yt). 


%% 321. Similarly if 
“+ yt =sin (u + vt) = sin {nw + (— 1)" (w+ vi)}, 


then na +(— 1)" (w+ v2) is an inverse sine of a+yi. It is 
a many-valued quantity and is denoted by Sin™ (@ + yt). 
Its principal value is such that its real part lies between 
-5 and oa and is denoted by Sin (w + yt). 
We then have 
Sin (@ + yi) = nm + (— 1)" sin (7 + yt). 


Similarly tan-!(# + yi) and Tan“ (a#+ yt) are defined, 
so that the principal value of Tan-'(#+ yi) is such that 


its real part lies between — 5 and + 5 and 


Tan (#@ + yt) = nr + tan (@ + yt), 
Similarly 
Sec! (a + yt) = 2nm + sec (a+ y), 
Cosec™ (@ + yt) =n +(— 1)" cosec (w+ 1), 
and Cot (a + yt) = nw + cot (a + y1). 


%% 322. We shall henceforward use sin, Sin7, 
cos, Cos7!,... with the meanings above assigned. 


* * 323. Inverse hyperbolic functions. If «=coshy 
then similarly, as in Art..3820, we write y = cosh 2. 
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If x be real, we have 


- ev + e-¥ 
eC ee 
so that ey — 2rev¥+1=0, 
and hence v=at+Vve?-1 
= ¢+Va?—1 Spemee 
2o+Nv a? —I 


y= tlog (e+ Va? —1). 


The positive value of the right-hand side is the one 
always taken. 

Hence, when @ is real, cosh—w is a single-valued 
function. | 

Similarly sinh—w and tanh—w are defined; they are 
single-valued functions, when z is real. 


** 324. If a+fi=cosh (x+yt), then x+yi is said to be an in- 
verse hyperbolic cosine of a+ i. 

But cosh (7+ yt) =cosh {2nwi+ (x +yi)}, as in Art. 318. 

Hence 2nmri+(x+yi) is an inverse hyperbolic cosine of a+ fi. Its 
principal value is that value whose imaginary part lies between 0 and 
wi, i.e. such that 2nw+y lies between 0 and 7. 

Similarly the inverse hyperbolic sine and tangent of a+ i are defined. 
In this case the principal values are such that the imaginary part lies 
Tv 


between — 5 


4 and i a. 


*% 325, Bx. 1. Separate into real and imaginary parts the quantity 
sin! (cos 0-+7 sin 0), where 0 is real. 
Let sin“! (cos 6+7sin 6)=x+y1, 
so that cos 6+isin @=sin (x+yi)=sin «cos yi+cos x sin yt 
=sinxcosh y +icos 2 sinhy. 
Hence SIN & GOSH Y = GCOS O.....cccccssceeecscereeeees (1), 


and GOS a SIN Y S810 0 cssihcside caer sasemanene (2). 
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Squaring and adding, we have 
1=sin? x cosh? y + cos? x sinh? y=sin? x (1+ sinh? y) + cos? # sinh? y 
=sin? 2+ sinh? y, | 
sinh? y = cos? x. 
Hence from (2) we have cos? x=sin 0, assuming sin 6 to be positive 


Therefore, since x is to lie between-~= and + = 5 (Art. 321), 


cos c= +Nsin 6, and hence «=cos~!(sin 8) 
The equation (2) then gives 


we have 


sinh y= +AVsin 6, 


so that ev —2ev ./sind=1, 
1.€. ev =/ sin 6+N1+4sin 6, 
1.€. 


y = log [Vsin 6+N1+sin 6]. 
Ex. 2. Separate into tts real and imaginary parts the quantity 


tan-!(a+ Bi). 
Let tan— (a+ Bi)=(«+yi), so that tan (x +yi)=a+ Bi, © 
and 


tan (# — yt) =a — Bi. 
*; tan 2e=tan {(2+yi) + (a—-yt)} 
_(o+pi+(a~Bi) 2a 
~ 1= (a+ Bt) (a — Bi) ~ 1- a? — BP 


Again tan (2y) = tan [(@ + yt) — (x — yi)] 


_ (a+ Bi)-(a-Bi) _ 2 8t 
~ 1+ (a+ Bi) (a- Bi)” 1+0?+? 
E24 — e~* 28% 
‘eve Lea bp iaareee raxeieele eobesrsesses (1). 
e*y = tee tee _ Cte te 
ey 


‘ (1+ 8)? + a? 
A yndloe apr 
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pita d : _ 2B 

Or again (1) gives tanh 2y = Tp a2 pe? 

en ee ee 

so that Y=5 tanh i+o2+B 

We should have Tan7! (a+ Bi) =n + tan! (a + Bi) 

2a 4 28 
= i me on Pile 2 ‘ 
nr +4 tan Toate mt 9 fon pete 


EXAMPLES. LVI. 


Separate into their real and imaginary parts the quantities 
], tan7!(cos @+7sin 6). 
9. cos !(cos@+isin 6), where @ is a positive acute angle. 


Prove that 
x 


8. sinh ~} a =log (w +V x? +1). 4. a a 
5, cosh -! w=log (,/2?-1+2). 6. tanh! «=4 log ste, 


7, Sin-!(cosec 6) = {2n+(-1)"} até (-— 1)" log cot 5 . 


(ey at m8 uae: 
8, Tan-1(e aa eae g log tan 4 5): 


_, tan 20 + tanh 24 + Tan! tan 9 —tanh¢@ 


gk nen tan 20 —tanh2¢ tan @+tanh @ 


= Tan—!(coté@coth¢). 


CHAPTER XXVI. 
LOGARITHMS OF COMPLEX QUANTITIES. 


326. Ir a=e*, where a and «# are real quantities, we 
know that « is called the logarithm of « to base e and we 
have shewn in Art. 253 that 


pa e= ap sptweutacees ad inf. 
Et B 


We may therefore look upon the logarithm, a, of a to 
base e as being derived as a root of the uaa 


a=liet p+ Bt reer 210 348 Seer (1). 


As in other cases we shall now extend this result to 
complex quantities. 


327. Def. [f «+ yr be any complex quantity and if 
a+ 61 be a quantity which is equal to e*+¥', 2.e. to the series 


1+ @+ y+ C5 RF Soe Sectiaad 


then « + yr ws sard to be a logarithm of a+ Bt. 
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We say “a” logarithm because, as we shall now shew, 
there are with the above definition many logarithms of a 
quantity. - 

We have CA Bie!” seis tecnawiaders (1). 

Now, by Art. 308, we have, for all integral values of n, 

ent — cos Anam + 18In QW = 1 wee cece (2). 
Hence from (1) and (2) we have, by Art. 305, 


a -+- Br —_ extyt ‘ ern —_ ext (Y+2nr) 0 : 


According to the above definition we see that, if # + ys 
be a logarithm of a+ 2, so also is 


at yit nm, we. a+ (y+ 2nr)2 


328. We proceed to find the logarithms of the 
complex quantity «+ 82, where @ and £ are real. 


By Art. 267, we have 
a+ Si=r [cos (2nm + 6) +7 sin (2n7 + @)| 
where n is any integer, r =+ Va?+ 6%, and @ is that value 


lying between — 7 and + 7 such that cos 6 is and sin 0 


is 8 2.e. with the restriction of Art. 267, 


= 
d =tan— p 
a 
If « + yt be a logarithm of a+ 67, we have then 
r [cos (Qn + 0) + 7¢sin (2n7 + 0)] = e**¥ 
= of, eM (Art. 305) 
=e" (cosy +7 sin y). 
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By equating real and imaginary parts, we have 
e* cos ¥ = r Cos (2Qn7 + 8), | 
and e* sin y=rsin (Qn + 8). 
Hence =r, and y =2n7 + 6. 
Since # and r are both real, # is the ordinary algebraic 
Napierian logarithm of r, so that 
“= log.7. 
Hence a logarithm of a+ Az is 
| log.r +2 (2nr +0), 
1.6. log. V e+ +4 (2nm + tan7? “) , 
Since n is any integer we see that there are therefore 


an infinite number of logarithms of a+ fi, and that these 
only differ by multiples of 2. 


329. With the extended definition of a logarithm 
given in Art. 327, it follows by the last article that the 
logarithm of any number is many-valued. 

When this many-valuedness is taken into consideration 
we write the logarithm of a+ 62 as Log (a + £1). 

Hence 

Log (a + 82) = log, Vor + +4 [2nm + tan 4 

If we put ” equal to zero in the value of Log (a+ 82) 
the result is called the principal value of the logarithm 
and is denoted by log (a+ £2), so that 


log (a+ Bi) = log, V(a2? + B®) +7 tan sy 


and 
Log (a + 82) = 2nmt + log (a + Br). 
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This distinction between log and Log is to be here- 
after assumed. 


330. <Any positive quantity has one real logarithm 
and an infinite number of wmaginary ones. 

In the result of the preceding article put 8 equal to 
zero, and we have 

Log a = 2n71 + log, a 

We therefore observe that, with our extended definition of 
a logarithm, every real quantity a has a real logarithm 
(which is equal to log,a as ordinarily defined) and an 
infinite number of imaginary logarithms, which are 
obtained by adding any multiple of 277 to its real 
logarithm. 

This might have been directly deduced from equation 
(1) of Art. 326. For this is an equation of infinite degree 
and therefore it has an infinite number of roots, of which 
only one is real. 

It will be noted that the principal value of the 
logarithm (according to our extended definition) of a real 
number is equal to its ordinary algebraic logarithm. 


331. Logarithm of a negative quantity. In the result 
of Art. 329 put @=0, and a=—~a, where « is a real 
positive quantity. 


6 +o + B?=+2, and tan e 


[which is an angle such that its cosine is ae ve —I, 
and its sine zero (Art. 267)] 1s equal to 7. 

. Log (— &) = 2nmi + log, # + 771, 
and log (— x) = log, 2+ 77. 
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Hence the principal value of the logarithm of a 
negative quantity —x (with our extended: definition) is 
equal to the ordinary algebraic logarithm of x added 
on to mt. 


332. Logarithm of a quantity which is wholly i wmagin- 
ary. In the result of Art. 329 put a =0, and we have 


Log (82) = 2ni + log, B +4 


Ce 


= log, + (20+) T 


so that the logarithm of any quantity which is wholly 

imaginary, consists of two parts, the first of which is real, 

and the second of which is imaginary and many-valued. 
As a particular case, put 8 = 1, and we have 


Log (V—1)=1 (2n + 5) Tv 
so that the principal value of Log (V7—1) is 5° 


333. In the result of Art. 329 put 
a =cos @ and 8 = sin 0. 
*, Log (cos 6 +7 sin @) 
=log,1+7(2nr + 0) = 014+ Qn, 
w. Log e% = 01+ 2nm1. | 


The principal value of Log e”, z.e. log e%, is therefore 
that value of (@ + 2n7)7 which is such that 0+ 2n7 lies 
between — 7 and + 7. 
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334, Ex. 1. Resolve into its real and imaginary parts the expression 
| Log sin (“+ yt). 

Let Log sin (vx + yi) =u-+vi, so that 
evtvi— gin (c+ yi)=sin 2 cos yi + cos 2 sin yi 


ey+eu ev —e¥ 1 
QF EGOS Breer eettece eens (1). 


As in Art. 267 let the right-hand side of this expression equal 


=sin zx 


7” [cos (2nm + 0) +7 sin (2n7 + 64)], 


A y —y¥\2 ey —e-¥\2 
rata/ sin’ a (° > J teoste ( a ) 


=4 A (c2 +7) — 2 cos 2x 


=4 ./2 cosh 2y — 2.cos 2a = / cosh a cos 22 


ey — e77 
ey+e¥ 


so that 


and é=tan} | cot x | =tan7![eot # tanh y], 


with the usual restriction of Art, 267. 
We have then from (1) 
e* (cos v+isin v) =r [cos (Qn +6) +4 sin (Qar+ 6)]. 
Hence e“=7, so that w=log,7, 
and v= Qnrt+ 6. 
*. Log sin (2+ yi)=u+vi=log, r+ (2nr +6) i 


Ls: h 2y — cos 2 
=5 log, [ee +%[2nm + tan-! (cot x tanh y)}. 


By putting n equal to zero, we have the principal value of 
| Log sin (% & ty). 
Ex. 2. Lind the general value of Log (- 8). 
Let x + yi= Log (—3), so that 
ertyi— 3. 
Put —3=r {cos (Qnr +6) +7 sin (2nr+6)}, 


as in Art, 267. 
Then we have r=3 and @=7.. 


25—2 
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Hence 3 {cos (2Qna + 1) +isin (Qn +7)} 
=ertyi= et, evi=ex {cosy+isiny}. 
Hence e*=3, so that «=log, 3, and y=2nr+7. 
“. Log (-3)=log, 3+ (Qnr+7) 7. 
The principal value, obtained by putting n equal to zero, is 


log.3 +71. 


EXAMPLES. LVII. 


Prove that 
1, log (cosé+7sin 6)=70, if -r<O}7r. 2. log(-1)=77i. 


3. log (- i) = - 54. 
4, log (1+ cos 20 +7 sin 26) =log, (2 cos 6) +70, if —-r<O +7. 


5, log tan (5 + 5 i) =ttan sin he. 
1 


h 2; 
6. logcos(#+yit)= 5 log, (= i — =") +7 tan! (tan 2 tanhy). 
sin(@+yt) 9.4.4 
7, log Cen 27 tan! (cot « tanh y). 
cos(z@—-Yyt) 9.4.4 
8. log en a 27 tan! (tan x tanh y). 


x—t 
log =r —-2tan-! x. 
9, t log gat tan—! x 


10. log (1+ tan a)=log, seca+ai, where a is a positive acute angle. 


1 1 @ i(m7.0 
11. tos (=a) “Hoe (genres) +¢(5-3) 


13, Log (-—5)=log.5 + (2nr+7)i. 
14, Log (1+7) = log, 2+7 (aur +7) 
15, Find the value of log log sin (x+y). 
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335. Definition of a* when a and x are any 
quantities, complex or real. When a and 2 are real 
quantities we know that 

a? = 8.4, (Art, 253.) 

When «@ and & are complex the ordinary algebraic 
definition of a” no longer holds. 

Let us so define 1t that 


% . pt Log a 
Q™ = QB OEE, 


for all values of « and a, whether real or complex. 

Now, by Art. 329, Log a is many-valued and complex 
when a is complex. Hence a® is many-valued and com- 
plex, so that 

Q® = eX loka — oe (2nrt-+log a) 
Brom Art. 306 it now follows that a* x aY=a*tY, so that a” obeys the 
ordinary algebraic law of indices. 

The value of a* obtained by putting » equal to zero is 
called its principal value. 

Hence the principal value of a® 


a ex log a 


=l+zloga si 2 ~ (log ayv+... (by Art, 304.) 


336. It may now be shewn that, if y be complex, 


1 1 
logd+y=y- sy Tad a secatineet 


The proof is similar to the proof when y is real. 
(Art. 256.) 
It is, in general, necessary that the modulus of y be< 1; 
otherwise the Binomial Theorem does not hold for com- 
plex quantities. (Art. 273.) 
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If the modulus of y be equal to unity, so that y may be put equal to 
cos ¢@ +i sin g, the expansion can be shewn to be still true, except in the 
cases when ¢ is equal to an odd multiple of z. 


Since Log (1 + y) = 2n77 + log (1 + y), 
we have . 


| | 1 1 1 
Log (1 +y)= tami bys VY tay~—-Zyr penis 


337. To separate into its. real and wmaginary parts 
the expression (a + Br)*t™. 


Let a+ St=r(cos 6+ isin 8), 


so that as in Art. 265, 
B 


r=Vo+ Band 6= tan. 
Then, by definition, 
(a -+ Bijetyt = eletyd Los (a+Bi) 
| — pfatyi} flog (a-+Bi) +2mmi} 
= glttyi} flogr+ (0-+2mm/} 
fs Sa Noa nara tae (0-+2mm)} 
— gelogr py (0+2nim) aiity lor r-+a:(0-+2m0n)§ 
= 7%, e¥l0+2m7) [eos fy log r+ v2 (8 + 2mr)} 
| +zsin {ylog r+ a (@+ 2mr)}]. 
If we put m equal to zero, we obtain the principal 
value of the given quantity, viz. 
r%e—¥® [cos (y log r + #0) +7 sin (y log r+ «@)]. 
338, Ex.1. Find the general value of [\/ 1 ~1. 
We have L/W ~la eV -1Log/=7,- 
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But Log ,/-1=Log | os (2nr +5) +isin (20+ ) 


a ee . 
= Loge (2nn-+5) ‘= (an 5) a, 


“ J-1N-ts P (2m +) Cane (20n+2) 


where 7 has any integral value. 
rr a . 7 
The principal value of [\/ —1]V ~! is e7@. 
Ex. 2. Find the general value of Logs (- 3). 


Let Log, (-8)=«+ yi, so that 2777 = — 3, 


ie. eletyillos2 = 3 feos (Qmr-+n)-+isin (Qmr+n)} (Art, 268). 
But Log 2=2n7i +log,2, and 3= ee; 


“ eer yt) Qnmi+ log,2) _ ,log.3 ; e (2mm +r) a 


 (w@+yt) ( 2n7i + log.2) =log,3 + (2mm +1) 4. 
Equating real and imaginary parts, we have 
xlog, 2—2nmry =log. 3, 
and ge. 2nr+y log, 2=2mm +7. 


Solving, we have 
e _ log, 8 log, 2-+ (2mm +1) . 2nw 


(log, 2)?-+4n®r%- 
and _ (2mm +17) loge 2 ~ 2nm log, 3 
: (log, 2)? dn?x? 
Hence Log, (- 3) 


_ flog, 3 log, 2+ 2n (2m+1) 2} + im { (2m +1) log, 2 — 2n log, 3} 
= (log, 2)2-+ 4m? _ : 


If m=n=0, the principal value is obtained, viz. 


log, 3+ 7i 
‘log, 2) 
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339. It could now be shewn that the general values 
of the logarithms of complex quantities satisfy the 
ordinary laws of logarithms, viz. 


Log mn = Log m + Log n, 
and Log ~ = Log m — Log n. 


It could also be shewn that Log m” =n Log m+ 2p7i, 
where p is some integer or zero. The proof is left as an 
exercise for the student. 


EXAMPLES. LVIIL. 
Prove that 


1, aise 72m {cos (log a) +7 sin (log a), 


9, i%=C08 {(2m-+5) ra +7 sin {(2m+5 ) rat , 


3, =cosé+isin 6, where 


é= (2m + 5) TT . a (20m +5) ‘ 


4, If i" — 44 Bi, principal values only being considered, prove 


TA 2B 5 ia. oes 
tan -5- =F) and A?+ B*=e 


5, IepittPaa+ Bi, prove that 
ae 62 e— nt) mB, 


vB 


(14a) ota 
(1 — 2)? 


6. If =a-+ fi, prove that one value of tan7} - ig 
5 DT+ q log, 2, 
7, If (a+bi)?=m*+v, prove that one of the values of i is 
2 tan~1 ° 


log, (a?-++ 6?) ° 
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8, If a*t?*=(2+yi)?+ts, principal values only being considered, 
prove that 


a =5 p loge (x* + y”) — g tan™) 2 loga é, 
g AP +BY 
and that log, (2? + y?) 2 pig . 
9. Prove that the real part of the principal value of (¢) !o¢@t) is 


a = 
e 8 cos G log 2) : 
10, Prove that the principal value of (a+%b)*** is wholly real or 
wholly imaginary according as 
| ; B log (a? +b?) +a tan! ° 


is an even or an odd multiple of - 


11, Prove that the general value of 
(1+7 tan a)7@ 


is ett 2mm Teog {log cos a} +é sin {log cos a}}. 


12, If (eM X44, 
a~x2—iy 


prove that one of the values of 


2 2 
tan—2 Y is Xr tan™! Cane + ‘ad log (a+2/P+y? 


X — 2? 2° °° (a—2)*+y2" 
— 4An+l1 
13, Prove that Log 7 Gl 1)= ne 


where m and n are any integers. 


14, Prove that the general value of Log, (— 2) is 


(log 2)?+ m .(2n+1) 3? 44 (2n+1-—-m) rlog2 
2 (log 2)? 4. 2m? 2 (log 2)?+ 2m2x? * 


Explain the fallacies in the following arguments: 
15, For all integral values of n we have 
ent — eos nw +i sin 2Znr=1, 


so that eum = ont = oom em 


eoevnene 
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Raise all these quantities to the power ,/—1; thus 


16. For all values of @ we have’ 
cos (6 — 2) -+isin (6 = r)=cos (0+ 7)+7sin (0+7), 
so that ef (8-7) = gt O-7), 
Hence 9 —r=0+n, i.€, r=0, 
17, If 6 and ¢ be the principal values ‘of the amplitudes of two. 
complex numbers # and y, prove that 
log xy =log x +log y + 2nmt, 


where n is —1, 0, or +1 according as 0+ is >7, greater than — 7. and 
not greater than 7, and not greater than — 7, respectively. 


CHAPTER XXVII. 
GREGORY’S SERIES. CALCULATION OF THE VALUE OF 7. 


340: Gregory’s Series. To prove that, if 6 be not 
7 


less than — i 


and be not greater than +5 , then 


@ = tan 6 — 5 tan’ 8+ = tan’ 6 — er 


We have cos 6+7sin 0 =e%, 
and cos 6 —isin =e, 


oie i 6 | 5-2 
. COs G +4810 0 € — e29t a @ (20420) 1 
se : ee Tae, 


" cos 0 —tsin 6 6% 
where n 1s integer. 
1+ 7 tan 
1—vtan @ 
“. (20 + Qnm) 7 =log (1 + 7 tan @) — log (1 —7 tan 6). 


«3 pQ0+2n7)t 


Now log (1 +2tan @) may be expanded provided that 
tan @ be numerically less than unity. 
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Hence (20+ 2n7)2 


= itan 0— 5 # tan! @+ 5 tant 6 — eeee 


— | =item 0-5 i taut 9 — 5 tant 8 — Skee | 
; 1. i 
=2| itond+ 5 tant 0+ 5 itan* 0+ bition: | 
ne 6 +n =tan 6 ~ stan’ + = tan’ 6- jena sak), 


where n is an integer. 
The right-hand member of (1) may be written in the 
two forms 


tan 6 (1 — 5 fan! 6) +5 tan? 0 € — > tan’ 0) Pe eaee(Z); 


and 


1 3g 1 i Ante 
‘tan 0-5 tan! (1 — Stan g) — tan’ a(1 — g tan 8) 


If @ lie between 0 and 7 , So that tan @ is positive and 


less than 1, then from (2) we see that the sum of the 
series is positive, and from (8) that it is less than tan @ 
and therefore less than unity. 

In this case, therefore, n must be zero and we have 


@ = tan 0 — 5 tan' 6 +3 tant 8 —......ad inf, ...(4) 


If we change the sign of 6, then every term in (4) 
changes its sign, so that the series must also be true for 


values of 6 between O and 5 , 
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341. When tan @ is equal to unity, we have 
log (1 +2 tan 0) = log (1+ 7) = log E + (cos 5 + isin 5) ; 
so that the expansion of log (1+7tan@) is by Art. 336, 
still true. 
Similarly for log (1 —7 tan 8). 
Hence Gregory’s series is true for the extreme values 
vin 


oT 
C=] and oer i 


342. If @ lie between + and = or between 


50 ‘ his 
4 4? 
or, generally, between 


UIT +4 and r+ = 


tan @ is greater than unity; in these cases the expansion 
of log (1+72tan@) does not hold, and there is no such 
expansion as equation (1) of Art. 340. 


343. If @ lie between on and ay let it equal w+ a, 


so that a lies between 
T 1T 
ty and +4) 
and hence, by equation (4) of Art. 340, 
| 1 I 
= oS 3 ee Bay 
a= tan a 3 tan a + % tan OO oceans 
But tan a = tan (6 — 7) = tan 6, 
so that this equation is 


@—m = tan —5 tan’ 0+ © tan? 0— 
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Comparing this with equation (1) we see that n equals 
— 1 when @ lies between 


= and °F 


If 6 lie between a and on it may be similarly shewn, 
by putting @ equal to 27+ a, that in this case n is equal 
to — 2. 

In general if @ lie between pr -7 and pir +4 the 
equation (1) of Art. 340 is 


6 — pr =tan 6. = tan’ 6 + ; tani @—...... 


344, The series (2) of Art. 340 may be slightly 
transformed by writing tan @=, so that # must be not 
less than —1 and not greater a 1. 

‘It then becomes | 


tan x=x— . Ay + ty =x’ ee eee ad inf., 
where tan # 1s that value atic hes between 


ve T 
sae and + |: 


345, The results of the preceding articles may be more p ditectly 
connected with the preceding chapter i in the following manner. 

If tan @ be numerically less than, or numerically equal to, unity we 
have, by Art. 336, 


Log (1+7 tan @) = 2pi_+7 tan 6 ea, tan? pike 7 tan? 6..., 


2 8 
ee se 1. 1. 
and Log (1—itan @)=2gq7i—7ttan é - 51? tan? 9 — gv tan®é..., 


where p and q are both integers. 
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Hence, by subtraction, - 


l+itan @. ee 
Logs—sian a> 2(p- q) wi'+ 22 [tan 9-5 tant 6 O+. al rer (1). 
1l+itanéd .  [cosé+isin6 
put ea igs Eee 


= Log (cos 6 +7 sin 6)?= Log [cos 26 +7 sin 26] 
SO iE Tt D0. dic seca cotesnaicena tina sbioedin teocnauteensss (2), 
where 7 18 an integer. 


Some one of the values of the right hand of (1) must therefore be 
equivalent to some one of the values on the right hand of (2). 

Hence, by equating and putting 7- p+q=n, we must have, for some 
integral value of n, the relation 


6+nr=tan 9-5 tan? 04-5 tan? 0 - oe 


If we consider principal values only of the logarithms then in (1) both 
p and q are zero and tan @ is numerically less than unity. 
Also, by Art. 333, the value of 7 in (2) is zero and @ lies between 


T T 
~%3 and a ie 


Combining these two statements we see that‘ p, q, and r are zero, and 


therefore nm is zero, when @ lies between ~5 and oe 
346. Value of gr. One of the chief uses of Gregory’ S 
series is its application to find the value of mr. 
In Art. 344 put #=1, and we have 


LE AO Ie aes i 
4 3 5 7 9 @eeseoeee 
so eee ae 1 - 
Z (5 hel Cae -(T-B oe 
oa ee | 1 
— da OD Be aes raeny ee ee e 
: Eecaiecha es cia 


This series may be ‘used to. calculate m2; its defect 
however is that the successive terms do not rapidly 
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become small, so that a very large number of terms would 
have to be taken to obtain the value of mw correct to any 
great degree of accuracy. 

For this reason other series have been sought for. 


347. Euler’s Series. We can easily prove that 


1 1 ow 
tan 5 + tan a A 
In Art. 344 put in succession # equal to 


1 J 


g and 5, 
and we have 
1 

a a pee aa Hevea 
4 tan 9 + tan 5 

A Tt BM 

~ 9 3° 93 5° 95 wort @eaesee 

a ee 

3 3° 33 5 * 35 ce 3” @ee2eeee 


This series converges more quickly than the preceding 
series; but more than eleven terms of the series for 


tan 5 would have to be taken to give mw correct to 7 


places of decimals. — 


348. Machin’s Series. A more convergent series 
than the preceding is Machin’s, which is derived from the 
expression 

1 


4 tan“ ; — tan 539 =4 (Art. 240, Ex, 4). 
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By substituting im succession and = for # in Art. 


5 
344, we have 


3 
2 oe eee 
3 5" 


4/111 1 
—* | 939 3 9398 7 5 9398 


9 
Now 16 x 0 = 3 2, 
1 2 
16x 2 = -0000009102 
*9 Io 
4x4 +. -qoo0000977 
3 2393 
3-2010250079 
1 2 
Ais 16 x 5 = 0426666666 ... 
ese 0000292571 . 
6X 7+ T97= i 
16 x, 2. =-0000000298 
1100 > 7 
4x 2. =-0167364017 
939 ~ " 
0594323552 


26 
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Hence 3°2010250079 
— 0594323552 


m = 3'14159265/27 
This is the value of a correct to 8 places of decimals. 
By taking the first series to 21 terms and the second 


series to three terms we should get a correct to sixteen 
places. 


349. Rutherford’s Series. <A further simplification 
of Machin’s formula is the expression 


1 1 1 
a —~1 i ee 
4 tan F tan 70 + tan 99 = 4" 
For we have 
1 ‘| 
1 1 70 99 29 
—1 eel es —1 = —1 
tan 70 tan 99 tan : 5 a tan 6931 
70°99 
= tan = 
239° 
EXAMPLES. LIX. 
Assuming that 
@—nr=tan g-S tant O45 tan® @—..., 
write down the value of n when @ lies between 
lir 137 Tr Or 
Li yz and —-. D: tT and 7 . 
197 VAL g 37 53 
8. 7 and —. 4. 4 and ——-. 
5, - al and — lil . 


4 4 
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6, Prove that 
1 1 1 
w=2,/3 }i- mtg Tpt ia 
7, Prove that 


wl2 1 1/2 ,1\ 1/2 1 
,° 3°73 x tm) +5 got 75) — 


8, If « be <,/2—1, prove that 


1 1 
—_— it wd 7 
2 (2 gt tee oe ad inf 


nx 1/ Q\2 JI Qe \5 ; 
ae ee Gee) ae 3) - sere oe 


Find the value of 7 to three places of decimals 
9, By using Euler’s Series. 
10, By using Machin’s Series. 
11, By using Rutherford’s Series. 
' 12, To the second order of small quantities, prove that 


ee ‘ ~1 
5 Vitsin Olog (1-6)+tan—! 0 sin (F+e) =Bats, 


13. When both 6 and tan—! (sec 6) lie between 0 and 5 , prove that 


Tie! as Da a ate ag = shia 


tan™! (sec @) = Z ae a+5 9 
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CHAPTER XXVIIL 
SUMMATION OF SERIES. EXPANSIONS IN SERIES. 


350. WE shall now apply the results of the preceding 


chapters to the summation of some trigonometrical series. 


The chief series may be divided into four classes ; 

(1) Those depending for their summation on a 
Geometrical Progression ultimately, 

(2) Those depending ultimately on the Binomial 
Theorem, 

(3) Those depending ultimately on the Exponential 
Theorem, including, as sub-cases, the Sine and Cosine 
Series, 
and (4) Those depending ultimately on the Logarithmic 
Series and, as a sub-case, Gregory’s Series. 


351. In Arts. 852—355 we shall sum one example of 
each of these classes. It will generally be found more 
convenient in summing one of these series involving sines 
of multiple angles (such as sina, sin 2a, sin 38a...) to also 
sum at the same time the companion series involving the 
cosines of the same multiple angles 


(2.€. COS a, COS 2a, CoS 3a...). 


The method will be best seen by a careful study of the 
following four articles. 
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352. Ex. Sum to n terms, and to infinity, the series 


l1+ccosa+ c?cos2a+...... ; 

where c is less than unity. | 

Let | 
C=1+ccosa+ec’cos2a+...4+ 6% cos(n—1)a...... (1), 
and 
S=csina+c’sin 2a+...... +c" sin (n — 1) @.....08. (2). 

Multiplying (2) by 7 and adding to (1), we have 
C+ S=1+¢ (cosa+7sin a) + c (cos 2a4+7 sin 2a)+...... 

= cer Cet a ot ter (Art. 308) 
1 —c* er 


eae fae by summing the G.P., 


_ {1-0 (cos na +7sin na)} (Art. 308) 


l—ccosa—7zc sina 


{1 —c” cos na — 1c” sin na} {1 — ce cosa.+icsin a} 
(1 —ccos a)? +c sin’? a 
{1 —ecos a) (1 — ce" cos na) +c" sin na sin a} 
+z{esina C —c” cos na) — ce” sin na (1 — ccos ay} 
| 1 —2ccosa+c? 
Hence, by equating real and imaginary parts, we have 


Ox (1 —c¢ cos a) (1 — c” cos na) + c”*! sin na sin a 
1—2ccosa+c? 


? 


csin a (1 —c” cos na) —c” sin na (1 —c cos oe 


and S= 
1—2ccosa+c¢ 
C 1 —c cos a—c” cos na + c”* cos (n —1) @ 
1.8. Senn ee Ear aE 
1— 2c cosa+¢? 
csina—c" sin na + ¢"* sin (n— 1) a 
and S = = 


1—2ccosat+ ¢ 
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The sum to infinity is obtained by omitting the terms 
containing co” and c”*!, which become indefinitely small 
when 7 is very great. 


1—cecosz 
Hence C= = 
1— 2ccosat+ec 
G sin a 
and S 


2 1—2ccosa+c? 

From the results for C and S it is now clear that the above series 
might have been summed, without the use of imaginary quantities, by 
multiplying both sides of (1) and (2) by the quantity 1-2ccosa+c’. 
The coefficients of c?, c3...... c®-1 would then be found to vanish and the 
values of C and S be easily obtained. 


353. Ex. Sum the series 


5 sin a+ 5 Siem me D sai . ad inf. 


2.4 2.4.6 
1 1.3 1 
Let S= 5 Sina + 5] sin 2a+ 57 sin 3a +..., 
1 1.3 123.5 
and C=1+ 5 cosa + 57 008 2a-+ 57g C08 Ba + .. 


Hence, multiplying the first by 7 and adding to the 
second, we: have 
13 3 11825 


; Dos 
= _ par 2ar 
C+8t l+5e +5 4° +546 


= (1 — eo"), if a 2nr, 
il the Binomial Theorem. (Art. 273.) 
C+ Si={1—- a 


—3 
i. sin 5 (sin 5 —4C0S 5) 


ear 
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Hence, by equating real and imaginary parts, we have 


1 
. an T— a 
O= {2 sin st cos ——— 


2 4” 
: . an? . wr-a 
and S= 2 sin $t sin —7—. 


If a= 2n7z, clearly S=0 and C= 0. 


EXAMPLES. LX. 


Sum the series 


1, sin a+ 5 sin 2a+5, sin BO cccaee ad inf, 

9, CosSa.cosa+cos?a cos 2a+ cos? a Cos 8a...... ad inf. 

3. sina.sina+sin?a sin 2a+sin?a sin8a+.,..... adinf., where a * + a 
4, sina. cosa+sin?a. cos 2a+sina.cos3a+...... ad inf,, 


where a +5 : 


5. sina+c sin (a+ 6) +c sin (a+28)+...... to n terms and ad inf. 
6, 1+ccosha-+c? cosh 2a+...... +c”~l gosh (n—1) a. 

7, csinha-+c? sinh 2a+...... ery ad inf. 

8. 1-—2cosa+3cos 2a--4cos3a+t+...... to n terms. 

9 


. 8sina+5 sin2a+7 sin 3a+...... to m terms. 


10. When ams, find what are the values of the series in Exs. 3 
and 4. 
n (n-1) 
1.2 


1]. sina+nsin (a+ 8) + 


n being a positive integer. 


sin (a+28)+...... to (n+1) terms, 


12. sin a+5sin Bats sin 5a+...... ad inf. 


n (n—1) 
1.2 


13. cos®a—n cos"! a cos a+ cos”? a, cos 2a...to(n+1) terms, 


n being a positive integer. 


(n+1) 


14, nsina+~ (n+l) (n+2) 


sin 2a-+ sin 3a -+...... ad inf. 


Le 1.2.3 


408 TRIGONOMETRY. (Exs. LX.] 


1 1 Liao ; 
15, 1+- 5 008 20 — 57 cos 40 + 5-7 ria g 008 60 ~ Sabie ad inf, 


ists 1) 


16. sinhu+n sinh 2u+—, = sinh 8u+...... to n terms, where n is 


a positive integer. 


354, Ix. Sum the series 
cecos2@ ct cos 40 


aa a id  awiesals ad inf. 
2, 4 
Let o2142= os oe ad inf. ...(1), 
eae pee 
at. 22 Se cat ad inf, ...(2) 
[2 (4 
Hence 
27204 dp AGi 
ORS ee Me nacelle ad inf 
2 {4 
2 ees ; 
where y=ce%=c(cos @+z7sin @). 
Y 4 e-y 
Ci 
2 
=F eroosotiosing 4 = groeosesesin® (8) 


= 5, 6°89 [cos (¢ sin @) +4 sin (esin 6)] 
rs ; e089 Teos(¢ sin 0)—isin (csin 6)]. (Art. 307.) 


By equating real and imaginary parts we therefore 
have 


C= ; cos (c sin ) [e?°89 + e608 #] 


= cos (c sin @) cosh (¢ cos 8), 
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and $= sin (¢sin 6) [eeeos? — eos] 


= sin (c sin 8) sinh (¢ cos @). 
Aliter. From (8) we have 
C a Se an : ee sin @—i¢ cos 6) 4 2 : ele sin 6—ie cos 6) 7 
=cos(csin@—iccos@) (Art. 307) 


=[cos(csin @)cos (zecos @)+ sin (csin @) sin(tccos @)] 


= [cos (csin 8) cosh (ccos #)+7sin(¢sin @)sinh(¢ cos @)] 


_ (Art. 314). 
Hence C and S as before. 
355. Ex. Sum the two series 
2 3 
C SIN A +5 sin 2a +5 sin BO cesees ad inf,, 
C CG . | 
and c¢cosa+ 5 608 2a + 3 008 BO T+ ccceee ad inf., 


where c is numerically not greater than unity. 
Let S and C stand for these two series; then, as 
before, we have 


; 2 
C+ Si=c (cos a+ isin a) + 5 (cos 2a +4 sin 2a) + re 


a npot C ar Ce 3at 

== Ce + 5% + ge etuke gee  seeveions (1) 
=—log[l—ce™] (by Art. 336) ............ (2) 
=—log [1 —¢ cos a—1¢ sin @] (Art. 308). 


Let 1 —ccosa=rcos@, and —csina=r sin @, 


so that 


l—ccosa 


r=+V1—%cosat C, CONSE Sto 
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and 


; csinag . —csina 
sin @=— ; , ve. O = tan 


1l—ccosa’ 
with the convention of Art. 267. 


“. 0+ Si=—log [V1 — 2c cosa+ c?(cos +7 sin @)] 
= — log [V1 — 2c cosa+c?. e**| 
=—log V1 — 2¢ cosa+ oe — 4. 


ef C=—log JCI Be cosa + @) =— 5 log (1 — 2c cosa +c’) 


and S=—6=-—tan ang pea ees: (4). 


1 —ccosa 
Exceptional cases. When c=1, the quantity (2) 
= log [1 — cos a—7 sin a] = log [1+¢os (a—2r) +4 sin (a —77)]. 
This, by Art. 336, is always equal to the series (1) 
except when a —7 is equal to (2n+1) 7, 16. except when 


ais a multiple of 27. 
In this case S=0, 


which is known to be a divergent series. 
When: c = — 1, the. quantity (2) 
=log[1+cosa+7sin a]. 
This by Art. 336 is always equal to the series (1) 
except when a= (2n+ 1) a. 
In this case S = 0, and 
1 1 1 


C=lt+5t3 at ee ats 
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The results (8) and (4) give then the sum of the two 
series except when (1)c=1 and a= 2n7, (2)c=—1 and 
a=(2n +1), and (8) when ¢c >1. 

In examples depending on the logarithm series it will 
be often found that for some particular values of the angle 
there is no sum. 


Particular case. Let c=cosa, where a lies between 


0 and o so that 


1 : 1 
S=cosa.sin a + 5 cos? a sin 20 +3 cos? a sin 3a +.... 
In this case 


S =— tan (= 


Sin & COS @ 
sin? a 


by (4) 
= — tan“ (— cot a) | 
art (« = 5) 
9 ) 
remembering the convention mentioned above, 


oT 


==—— a. 


2 


EXAMPLES. LXI. 


Sum the series 


1, sina+ce sin (a+) eee E sin (a+ 28)+...... ad inf, 
2. cosa+ecos (a+ f)+ é cos (a+ 28)+...... ad inf, 
“ cos BB ...... ad inf 


3. 1—cosa cosB +“ a 0828-9 


sim (an 28), Sin(at 38). 


E Tae 


4, sina- 


412 


10. 


TRIGONOMETRY. [Exs. LXTI.] 
cos og — COS (a 428) , cos (a +48) _ rer ad inf, 
3 5 
; 9 : 
Poca eee conn 32. ere ad inf 
|2 [3 
sinh a+ emis + sn Sa +H eesees ad inf. 
B 7B 
1 
1+¢°S* cos (sin a) + p e284 cog (2 sina) +o... ad inf. 
2sin a eosin a 


1+ e5i2* cog (cos a) + B cos (2 cos a) + cos (8cosa) +...... 


13 


DOOE Tit CORDE 9 cos 580 
1 =e 5 Ste ected 


{In the following examples c may be assumed to be positive and not 
greater than unity; when ¢ equals unity there will be, as in Art. 355, 
exceptional cases for some values of the angle a.] 


IL. 
12. 
13. 
14, 
| 15. 
16. 
17. 
18. 


19. 
20, 


: ce , a . 
¢sina~-> sin 2a +3 sin 8a —...... ad inf, 
. 1 ; see : 
csina tae sin 8a +50? sin ba + ina ad inf. 
1 1 too. : 
e cosa +3 c? cos 8a +z0° cos Bat+...... ad inf, 
1 1 ; 
ecosa — 5° cos 3a +26? cos Bat... ad inf. 
ci] 1 e 1 a e 
e sina — 3° sin 3a tee gin 5a-+...... ad inf. 
1 1 : 
cosa — 3 cos da + = cos 5a —...... ad inf. 
1 1 ; 
¢ cOsa— 5 c3 cos (a + 28) + 5 ce cos (a+ 48)...... ad inf. 
: : ‘oo ‘ 1. : : 
sin a sin B+ 5 sin 2a sin 2B +5 sin 3a sin 88...... ad inf. 
; : 1 
mM sin? a — 5 m* sin? 2a + 3 m gin? 8a —...... ad inf, 
. 1 .7 1 a e 
sinh a — =~ sinh 2a+=sinh 3a-...... ad inf. 


2 3 
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21. e“cos B- : e® cog ap, 0 cos 5B -...... ad inf. 


r 1 Qr 1 ard 4a . 
22.. COS 5 + 3008 | + 7 COS B+ 7 COS Mateet ad inf, 


93. Ifé--a=tan? 5 sin 29 ~ > tant sin 40+ tan? sin 6¢—... ad inf. 


prove that tan a=tan 0. cosw. 
24, If 6 and ¢ be positive acute angles prove that the sum of the 
series 
‘ At Ss ’ 
sin 9 Gos @ 45 sin 36 cos 3@ + 5 sin 50 COSOG+ 0.44, ad inf. 


. 7 
is — or 0, according as 6 > or < ¢. 


4 
Prove that 
95, tanha+ : tanh? « + tunh® 7+...... 
= tan «— ; tan? x +3 tan®v —...... , where « lies between — i and + : ‘ 


26. asin? +5. 4 sint0+5. 8sin® 6+ eee 


=2 (tan? 0 ie tan§ 6 +: tanl’@+.n... ) , where @ lies between 


3 
T Tv 
“|Z and +7. 
Ex dD fox. thi 
27. sin 6+ sin’ @+ = sin? 6+ seat 
1. : ae ‘ 
=2 (sin 6-5 sin 30+ sin 56 — ee , Where 62:(2n+1) 5° 


356. We subjoin some examples of series which come 
under neither of the foregoing heads nor under that of 
Chapter XIX. In general they are to be summed by the 
artifice of splitting each term into the difference of two 
terms. Considerable ingenuity is often required. When 
the answer is known the method of summation can usually 
be easily seen; for the answer when n is put equal to 
unity gives the form in which the first term of the series 
has to be put. 
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Ex.1. Sum ton terms the series 
ee 6 6 
sin? g + 8 sin’ aa + 32 sin’ age 
Since always sin 3/=3 sin ¢ — 4 sin® ¢, we have 


sue! = aS eae ai ' 


3.4 3 
Se sin’ 5, ae (8-[ Bsing sin =; — sin 3 |= 7|® sins, — 38 sin 5 | ; 
ae : . 
3? sin? - [ s%sin 5 - 32 sin & ; 
gni sin? =- | er sin gy — 3”—! sin — 


Hence, by addition, the required sum 


1 e 0 e 
ee n ex 2s 
=; 3 si 37, sine |. 


Also the sum to infinity 


= [0-sin 9} (Art. 228.) 


Ex. 2. Sum the series 
tan a+2 tan 2a + 2? tan 22a+...... + 22-1 tan 2-1 a, 


We have easily 
tan a=cot a — 2 cot 2a, 


tan 2a=cot 2a — 2 cot 27a, 
tan 22a = cot 2?a — 2 cot Bq, 
and tan 2°! g=cot 2%! a — 2 cot 2a, 
By multiplying these rows in succession by 1, 2, 27, ...... 2-1 we have 
tan a+2 tan 2a+ 2? tan 2?a-+...... +2%-1tan 2°1q=cot a — 2” cot 2%a, 


the other terms all disappearing. 
The required sum therefore =cot a — 2” cot 2a. 


Ex. 3. Sum the series 


tan a tan (a+ B)+ tan (a+) tan (a +28) + tan (a+ 26) tan (a+38)+...... 
to n terms, 
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Let u,= the rth term, 7.e. 
tan {a+(r—-1)Bhtan{a+rp}, 
, (u,+1) tan B 
=[1+tan fa+(r—1) B} tan {a+7r8}] x tan [a+78- (a+ 7r—16)] 
=tanfa+76}—tanfatr—1p}. [Art. 98.] 
Hence giving r in succession the values 1, 2,...... n, we have 
-(1+4u,) tan B=tan (a+) —tana, 
(1+-u,) tan B= tan (a +28) — tan (a+), 
(1+u,) tan B=tan {a+nB}—tan {a +(n- 1) B}. 
Hence by addition | 
(n+ S,,) tan B=tan (a +n) - tan a, 
tan (a+) - tan a-—ntan B 


so that S3= fan B 


EXAMPLES. LXII. 
Sum the series 
1, cosec + cosec 26+ cosec 46+ ...... to 2 terms. 


9. cosec @ cosec 24+ cosec 26 cosec 36+ cGosec 34 cosec 46 + 


8, sec é sec 24 + sec 26 sec 36 + sec 36 sec 40+.,..... to 2 terms. 
4, sec @ sec (0+) +sec (0 +) sec (0 + 2) + sec (0 + 2) sec (0+ 39) 


+P eiees to n terms. 
: + a eee : e to 2 term 
d. cosa+cos8a cosa+cos5a cosa+cos7a —" : 
1 6 1 6 1 ; 
6. tan @+ 5 tans + jp ban mt gp tan at are ad inf 
7 anh 0 +5 tanh § + gytanh § + 3 tanh % to » ter 
i 9 + op ga + 5p te Baraaetas o n terms. 
8, tan é@sec 26+ tan 26 sec 40 + tan 40 sec 86+...... to n terms 
6 0 6b 6 0 
9, tan 3 sec 6+ tan B sec 5 + tan 5B sec mn Sheed to » terms and to 
infinity. 
1 1 ae | 

LO: 5 con 52 con bens D0 Oi conb cos g0 ccs a 
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11. 
12. 
13. 
14. 
15. 
16. 


17. 


18. 


19. 
20. 
al. 


22, 
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; ‘ioe eg 
sin 26 cos? 6 — 5 sin 46 cos? 26 + i sin 84 cos? 49 —...... to n terms. 
; . 1, . : : 
sin 26 sin? 6+ 3 sin 46 sin? 26+ A sin 86 sin? 40 +...... to n terms. 
sin @ sin 20 sin 30 


G08 6-408 26 * cond +cos 46 Goa c0e6o eee to n terms. 


tan? a tan 2a+ : tan? 2a tan 4a +55 : 5 tan? 4a tan 8a+...... ad inf, 


1 
cos? 9 — : cos? 386 + cos? 326 — 53 cos? 399+....... to n terms. 


5 + 3? sin? ra ie oa dion to n terms. 
1 3. 32 


cotO=Stand cot30—-Stan3d cots’%@—3tan3%™ 
to n terms. 


. 20 2 
sin? 3 + 3 sin? 


cos 6 — cos 36 cos 36 — cos 326 4.32 cos 376 — cos 336 a 
sin 30 sin 370 sin3899 00°" 


to n terms. 


to n terms. 


4. 6 8 
—] ote eB SS]. Secmege  eaee I 
tan 143. 3-47 ane “Tye 7g t ta {eis ie to 


to 2 terms, 


1 1 1 ee 
= a1 aa ee 
tan 3 + tan 7 + tan 13 + tan7} d17 comes 


. 1 
tan7! J + tan—! “+ sede +tan—1 


2-1 
sin71 hae sin71 J 


/2 n/6 


Expansions. 


357. In some branches of higher Mathematics it 1s 
desirable to be able to expand certain quantities in a 
series of ascending powers. 


_ As an example we will expand 


log (1 — 2a cos 6 + a’) 


in ascending powers of a. 
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Since 2 cos 6 = e% + e-™, 
we have . 
log (1 — 2a cos 6 + a?) = log [1 —a(e* + e-®) + a?) 
= log [(1 — ae”) (1 — ae-™)] 
= log (1 — ae*) + log 1 — ae) 


eee i ie 5 . dt 
= 9% 2026i _ — 73,368 440i 
= — ae” — — are*™” — — aie? — — ates — 
2 3 4 


. 1 s 1 . 
— 8% 2y—20% 3p—30% 
— ae —--— ae — We = 
2 3 


eeseeoeon 


eee [e% + eH] — : a? [e2t 4. g-287] — : a [@8% +. e388" 


= — a, 2008 8 —5 a? 200s 26 — = a. 2 cos 80 sagen 


2 3 


The expansion of log (1 — ae”) is legitimate, by Art. 
336, if the modulus of — ae” be less than unity. 


=-2| acos 0+ 5 0% cos 20+ 5 a*c0s 30+ eeees | 


Now —ae®™=acos(a+@)+7sin (7+ 9), 
so that its modulus is equal to a. Hence the above 
expansion is legitimate provided that a is less than unity. 

The expansion is also legitimate if a be equal to unity 
provided that @ do not equal an even multiple of 7. 

It is also legitimate if a be equal to —1 and @ do not 
equal an odd multiple of x. 


358. Ex. Expand 
7 1-—a@? 
1 — 2a cos 8+ a? 
in a series of ascending powers of a. 
L, T. 27 
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We have 
l-—a@ eee 2 — 2a cos @ 
1 — 2a cos6 +a? " 1 —2acos 6 + a 
9 ayy (e% at e—*) 
1—a(e*+e-") +a 
2—a(e™ + 6%) 
(1 — ae®) (1 — ae) 
1 1 
1 — ae% + 1 — ae~* 
=—1+4+(1—- ae")7++(1 — ae) 
=—141-+4 ae" + ae? +3628 + ...,.. 
+ 1+ ae + are + aie3% + ...... 
=l+a(e"%+ e—*) + a? (6? + 6?) + 0. 
=] + 2a cos 6 + 2a? cos 26 + 2a3 cos 36 +...ad inf. 
The expansions of (1 — ae”) and (1 — ae)“ by the. 
Binomial Theorem are legitimate if the modulus of ae® be 
less than unity, ae if a be numerically <1, but not 
otherwise. (Art. 273.) 
The above series is the one assumed in Art. 294, 
Similarly we can deduce the series of Art. 2938. For 
we have 


=] +. 


2a sin 0 _1 a (6% — e~*) 
1—2acosO6+a@ «1—a(e*+e")+ a? 


ote ees 


ia a a re 
; (1 — ae) (1 — ae) t | 1 —ae® 1 — ae 
7d + ae® + are +...) — (1+ ae + are + ..,)} 


= 2a sin 6+ 2a? sin 26 + 2a? sin 86 -+...... ad inf. 


As before this expansion is legitimate only if a < 1. 
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359. Ex. If sinw=nsin(a+2), expand @ im a 
series of ascending powers of n, where n ts less than unity. 


Since 
sin c= nsin (a + #2) =n (sin a cos + cos a Sin 2), 
nsin o 
aap 
1l—ncosa 
et —e-% = mnesina 


&  L—-neosat+msina 1l—nem 
‘ew ~T—oneossa—msina 1—ne’ 
“, 2at =log (1 — ne) — log (1 — ne*) 


ae | . dt 
= — ne — — nee 2m — — nieg—3or — 1. ,, 


+ ner + ; men + : ies ree 
= 7) (ew = e~%) a : n2 (Ee _ e~ 2a") 
+ qm (ee — et) ......ad int 
Sad 1 2 1 c= 
=n. 2osina +5”. 2osin 2Za+ gn. 92910 38a +... 


es w=nsina +5 n! sin 2a-+ 5 ntsin Ba + ice Se (1). 


In this equation we have assumed w to lie between 


— 7 and +: ; if it do not, then, instead of 2a, we should 
read 2kai+ 2a1; the left hand of equation (1) would then 


be «+k, and we must choose & so that «+k shall lie 


T v 
between — 5 and + 3° 


As before the expansions are legitimate if n be < unity. 
27—2 
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360. Ex. Hx«pand e cos bx in a series of ascending 
powers of x. | 
We have 

bat —bat 
, ew’ + @ 
— i 
e% cos ba = e®.,, ao 
= 1 e(a-+bi) a + 1 e (abr) % 
2 2 


\on2 .\3 3 
=5 [1+ (+b) orto Crom ee | 


2 «iB 2 
+5 E Haber 5 sal 


The coefficient of 2” 
(a+ bi)” + (a — bi)” 
= i 
Ifa+bh=r (cosa+zsin a), so that 
r=+Va?+8 and tana= c ; 


with the convention of Art. 267, then the coefficient of #” 
ir (cos a +7 sin a)!" + {r (cos a—7sin z)}” 


2 |n 
=. pn C08 NG 
|n 
by De Moivre’s Theorem. 
Hence we have 
2 3 
e cos ba=1+rcosa.a+— pt at seeeee , 


where 


r=+%a?+ 6? and tan uae. 
This expansion is legitimate for all values of a, b, and 
x. (Art. 303.) 


EXPANSIONS. AQ1 


EXAMPLES. LXIII. 


Expand in an infinite series 
1+acos 6 9. cos 8 —acos (8 — ¢) 


1, 14-2a cos 64 a?” “1-2acos o+a? ° 
3. as or oe 4, 22 08% cos (@+a sin 4). 
5, e sin de. | 
Prove that 
a oe ae ee ae 
6, log roost nb sma é sin O—5¢ sin 20+ ¢° sin 30... |, 
where eee 
a+b 
_, asin@d __, a ere sas 
7, tan foo cos 9 NP +5 4 sin 20+ 54 sin 84+ ...... ad inf, 


8. : tan—! (sin a tan 26)=sin a tan B+ : sin 3a tan? 6 
+esin 5a tan’ B+ ...... ad inf, 
9, If sin 6=x cos (@+a), expand 6 in a series of ascending powers 
of x. 
10. Expand y in terms of cos cm where 


: cea Z—-a 
2 tan y =sin x cosec “a7 GoBeC a 
ll, Iftanz=n tan ime = rove that 
8 ore Y, dias ae 


: m , m , | : 
“L+rr=y—m sin 2y +-5 sin 4y — =~ sin BY + sees ad inf,, 


where r is to be so chosen that «+71 -— y lies between 5 and +5 . 
12. What does the series of the preceding question become when 


1 
(1) n=cos a, and (2) n ane 


13. Expand log cos (G+) in a series of sines and cosines of 


ascending multiples of 6. 
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14. Expand log tan G + 3) in a series of sines of ascending multiples 
of 6. 

15, Prove that 
(1+e% tan a) (1+e—% tan a) (1+¢% cot a) (1+e— cot a) 

=4 (sec B+ cos 6)”, 
where eS 7 — 2a. | 
Hence expand log (1+ cos 8 cos @) in a series of cosines of multiples 

of 6. 


16. Prove that 


"2a cos 6 
1 ~2a sin 6+ a? 


17. Prove that 


= 2a cos 8 + 2a? sin 26 ~ 2a? cos 86 — 2a‘ sin 40+...... ad inf. 


log.cos 6= —log 2+-cos 20-5 cos 404-5 008 66 —...... ad inf, — 


if 9 be an angle whose cosine is positive. 


18, In any triangle where a>), prove that 


b. 1b? 1 b3 ' 
loge=loga-~ cos 0-5 7 008 26 — 5 5 cos 3C — ee ad inf. 


| We have c?=a? + 6? — 2ab cos C=a? (1 “ =e) (1 = : ei”). | 


19, Prove that the coefficient of «” in the expansion of 


e2% gin ba +e sin ax 
in powers of x is 
r(. 
2(a2+b2)2> .<nr nf r “b 
BAGO) a OU et 5-2 tant |. 
|x 4 2) 2 a 


90. Prove that the coefficient of c* in the expansion of 
log (a3 + b3 +c? — 3abc) 


is pone a 2 
n| (a+b)” n 
(a?-+ b? — ab)?. 


CHAPTER XXIX. 


RESOLUTION INTO FACTORS. INFINITE PRODUCTS FOR 
SIN 6 AND cos @. 


361. We know from Algebra that, if P be any 
expression containing # and if the value «=a would 
make P vanish, then #—a is a factor of P. 


Hence to find the factors of any expression P we first 
solve the equation P=0. If the roots thus found be 
a, B,... we know that «—-a, «—8,... are factors of P. 

We shall apply this method in the following articles. 


362. To resolve into factors the expression 
er — Qa” cos nO +1. 
We have first to solve the equation 
| oe — 2a” cos nO +1 =0, 
1.€. em — 27" cos nO + cos? nd? = — sin? n, 
so that a —cosnd =+V¥—1 sin nf, 


and therefore 


“a1 
w = [cos nO +V¥—1sin né]". 
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As in Art, 271 the values of this expression are the 2n 


quantities 
cos 0 +7s1n 8, cos(@ +27) tisin(@ +=), 
cos (8 + =) + isin(9 42 =), sce eral 
cos {94 =O)" Da | gisin{o42C— O71, 


nN. 


Taking the first pair of these quantities we have the 
corresponding factors 


x—cos@—d¢sind and «—cosé+7sin 8, 


or, 1n one factor, 
(a — cos @)? + sin? @, 


ue. the quadratic factor 
x? — 2x cos 0+ 1. 
Similarly the second, third,... pairs of the above 


quantities give as factors ot 


a* — 2x cos (8 + — ary ed, 


a? — 2n cos (64 7) 41, 


and w= 20 eos |8 + te ol +1 


Also on multiplying together these n factors we see 
that the coefficient of 2” in their product is unity, which 
is also the coefficient of #” in the original expression. No 
other numerical factor is therefore required. 
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Hence 


— 2x"cosn@+1 


= {x*— 2x cos + N = — 2x cos (0 + =m + | 


{x — 2x cos (0+ =) +1 


2 {x — 2x cos (0 +- an = sr) + 1| (1). 


By dividing by 2” we have 


re oe {2 ai —%cos 6} \e +5 —2008(0 +22) 
ee sg ns i 


a +2 -2¢05(6+="—= mh oat adel): 


The relation (2) may be written 


=n—-1 
n+ 2 cos nd =" Il {e+5 cartes 2 Cos (64 =) 
a r=0 
‘—=nol 
where II stands for the product for all integral values 
r=0 . 


of r from r=0 to r=n—1 of the expression following it. 
Similarly we may shew that 


— 2a” x” cos nO + a 
= {a — 2ak cosé + a3} {0 — 2aa cos (0 += + =~ =| +a 
, | 2n—2 
\@ — 2axcos (a 4 a}. a? — 2aacos (04 ae r) +a? 


piieaaes v0(8), 


363, The proposition of the last article may also be proved by 
induction. 
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We shall first shew that wa —2 cos na is divisible by 


1 
xr+—--—-2 cosa. 
x 


Let a 2 cos na be denoted by ¢ (n), and x +2 —2cosa by A, so 


that we have to shew that ¢(n) is divisible by A, for all positive integral 
values of n. 

Assume that this is true for ¢(n—1) and @(n- 2). 

We have then, by ordinary multiplication, 


(«+2) xo (n-1)= je+5} er + ey ~ 20s Get) af 


1 1 1 
= (+5) Ey (or2+ 5) ci ates a. X (+3) 


= i" -+ — 2cos nal 


1 1 ) 
MHZ — = ae Soe 
+ ‘* + 2 cos (n—- 2) oh 2 cos (n—l)a " ae 2c0s ae 


¥ 
since 2 cos na +2 cos (n—-2)a=4cosacos(n—-1) a. 


Hence («+5) x @ (n-1)=¢ (n) + > (n— 2) — 2d cos (n —1) a, 
- on) =(#42) @(n-1)-—¢ (n—2)+2d cos (n—-I)a...... (1). 


Now o(1)=e42-2 cos a=), 
1 1 1 
@ (2) =2?+—,-2 cos 2a= | w+——-2cosa)(x+—+2cosa) - 
x x x 


=) («+5 +2008 a) ; 


so that @ (1) and ¢ (2) are divisible by X. 
Hence, putting n=3 in (1), we see that ¢ (3) is divisible by A, 
Similarly putting, in (1), n=4, 5, 6...... in succession we see that, 


by induction, ¢ (n) is divisible by ) for all values of n. 


: ae ~— 2 cos na is divisible by oo 2 GOS a. 
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. 1 1 Qn 
1 { el area —7 ts — 
Again e + 2 cos Na=x ger 2 cos n (a+ =) ; 
and is similarly divisible by 
1 ( =) 
L+--—2cos{a+— }. 
x n 
Proceeding in this way we can shew that it is divisible by 
ga SO06E (a+), ere He Ge (a+"—ar), 
x nN © n 
and hence obtain equation (2) of Art. 362, 


364. De Moivre’s Property of the Circle. 

A geometrical meaning may be given to the equation 
(3) of Art. 362, . 

Let ABCD... be the angular 
points of a polygon of n sides 
which is inscribed in a circle of 
radius a, so that, O being the 
centre, we have 


Z AOB=Z BOC=2COD=...= ma 


Let P be a point within, or 
without, the circle such that 


OP=«ae and 2POA=é@. 
Then 


2 POB=6+ = 2 P0C=0+ es 


and we have | 
PA?=OP?+ 0A?—20P.. OA cos POA 
= ¢°— 2ac cos 8 + a?, 


PB? = OP? +.0B? —20P .OBcos POB 


= 0? — 2ax cos (8 + <2) + @, 


P(®= a? — 2ax cos (8 + =n) + a, 
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Hence PA’. PB. PC? ... to n factors 
= \@ — 2ax cos 0+ a {x — 2ax cos (8 + =") + a'| 


i — 2ax cos G -- ar 4 a ... to n factors 


n 
=o — Jaa" cos NO + a2”. 


365. Cotes’ Property of the Circle. 
In the preceding article let the pot P lie on OA, 2.e. 
let 1t be on the line joining the : 
centre to one of the angular points 
of the polygon. 
In this case @=0, and we have 
PA?. PB’, PC*.... to n factors 
er Qarar + qen | 
= (a — a”)? 
.. PA.PB.PC... to n factors 


= ¢” — qg” or else a” — x”. 


The first of these values must be taken when P is 
outside the circle, on OA produced, so that a > a. 
The second .must be taken when P is within the 
circle. 
We therefore have 
PA.PB.PC.PD... to n factors =a” ~a”...(1). 
Again let a, 8, y, 5... be the middle points of the arcs 
AB, BC, CD,... so that AaBBCy... is a polygon of 2n 
sides inscribed in the circle. 
By (1) we have | 
PA.Pa.PB.PB.PC. Py... to 2n factors = 2” ~ a 


Dividing (1) by (2), we get 
Pa. P8.Py ... to n factors =a" + a"....., (3). 
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The equation (3) may also be deduced directly from equation (3) of 
Art. 362 by putting g=o . We then have 


(« ~— 2ax Gos 2 a?) G — 2ax cos cs + 8) (= — 2az cos ors ) 
7H n 3 n 
perees to n factors = 22" — 2a"z” cos 1 + a” 
= 02h 4. Jara” + a2" = (a" + at)?, 
1.e. Pa?. Pp?, Py*......t0 n factors = (x” + a®)?. 
This is relation (3). 


366. To resolve into factors the expression x” — 1. 
We have first to solve the equation 


oe —1=0, 
1.€. x’ =1=cos 2rar +1sin 2a, 
where 7 is any integer, 
so that x = [cos 2ra +7sIn orn} ee ee (1). 


First, let n be even. 
As in Art. 271 the values of the expression (1) are 


— Qn  .. Yr 4or  . . Ser 
cos0 +24s1n 0, cos —- +4SINn—, cos — +7SINn— , 
n N n n 


m—-2  .,.%0= Mw .. NIT: 
...coSs ——- 7 +27S1N 7, coS— +7SIN—. 
nN 1 rv 
But cos 0° tisn0°=1, 
nr... IT 
and cos — +4sin —=—l1. 
n n 


Hence in this case the roots are 
Wr ., . Ww Aer ss Arr 
+1, cos — +7sin—, cos—-+27sIn—, 
n n n n 


Tr +7sin 


. COS TT. 
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The factors corresponding to the first of these pairs are 
«—1 and #+1, 12. the quadratic factor a?— 1. 
Those corresponding to the second pair are 


Qr «, . Yr Qar Qo 
—-cos— —zsin— and @ “@~ cos — +ésin—, 
n n n n 


ae. the quadratic factor 


Opegees & 1, 
n 


Hence we get 5 pairs of quadratic factors. 


When sii together they give the correct 
coefficient for #, so that no constant quantity need be 
prefixed to their product. 

Hence, finally, when n is even, 


gr —1 = (2-1) (a* — 20 cos = + 1) (ut — 22 cos = + 1) 


1 (at 2a cos it oT + 1) se hesaeies (2), 


Secondly, let n be odd. 
As in Art. 271 the values of the expression (1) 
are now 


om ye Ag... Aor 
cos0 +281n 0, cos — +25In —, cos— +25SIN—.,... 
n n n N 


e e ft 
T+2Sin 


—3 ra) 
T +7sSin 


n —3 n 
.. COS 7, COS 
n 

The first pair reduces to the single factor # — 1. 
Taking the other pairs together, as before, we obtain, 


when n 1s odd, 
ga l=(e= 1) {a 2x COS = 41| ie — 2x cos = +} ‘3 


n 
a {x — 2x cos 


ey i} en eae? (3). 
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Hence we have 
ay 
r= 5 


ar —-1L=(2-1) II (xt — 20 cos + ve 


when 7 is even, and 


=| 
a 
or—l= eat. ae (2° 20cos"™ +1), 
when 7 is odd. 

These formule can also be deduced from the funda- 


mental one of Art. 362 by putting n@ = 27. 


367. To resolve x” + 1 into factors. 
We must solve the equation 


a” +1=0, 
1.0. ae” = —1=cos(2rr+7)+7sin (Qrr +7), 
where r is any integer, 

1 
so that a = {cos (2rar +7) + isin (Qra + )}" 
2 a 
ap iy Seaaaneduette (1). 
n n . 


First, let n be even. 
As in Art, 271, the values of the expression (1) are 


gs ae 37 . . OT 5 5% 
cos = +7sin—, cos— +2sIn—, cos— +2s8iIn — 
n nN n n n n 
n-l)r...(n-Il)@r 
Os Cae ks +2S1n Cae : 
n n 
The factors corresponding to the first of these pairs are 
Te sect Tc 68 
e—cos——tsin— and #—cos—+i7sin—-, 
n n n 
ae. the quadratic factor 


a? — 24 Cos oe. 
n 
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The quadratic factor corresponding to the second 
pair 1s 
a Tp ose” at: 
n 
and so on. 7 
Hence, as in the last article, when nm 1s even, we have 


w+ 1= (a8 — 20087 +1) («* — 2 cos = +1) fae 


a 8 20 008 8) 1), 


Secondly, let n be odd. | 
The values of the expression (1) are in this case 


TT. ee TT ovr  .. oT 
cos —+2siIn—, coS— +25SIN—,... 
n n nN nN 


.. n—-2Dar mir .. nT 
+ 4sln —————,, eee +24siln — ,. 
n 


cog 2) 7 
nN 1 


The last pair of roots reduces to the single root —1, so 
that «+1 41s one of the required factors. | 

The quadratic factors corresponding to the successive 
pairs of roots are 


a — Qe cos— +1, a? — 2a cos — + a eee 


| n 
a? — 2x cos - 4 r+. 


Hence finally, when n is odd, we have 


ae+1=(et+ 1) (at — 20 c08 = +1) (a# — 26 cos 7 +1)... 


1. | at = 20 cos ST 4 1}. 
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We have then 


nm=2 
q 


=" 
a+1= II (2 — 2 cos 
7=0 


: T +1) ; 
when n is even, and 
n—8 
“2 3 
e+1=(¢4+1) U (2? — 20 00s ares r+), 
=0 
when n is odd. ° 


These formule can be deduced from the fundamental 
one of Art. 362 by putting n?=7. 


368, Bx.1. Express as a product of n factors the quantities 
cos np —cosnd and coshnd—cos né. 
In equation (2) of Art. 362 put a=e** so that aime and hence 
a+ ata eb +4 e—%=2 cos ¢, 


and ot +g? = Ot 4 p— 261 — 2 cos no. 
We then have 


2 cos nd — 2 cos nO = (2 cos g — 2 Gos 8) | 205 ¢ - 2 eos (0+) 


2 
ie  cosnd—cosnd=2"-! {cos d—cos dG} Joos g@ — Cos ¢ + =) Sided 


Mees Joos o — COs (0 goes yh 
n 
=n] 9 
= 9-1 T] J00s $ ~ 00s (0+) ; 
r=0 n 


Similarly by putting =e? we have 
cosh ng — cos n6 


= 2"~1[ cosh ¢ — cos 6] | cosh  — COs ( 6+ =\] Sais 


| cosh ¢ — cos (04 == \I ‘ 


L. 28 
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Ex. 2. If n be even, prove that 


R— 
2 = pad sin eae oF ie ai 
on on on" eeoee n ema e 


In equation (2) of Art. 366 put n equal to unity. 


ets CM lial i el SES TT +e+1 


Then, since soe Sverre cea a 
ee e@-1. e+1 , 


7% 


therefore, when x is unity, =; = = 5 . 


Hence we have 


= (2-2008—) (2-2008=" ) ae (2-2e08"=* 3), 
2 n n n 


Qn . 40 n-2 
. an ing Qe W422 
4.6. n=2.4sin in’ 4 sin ont 4. sin “on, ™ 
there being 57 1 factors, 
or Ar n~ 
—~—9n-1 9 4 Does a2 
=2"-1, sin on sin mo sin On T. 
n—l 
— Qn Aor n-2 
ease 2 s . e 
Hence +,/n=2 7 sin on Ht ae er, oe (1). 
Each of the an ees pl We oee, aw is less than a right angle, so 
g in 3 on” eotoes Qn g g 3 


that each of the sines on the right-hand side of (1) is positive. 
On the left-hand side we therefore replace the ambiguity by the 
positive sign and have the required result. 


EXAMPLES. LXIV. 


Factorize the following quantities, 


1, «°+ 2x? cos 120° +1. 9, «28 — 2x4 cos 60°+1. 

38, «10-225 cos z+ 1. 4, git aS+i, 

5, al4ta?+i. 6, x«-1. 7, «+1. 
8, 27-1. 9, «9+1. 10. #°—1. 


V1, x +1. 12. «w+-1. 13, 2+1, 


[Exs. LXIV.| 


EXAMPLES. AB5 
14, Ifn be even, prove that 
oF sin — ule pea Pe 
in? On In 200” 
apes Pa Per 
= 08 5 It In ™ 
15, If be odd, prove that 
nl n—l 
— Qr Arr n-1 ae T 37r n-2 
2 . nee . ieaiches . ae re “2 2 ae oF 
2? sin Fn SO gy ++ 8M Gp w= /n=2" cos Fp C8 gy 1 C8 Ge ™ 
and that 
oF sin —- sin ae sin ese oF cos chad cos ss cos : T 
on on In 2n Qn °° nn 
16. Prove that sin— sin At P n”—* m= a 
17, Ifn be odd, prove that 
~(n-I1)7 
tan — tan au tan Le tan a /n. 
Tr th it nT 


18, Shew that cos n@ 


= gril (cos 6 — cos ms) (cos 6 — cos mn) 
2n 


2n 
Prove that 


19, sinng=2"-'sin ¢ sin (4 “ i) 


r=n~l * 
= 2"-1 TI sin € + =) : 
r=0 n 


[Put x=1, and 6=2¢, in the equation of Art. 362.] 


20, cosng=2"! sin ( + x) sin (+ + = ) see sin E 4 aus r | ; 


[Change ¢ into + 5 in the formula of the preceding question.] 


91, 2-1 c0s g COs € -- =) cos ($ + =) fie ake . COs (6 + a+ r) 


n 
=(-1)?sin ng, when n is even, 


n—l 


and =(—1) 2 cosn@, when n is odd. 


| Change @ into o+5 in the result of Ex. 19. | 


28—2 
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m1 e908 cog 2 cos oe Q2n-1 ar 
29, 2 cos on cos on cos Ont cos 9 7 = COS a 
Bai OO sgt a 
93, 21 sin 57, Sin 5 sit Fo eee sin T= 1 
vr Iw (Q2n-1)r_ (-1)"-1 
24, cos 708 wo cos = Sinai 


95, Prove that 


acos { @ an 
xz” — a’ cos nd 1 r=n-l - n 


————_ Oi OS 
on Ryn on 1 ° 
en — Dax” cos nO + a4 NX a Qrar 

7™=0 42 — 2ax cos (0+ a + a? 


[In the expression (3) of Art. (862) change x into «+h, expand and 
equate coeffictents of h.] 

96. The circumference of a circle of radius r is divided into 2n equal 

parts at points P,, P,,...... P,,,; if chords be drawn from P, to the other 


points, prove that 
P,P, -P Ps ere PP yar 


Also, if O be the middle point of the are P,P,,, prove that 
OP, . OP,......0P y= 27 

27, If A,Ag......dony, be a regular polygon of n sides, inscribed in a 

circle of radius a, and OA,,,, be a diameter, prove that 
OA, e OA, seeees OA, = a®, 

98, AyAg...... A, is a regular polygon of » sides. From O the centre 
of the polygon a line is drawn meeting the incircle in P, and the circum- 
circle in Py. 

Prove that the product of the perpendiculars on the sides drawn from 
P, is to the product of the perpendiculars from P, as 


cos” = cot? ue to 1, 


6 being the angle between OPP, and O4A,. 


29. ABCD...... is a regular polygon which is inscribed in a circle of 
radius a and centre O; prove that 
PAP PBs PO ssc =" — Ja*r® cos n6 +a, 


where OP is r and the angle AOP is @. 
Prove also that the sum of the angles that AP, BP, CP.,...... make 
r* sin 6 


. ; _, _7™sin 26 © 
with OP is tan PPT ETN 
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Resolution of sin @ and cos @ into factors. 


369. To eapress sin 0 as a product of an infinite serves 
of factors. 


We have sin 6 = 2 sin : COs = 


= 2 sin s sin 5 +3) paubande (1). 


bo 


Similarly in (1) changing @ into : and ae succes- 


sively, we have 
6 0 Tr @ . O. (27 86 
sin 5= 2 sin az sin ( + =) = 2sin 5; sin (Fi +5) 
. (wr @ . (w O\ . (rw aw. 8 
and sin (5 +5) =2s1n (+) sin (5+ 55+ 5s] 
= 2sin ( di n oui ae 
= mt 5a): S1 (Ht =) 
Substituting these values in the right-hand side of (1) 


we have, after rearranging, 


sin 6 = 23 sin 6 in Tt? ee a om .. es. 


92 33 sin —5; sin ..(2). 


Applying once more the formula (1) to ak of the 
terms on the right hand of (2) and arranging, we have 


2 9 ee 6 .m7+6. 24+80. B87r4+6. 474+ 0 
sin @= 2 sin 5, 81 —5,— sin 32 SIN — 35 — sin 7 
Sr +O. 6er+6@. Trt+O 
SIN —g,— SIN —gy— SIN “Ga wees (3). 


Continuing this process we have finally 
T+0 sin ot 0 a (p—l1)7+@ 
p p 


. 6. 
sin 6 = 2?-1 sin — sin 


where p is a power of 2. 
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The last factor in (4) 
Tv — . w-80 
= SIN | 7 —- ——/=SsSIn . 
p p 
The last factor but one | 
(p - =) eT asin Coed = in 27? 


= sin 


and so on. 

Hence, taking together the second and last factors, 
the third and next to last, and so on, the equation (4) 
becomes 


_ . OC. wté. w—-O) (. 2r+O . Ir-O 
sin @ = 2?! sin — {sin ——sin ——} sin ———— sin =| 
Pp Pp p Pp Pp 


eI TSee (5). 
The last factor is 
Pat +6 
sin 
which = sin (F + “) = eee 
2 p P 


Hence (5) 1s 
sin 6 = 2? sin g sin’ 7 — sin? 4 sin zd — sin? 4 ae 
Pi Pp P Pp Pl 
a 
(5 1) m 
P 


sin? —sin?—].cos —...... (6). 


0 
sin 0 = 
Since a) =| p sa H| = Dp, 
sin — 
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we have 


pH2e, see nee rere) 
Pp Pp 


Dividing (6) by (7), we have 


sin? — sin? . sin? g 
sin @=psin—|1— ee 1— — 1 — 
sin? — sin? — sin? — 
Pp Pp | 
sin? — 
.{1- COS — .eeaee (8). 
sin? @ — 1) us P 
2 p 
Now make p indefinitely great. 
Since 
Q saa 
sin — = | nie. = @ (Art. 228), 
E Flys 6 ( 
P p=0 
. .@ ..60 @&? 
sin? — sin? ppb op 
sin? — — sin? — : 
Plip=x P P 


and so on, we have 


in 9-6 (1%) (1-0) (1-7) ad inf 


This theorem may be written in the form 
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370. To express cos @ as a product of an infimite series 


of factors. 
In equation (4) of Art. 369 write for @ the quantity 


> + 6, and the equation becomes 
cos 6 = 27-1 sin = aac sin ea sin ee 
2p 2p 2p 
. (20-—1)7 +20 
sin cea a (1). 
The last factor 
= sin pate = sin zi 
7 2p | 2p” 
the last but one 
, aed . da —20 
= sin | “+—_+~—_—_—_ } = sin : 
2p 2p 


and so on. 
Hence taking the factors in pairs, as before, we have 


cos 2" sin ™ sin ™ sin lui sin. 
29 2p 2 2p 
— Dp—1 _, 7 «26 _ 37  . 20 
sin op sin ip sin Ip sin Ip we(2). 
In (2) make @ zero and we have | 
, ‘ i oT . oT 
— 2p—1 2 ue ek, yee 
1 = 2? sin 5 . sin? ap" sin ap ee (3). 
Dividing (2) by (8), we have 
_ , 20 220 bs 
sin’ 5 sin’ 5 sin’ 5 
cos @=|1— ae ee trace lls 
sin? — sin? on sin? ou) 
2 2p 2 
ee 
sin 2p 
|-———— | ...... (4), 
sin? este 
2p 
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In (4) make p infinite ; then, as in the last article, we 
have 9 6 6 
AU’ 40 40° : 
cos § = |4- =| ie j4- am | ... ad inf. 


This theorem may be written in the form 


| 4,02 
cos = II it - 


r=1 
sin 20 
2 sin 0’ 
derived from the products for sin 2 and sin @. 


Since cos@= the product of cos@ may be 


371. The equation (4) of Art, 369 may, by means of Art. 362, be 
shewn to be true for all integral values of p. For we have 
xP —2xP cospo+1 


= {x?-2x% cos +1} {2-20 GOs € +=) +1) 
Aor 
" — 22% GOs ( o@t+ =) + i} tices to p factors, 


Put «=1, and we have: ' 
2(1~- cos pp)= {2 — 2 cos} e — 2 cos ( + =) re to p factors. 


2 PP _ gy atneP gata l(P. 7 ef Pia 
i.e. 4 sin 9 = *sin 9° *sin ($+2 .4 sin a 75 ...to p factors. 


Put PY 6 and extract the square root of both sides. We have then 


2 
+sin 9=9P-1sin 2 . sin ud . sin ee sin WEE Gy. 
= P Pp p P 
If @ lie between 0 and 7 all the factors on the right-hand side of (1) 
are positive and so also is sin@. Hence the ambiguity should be 


replaced by the positive sign. 
If @ lie between 7m and 27, all the factors on the right-hand side are 


positive except the last, which is negative. 
Hence the product is negative and so also is sin @, so that in this case 


also the positive sign is to be taken. 
Similarly in any other case it may be shewn that the positive sign 


must be taken, and we have, for all integral values of p, 
r+é6 nent sin ‘PUTO 


sin 9@= 2?! sin iw . sin 
Pp. 
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372. Sinh 0 and cosh 6 in products. 
By Art, 314 we have 
sinh 6 = —7¢sin(@) and cosh @=cos(@). 
Also the series of Arts. 369 and 370, being formed on 


the Addition Theorem are, by Art. 310, true when for 0 
we read 0. 


S Sind a 0 (1 a y(t 2 ma) (1 = ae (1) 


_ Pr / 6? 0? | a 
=0(1+ 5) (1+ ss) (1+ a3) eee ad inf. 


and cosh 6 = € — (1 — —) (1 = ) ... ad inf. 


32 2 Bed 
4.6? AO? 4.6? 
= (1 ite —) (1 + = aa) (1 Ae a3) ianaaes (2). 
T 3 O°a 


The products (1) and (2) are convergent. For we know (C. Smith’s 
Algebra, Art. 333) that the infinite product Il(1+4u,) is convergent if the 
series Du, be convergent. 

In the case of (1), Du, 


and the latter series is known to be convergent. 


373. Sums of powers of the reciprocals of all 
natural numbers. 

From the results of Arts. 369 and 370 we can deduce 
the sums of some interesting series. 

From Arts. 369 and 280 we have 


G2 @2 \ G2 ; 
€ = | (1 = 4) € = 53} ceases ad inf. 
1 4 
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Taking the logarithms of both sides, we have 
2 


e | 0 @ | 
log (1 — —) + log (1 ~ 33) + log (1 - 353) + er 


; G2 64 
mlog [1 Fa | ee (1). 
Now, by Art. 256, we have 
is 1-4) =- ele ale 
g(1- = we! Om" Bx aaa Fs 


G2 
log (1~ gr) = 


OA tO 
Da? © 2 Wart " BMWs 0 


so that (1) gives | 
epi tj 1, J_ierz ala, 
m{ i? TB Soil ET RT Bi 
16/71 1.7 
— 376 | Te ote 98 - 36 Pf esGr | nee tes 


6 ~ 120 
62 i. ot as 

= ra Ce = 
@ os 

=~ 6 ~ 180 —— TEE eee eee ee ee ee ee (2). 


Since equation (2) is true for all values of @ the 
coefficients of 6? on both sides must be the same, and 


similarly those of 64, and so on. 
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Hence we have 


at LT. £. 01 : 1 
alptgtgt- ad int. )=—5, | 
i 1/1 1 i] _ 1 
OD a4 Ave T oat gt eeerteosnvs )=-a 
Ie 3 SE. cal 7 aa 
Hence ee (3), 
Aen De Ab 14 
and Lt os aT BT = 90 eeerececenes (4), 


374, By proceeding in a similar manner with the 
result of Art. 370 we have 


(1-=) (1- 5) (1- Fes) 


G2 @ 
cd aa 
so that 


|2 
4G? _ AP _ AP 


Ge @ 
+... =log ae 


Hence as before 


—-4@/1 1 1 11664/1 1 id 
a (etgtmt eae (iE ite) te 


| G6 
= log re ae (S-ate)| 


__(@_ 1 ae oe 
= (5 at 5 (5 7 i 


qr? 
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Hence, equating coefficients of @ and 64, we have 


—4/1,1,1 1 
ae ag tu )eny 


5? 2” 
8 1 ii 1 ) = 1 
atc ges 12’ 
. 2 
and hence Statpee es ‘cbseehiartwides (1), 
Late as anna 
and it yt pt = 9G seestauieehamart (2) 


375. Wallis’ Formula. 


In the expression of Art, 369 put g=5 , and we have 


T 1 1 1 ; 
1= 5 | 1-53 | Era [1-% | iarea's ad inf. 


_w1.8 3.5 5.7 — (2n—8)(2n-1) (2n—1) (2n+1) 
~?9 ~ 92 e 42 e “62 oeoeeae (27 = 2)? . e (2n)? 3 | 
where n is infinite, 


, 7 Sarr en are (2n-—1)?. eax) 

— z 52, 42, 62......(2nP 

; 2.4.6...... 2n a T 

1.€ a 4c ee Gn) 5 (2n+1), where n is infinite 


Tt follows that when m is very great (but not necessarily infinite) then 


T 
1.3.5......(@n-1)_ a g (2n +1) very nearly 
=Vnr, ultimately. 


This is called Wallis’ Formula, and givesin a simple form a very near 


approach to the product of the first » even numbers divided by the first n 
odd numbers when v is very great. 
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376, Bx. Prove that 


1 1 
tan @= 90 [ a “348 + 38a gga Ba,2 age Modus |. 
From Art. 370 we have 


46° 46 . 46° 
log cos @=log (1-2) +10g (1 gers) +oe (1- ga) + Eas (1). 


In this equation san 6-+-h for 6 we have 


log cos (6 +h) =log [1-2 ~—, (6+h) | +1og [1-35 — 333 (0-+-h) *|4 Sante es (2). 
Now log cos (6+ h) =1log [cos 6 (cos h — tan @ sin h)] 
2 3 
=log cos 6+ log E — 7 Se —tan 6 (» - i eee \] (Art. 280) 


= log cos 6+log [1 —h tan 6+ higher powers of h] 
=log cos é—h tan @+powers of h. (Art. 256.) 


oh 
faite e[1-saat re | 


46: 86h 
= log E - a — ——j55 + powers of h, 


Also log E - S (0+ n)? | =log us 


— 40 
] 2 Z 
and og | 1 gag (0+) | 
46? 86h 
=log | 1 - sa S72 age PONS of h. 


Oo eee eset rere eHaHweseteeseeeeseeHeetonete 


Substituting these values in (2) and equating on each side the coeffi- 


cients of —h we have 
a2 80 86 


47 3272 _ 462 T Re 8_ 42 oP dewaseyannien (3) | 
[a ae 
peg (29 + 1)2xr? — 492° 
The series (3) may also be written 


tan @= eS oe 3 . + 
9-20 wt+20  3r-20 B89r+20 0°°° 


[The student who is acquainted with the Differential Calculus will 
observe that equation (3) is obtained by differentiating (1) with respect 
to 6.] 


tan Oe oa ps 
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377, EXx. Prove that 
cosh 2a -— cos 26 


=2sin'o[1+5 | [1+ (25) | 
[++ (5) ] + et) 1D (as) tw 
=2 sin? O11 1+ (4.) |: 


where v is zero or any positive or any negative integer. 
We have 


cosh 2a — cos 20 = cos 2aé — cos 20 =2 sin (6 + ai) sin (0 — at) 


= 2 (6+ ai) )[1- ere) "|[1- — | - 
x (0 — ai) | 1- ite ener) [1-8 55 a | sete (1). 
New [1-! ane) Ce |e! (0 -—ai 1 


“pieteeante 0 — ay) [totes at retell) 


qr 172 
_ (7+ 6)? +a? _(w 6)? +a? 
- 1 © 
Hence (1) gives 


2 2 
cosh 2a — cos 20 =2 (6? + a?) pea eee [ ete es 


en 2 
pene adinf....c....5.. (2). 


n (2) put a=0 and we have 
(r+6)? (r—O)? (2r+6)? (27-6)? 
i a 


2 sin? 9 = 26. : 


7? T 


Dividing (2) by (38) we have 


cosh 2a — cos 26 
2 2 
9 etn? ed ee gee 
=asinto 145 ][1+(525) |[+(55) 12+ (eta) | 
1 ay d inf 
: (54) | eer ad int, 


The factors of cosh 2a-+-cos 26 may now be obtained by changing @ 
2 
into O+5 and they are found to be 2 cos? 6II fis (st5 re ;| where r is 


any odd ae positive or negative. 
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EXAMPLES. LXV. 


Prove that 

1. ts ere ad inf ae 

2. eae ceca: od inf. =6 

3. otsats etre ages ad inf. =", 


1 38 6 10 ; T Tr 

4. gat pat at o¢t siete ad int = (1-75) 

5, Prove that the sum of the products, taken two and two together, 
ar 


384 ° 


6, Prove that the sum of the products, taken two and two together, 
4 


of the reciprocals of the squares of all even numbers is 150 : 


of the reciprocals of the squares of all odd numbers is 


Prove that 
1 20 20 
7, cot =F — a pea ~~ seeeas 
ee ne ere ae : sepa ad inf 
6° 6-9 O+n 9 0-29 9 O49Or'°°°" 
TT ee ee ee eee ee eee a 
~@ O-m9 O+n7 O0-2r 04299 0-39 6439 °°" 
a4 nN=a (-1)” 
a eae 62 — nq?’ 
and hence that 
1+é@cosecd 1 1 1 ; 
992 = 7 Roget Poa eae ad inf. 
. 1 0 6 
[ Use the relation cosec 6=-~| tan = +cot = | 
2 2 2 
1 1 3 5 : 
9, fy 800 O= spi Gant age + Rage = Kaede ad inf, 
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ee 1 1 1 1 ; 
10. mi sec? 6= (r — 20)2 a (3 + 26)? a (8m — 26)2 =e Br+202" ... ad inf, 
[d pply the process of Art. 376 to the result obtained.] 
1 1 1 1 


1 . 
ll. cosec? = a+ goat (Gan? Gant (O+2met +... ad inf. 
Prove that 


sin (a—0) _ 6 0 6 \ 
12, sin a = (1-5) (14-5) (i-—- 


6 6 
(+5) (1-5" at 


E00 (1 aera ) , where r is any positive or negative integer or zero. 
0 0 e Ad e e 
13. ame Oe ae) =I (1+), where 7 is any positive or negative 
sin a vr 


integer, including zero. 


cos (a+) | 20 20 20 20 
14. cosa (1+) 1-5) (145, (1-55) 


aennee 


=II E + som | , where 7 is any odd integer positive or negative. 


cos (a — 0 @) _ 


1b. cosa 


or negative. 


1g, Soret =| 1- ea |[4- ap | and 
=nfi-—o oI, 


where r ig any odd integer positive or negative. 


[Multiply together the results of Has. 14 and 15 and then change 26 
and 2a into 6 and a.] 


Gos 9—cos a 62 e 
17. l—cosa ore -arrap| 
62 ; 62 
b- arcapt era 
62 
as E ee al ? 


where 7 is any even positive or negative integer, including zero. 
Hence deduce the factors of cosh x — cos a. 


Le: 29 


m4 — |: where r is any odd integer, positive 
2a+ 
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=.) (1 a 
- T+ : 
0 8 
(om) gas 
19, 2coshé+2cosa : 


2 
=4 cos aberees Gene eran |[ 2 Ge @ =a | Beet 


= 2 pices 
= 4 cos? ~ 50 | 1+ aan | 


where 7 is any integer positive or negative. 
920, Prove that 


fon nee sin a — sin 6 =(1-¢ 


~ sina a 


r=n-1 
sinhnu=nsinhu II 1+ 
y=l 


and deduce the expression for sinh u in the form of an infinite product of 
quadratic factors in u. 

[Start with the result, when @ is zero, of Ex, 1, Art. 368. In this 
result put @ equal to zero and divide.} 


21. Prove that the value of the infinite product 


1 1 1 , 
(1435) (145) (1+5) _ ad inf, 


: L 4 
is — sinh x. 
vi" 


29, A semicircle is divided into m equal parts and a concentric and 
similarly situated semicircle is divided into n equal paris. Every point 
of section of one semicircle is joined to every point of section of the 
other. Find the arithmetic mean of the squares of the joining lines and 
prove that when m and n are indefinitely increased the result is 


a* +b? ae , where a and b are the radii of the semicircles. 
Tv 


© oe ° LJ e * 2 a a 
93. The radii of an infinite series of concentric circles are a, ga" 


From a point at a distance c (>a) from their common centre a tangent 
is drawn to each circle, Prove that 
: , ; ¢ wa 
sin 0, 81n 0, Sin O3...... = sin ar 
where 6), 95, @9...... are the angles that the tangents subtend at the 


common centre. 
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24, Aninfinite straight line is divided by an infinite number of points 
into portions each of lengtha. If any point P be taken so that y is its 
distance from the straight line and z is its distance measured along the 
straight line from one of the points of division, prove that the sum of the 
squares of the reciprocals of the distances of the point P from all the 
points of division is 

2ry 


sinh —+ 
vis a 


ay. ory Ore’ 
ay cosh =“ _ cos = 


[Use the result of Ex. 7.] 
25, Ifa, ov, c¢...... denote all the prime numbers 2, 3, 5...... prove that 


1 1 1 6 
(1-2) (1-5) (1-3) senees ee 
1 1 1 15 
and (143) (1+ 53) (145) ve sr 


29—2 


CHAPTER XXX, 
PRINCIPLE OF PROPORTIONAL PARTS. 


378. In the present chapter we shall consider the 
Principle of Proportional Parts, the truth of which we 
assumed in Chapter XI. 

We then assumed that if n be any number and n+ 1 
the next number, whose logarithms were given in our 
tables, and if A be any fraction, then, to 7 places of 
decimals, it is true that 

log (n+ h) —logn _ 
log(nt+1)-logn  ~ 

The truth of this statement we shall now consider. 


379. Common Logarithms. We have, by Art. 
260, 


h mee 
where be = 43429448... 


Hence, by Art. 256, we have 


logy. (n +h) — logy n=——- 5 St+ 5 ame (1). 


nN 2n7° 38n? 
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Now in our ordinary logarithm tables n contains 
5 digits, ze. m is not less than 10000. Hence, if h be less 


: h? 
than unity, we have 3 i less than 


5 t (.43499448...) x ae 


ae less than a , te <°0000000021.... 


3 | | 
Also 5 i is less than one-ten thousandth part of this. 
nN 
Hence in (1) the omission of all the terms on the right- 
hand side after the first will make no difference at least as 
far as the seventh place of decimals. To seven places we 
therefore have 


h 
log, (n + h) — logy, n= 10 F 
wed 
So logy, (n + 1) — logn = — ee r 
Hence, by division, 
log. (m+ h)— login _ 
logy) (m+ 1) — logon 
The principle assumed is therefore always true for the 
logarithms of ordinary numbers as given in our tables. 
380. We may enquire what is the smallest number in the tables to 
which we can safely apply the principle of proportional as We must 
2 
find that value of n which makes © ae < , 80 that n?> 107. 2. 
The greatest value of h being ne we then have 


> 5 107, i.e, >2171472°4...... 


*. n>1473. 
The number 1473 is therefore the required least number. 
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381. Natural Sines. Suppose we have a table 
calculated for successive differences of angles, such that 
the number of radians in these successive differences is h. 

[In the case of our oyeanery tables h = number of 


radians in 1’ 
T 


~ 60 x 180 | 
Also let & be less than h. Then our principle was that 
sin(@+hk)—-sind_ k 
sin(@+h)—sind h’ 
We shall examine this assumption. 
We have 
sin (9+) —sin @=sin 0 cos k + cos sin k— sin 0 


=sino [1-4 —- | boos [k— Ft... [sind 


= '000290888..., ae h< ‘0003. ] 


(Arts. 279 and 280) 


= heos 8 — 15 sin 8— Fy oas 0. 


The ratio of the third term to the first = a and this 


is always less than g (0008), i.e. always less than 00000002. 


The third and eta terms may therefore be safely neg- 
lected, and we have 


sin (6 + k) —sin 6 = k cos — sin oer ers @ 0): 


The numerical ratio of the second term to the first 
term 
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= 
9 « 
Hence, except when the angle is nearly a right angle, the 
second term in (1) may be neglected, and we have - 


sin(@+ &)—-sin@=kcos @. 


This ratio is small, except when @ is nearly equal to 


So sin (0+ h)—sin 0 =hcos 6, 
sin(0+k)—sin@_k , 
and hence sin (0+h)—sin 0 = 7, cece ccncenececcns (8). 


When @ is very nearly a right angle we cannot say 
that 
sin (9 + k)—sin @ =k cos 0, 
and hence in this case the relation (3) does not hold and 
the difference in the sine is not proportional to the 
difference in the angle. In this case then the differences 
are irregular. At the same time the differences are 


insensible ; for, when @ 1s nearly o k cos @ is very small. 


In fact kcos@ has nothing but ciphers as far as the 
seventh place of decimals, so long as @ is within a few 
minutes of a right angle. Also 


a2. 7 2 
ao 6 is always < eee 2.€. < 00000005... 


———- 


Hence when the angle is nearly a right angle a com- 
paratively small change in the sine will correspond to a 
comparatively large change in the angle; also at the same 
time these changes are irregular. 


382. Natural Cosines. Since the cosine of an angle 
is equal to the sine of its complement this case reduces to 
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that of the sme. The principle is therefore true except 
when the angle is nearly zero, in which case the differences 
are insensible and irregular. | 


383. Natural Tangents. With the same notation 
as before we have 


tan 6+ tank oe tan k sec?@ 
1—tané@ tank ~ L—tan@tank 


= tan k sec?@(1 + tan @ tan & + tan? 6 tan? bk...) 


kt ete | E + tan 6 (b+ +.) 


tan (0+ k)—tan @= 


= sec? @ 3 3 


+tan?@(k?+.. | (Art. 281) 


sin 0 


=ksec? 6 + i? ery 


3 


The third and higher terms may be omitted as before, 
except when @ is nearly a right angle. 
né 


Sl 
cos? @ 


+ k§ sec? 0 F + tan? 0 BES is Bios (1). 


Unless the quantity #? be large we shall then 


have 
tan (0+ k)— tan 0=k sec? @........... (2), 


and the rule is approximately true. | 
When @ is > the second term of the equation (1) is 


> 2k, so that taking the greatest value of k, viz. about 
‘0003, this would give a significant figure in the seventh 
place. The principle is therefore not true for angles 


oreater than , when the differences of the tabulated 
oS 


angles are 1’, 
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384. Natural Cotangents. As in the last article it 
can be shewn that the principle must not be relied upon 
for angles between 0 and 45° 


385. Natural Secant. We have sec (6+ k) —sec 0 


1 1 
~ cos @cosk—sin Osink cos@ 


1 
= sec 0 1 =4 
l-ktan@— Zk... 


= see 0 | tan 0 +1# (5 + tan? 0) +, al 
= ir sec 8 tan 6 + k*see 6 (5 + tan? @) + erere, (1). 


The ratio of the second to the first term 


5 + tan’ 6 1 
<b k | 5 cot + tand |, 
tan @ 


This is small except when @ is nearly zero or o Hence, 


except in these two cases, we have 
sec (0 +k) —sec?=k tan @ sec 0 


and the rule is proved. © 

When @ is small the term /sec @ tan @ is very small, 
so that the differences are insensible besides being 
irregular. 


— When @ is nearly 5 this term is erat: so that the 


differences are not ieee 
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386. Natural Cosecant. Just as in the case of the 
secant it may be shewn that the differences are insensible 
and irregular when @ is nearly 90°, and irregular when @ 
is nearly zero. Otherwise the principle holds. 


387. Tabular Logarithmic Sine. We have 


i O+k 
L,, sin (6 + kb) — Ly sin 8 = logy, ee 
yi 
(Arts. 279 and 280) 


= log, [cosk+cot @sin k| =log,, E +k cot @— a a 


2 
= E cot 0 ~ 55k cot? 6 + | (Arts. 256 and 260) 


Jp-2 
= pk cot @ — A cosect 8 ss 


The numerical ratio of the second term to the first 


A ee 
2° "sin @cos@ sin 20° 
This is small except when @ is near zero or a right angle. 
Hence, with the exception of these two cases, we have 
Lsin(6+k)— Lsin 0= poot 0 x k, 
so that the rule holds in general. 

If @ be small the term pk cot @ is large, so that the 
differences are large as well as irregular. We cannot 
therefore apply the principle to small angles in the case 
of tables constructed with difference of 1’. 

Even if the tables were constructed for differences of 
10” we are not sure of femcas ie from error in the 7th 
place of decimals unless @ be > 
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If @ be nearly = 5 the terms pk cot 6 and ue cosec? @ are 


both small, so that if the angle be nearly a right angle the 
differences are insensible as well as irregular. 


388. Tabular Logarithmic Cosine. ‘The rule 
holds approximately, since the cosine is the complement 
of the sine, except when the angle is small, in which case 
the differences are insensible as well as irregular, and 
except when the angle is nearly a right angle, i which 
case the differences are large. 


389. Tabular Logarithmic Tangent. Here 


Ltan (0+) —L tan 0 = log, C=") 


Lae 1+cot@tank =a, Pee 
80 T_— tan 6 tan k 810 |1—ktané 


= log, [(1 + & cot @) agietan 6+k? tan? é+...)] 
ee eee een 
= 10810 sin 6 cos 6 ee a 


_k , #1 # | 
sin@cos@ § cos?@ 2sin?@cos?@ 
(Arts. 256 and 260) 


k cos 20 
~ sin ee 6 ae sin? 20)" 

The numerical ratio of the second term to the first 
=kcot20. This is small except when @ is near zero or a 
right angle. 

Hence, with the exception of these two cases, we have 


L tan (@+k)— ~Ltand=—#, k, 


so that the principle is in general true. 
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In each of the exceptional cases x is not small, so 


n 20 
that the differences are then irregular but not insensible. 
The same statements are true for the tabular loga- 
rithmic cotangent. 


390. Tabular Logarithmic Secant and Cose- 
cant. We have | | 
Lsec(6 +k) — Lsec 0 = L cos 0 — L cos (8+ k) 
and Lcosec(6+k)—Lcosec@=Lsn0—L sin (0+4). 


Hence the results for the Z sin and £ cos are also true 
for the Z cosec and JL sec. 


CHAPTER XXXI. 
ERRORS OF OBSERVATION. 


891. We have up to the present assumed that it is 
possible to observe any angles perfectly accurately. In 
practice this is by no means the case. Our observations 
are liable to two classes of errors, one due to the instru- 
ments themselves, which are hardly ever in perfect adjust- 
ment, and the other class due to mistakes on the part of 
the observer. 


392. An error in any of our observations will clearly, 
in general, cause an error in the value of any quantity 
calculated from that observation. For example, if in Art. 
192 there be a small error in the value of a, there will be 
a consequent error in the value of « which, as we see 
from the result of that article, depends on a. 


393.. The importance of an error in a length depends, 
in general, upon its ratio to that length. For example in 
measuring a piece of wood, about six feet long, a mistake 
of one inch would be a very serious error; in measuring a 
mile racecourse a mistake of one inch would be not worth 
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considering ; whilst in measuring the distance from the 
Earth to the Moon an error of one inch would be abso- 


lutely inappreciable. 


394. We shall assume that the errors we have to 
consider are so small that their squares (when measured 
in radians if they be angles) may be neglected and we 
shall give some examples of finding the errors in derived 
quantities. 

We shall assume that our tables and calculations are 
correct, so that we have not to deal with mistakes in 
calculation but only with errors in the original observa- 
tion. 


895. Ex. 1. MP (Fig. Art. 42) is a vertical pole; at a point O 
distant a from tts foot its angular elevation is found to be 6 and tts height 
then calculated; if there be an error 6 in the observation of 0 find the 
consequent error in the height. 

The calculated height h=atan 0, clearly. 

Tf the error 6 be in excess, the real elevation is @—6, and hence the 
real height h’=a tan (8-4). 

Hence the error h—h’=a tan 6 — atan (8 — 6) 


sin 6 
tg erence eT en eee gO Ae 
~ Gos 0 608 (6 — 6) ee 


if we neglect squares and higher powers of 6. 
The ratio of the error to the calculated height 


26 
=0 2 Ot == —;—_—— 4 
sec an @ sin 20 


Except when sin 20 is small this ratio is small since 6 is small. It is 


least when sin 26 is greatest, t.e. when @ is i ‘ 
« 
9 e 
Hence a small mistake in the angle makes a relatively large mistake 
in the calculated result when the angle subtended is very small or when 


The ratio is large when @ is near zero and when it is near 


“Le : T 
it is very nearly 3° 
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When @ is small, both the calculated height and the absolute error, 
viz. atan@ and asec?@.6, are small, but the latter is great compared 
with the former. | 

When @ is nearly 90°, both these quantities are great, 


Ex. 2. The height of a tower is found as in Art. 192; if there be an 
error @ in excess in the angle a, find the corresponding correction to be 
made in the height. 


The real value of a is a—6; hence the real value of the height is 
found by substituting a—6 for a in the obtained answer, and therefore 


ag EE eatines sin a cos @ — cosa sin 0 
~~ gin (B-a+0) — sin (8 — a) cos 6 + cos (8 — a) sin 0 


_osina sin 8 1-—é@cota 


sin(8—a) '1+6cot(B-a) cart 280)) 
asin asin B 
ane oa [1 -@cota][1-O@cot(B-a)+...... | 
_asinasin B, _ _ 
Serra [1 — 6 {cot (8 -a)+cot a}] 
_asinasing , asin?B 
~ gin (8 —a) sin? (8 — a)” 
The error in the calculated height is therefore 6. aang , and is 


one of excess. 
Also the ratio of the error to the calculated height 


ae é sin 8 
~ sina sin (8-a)° 


Ex. 3. The angles of a triangle are calculated from the sides a=2, 
b=38, and c=4, but it is found that the side ¢ is overestimated by a small 
quantity 5; find the consequent errors in the angles. 


From the given values of the sides we easily have 


7 11 1 
cos A=¢; cos Baa, cos C= are 
ghaeen sin pate and sin C tw 18 . 


16 ’ 16 ’ 16 
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Corresponding to the value 4 — 4, let the values of the angles be A - 0, 
B-@,, and C- 65. 


2  A\2 _ 92 _ —l 
Then cos (4-0) =e tt= 32-2 _ 2 a4 5) | 


2(4-6).3 ~ 24 4 
i.e. cos Atsin A. A= 57 [21-88] 147 |= 35 21-9], 


[Arts. 279 and 280] 
7, %/15, 7 11 


1.€. gt 16 1= 9 7 96% 
11,/15 
so that i= NS ois eieeieebreigie ee sale eee ee 7 eben eancescocnee (1), 


— p\2 2 92 Ss —I 
Also cos (puje ee ee :) 


9(4-5).2 ~ 16 4 


: if eee 1 i) I 21 
4.0. 1g + 8in B . = 7 [11 - 89] [i+g |= [1-72], 


4.€. se és ~ 6, 

eet BE ee eer ee (2) 
: a 

so that | a= 5. 


The errors in the angles are therefore 


-11J15. 21/15 


82,/15 
180°’ ~ 180 


6, and 180 


5 radians, | 


so that the smallest angle has the least error. 

We note, as might have been assumed a priori, that the sum of the 
errors in the three angles is zero. This is necessarily so, since the sum 
of the angles of any triangle is always two right angles. 
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EXAMPLES. LXVI. 


1, The height of a hill is found by measuring the angles of elevation 
a and 8 of the top and bottom of a tower of height b on the top of the 
hill. Prove that the error in the height h caused by an error 6 in the 
measurement of the angle a is @.cos 8 sec acosec (a ~ 8) times the cal- 
culated height of the hill. 


9. Ata distance of 100 feet from the foot of a tower the elevation of 
its top is found to be 30°; find the greatest and least errors in its 
calculated height due to errors of 1’ and 6 inches in the elevation and 
distance respectively. 


3. In the example of Art. 196 find the errors in the calculated values 
of the flagstaff and tower due to an error 6 in the observed value of a. 

If a=1000 feet, a=30°, B=15°, and there be an error of 1’ in the 
value of a, calculate the numerical value of these errors. 


4, AB is a vertical pole, and CD a horizontal line which when 
produced passes through B the foot of the pole. The tangents of the 
angles of elevation at C and D of the top of the pole are found to be 
: and : respectively. Find the height of the pole having given that 
pe 35 feet. 

Prove that an error of 1’ in ‘tie determination of the elevation at D 
will cause an error of approximately 1 inch in the calculated height of 
the pole, 


5, The elevation of the summit of a tower is observed to be a at a 
station 4 and 8 at a station B, which is at a distance c from A in the direct 
horizontal line from the foot of the tower, and its height is thus found to 

esina sin esin a sin 8 

Ona Gh (a8) feet. 

If AB be measured not directly from the tower but horizontally and 
in a direction inclined at a small angle @ to the direct line shew that, to 
correct the height of the tower to the second order of small quantities, the 
ecosasin? 8 64 


ion ein (a8) 5 must be subtracted. 


quantity 


6. A, B, and C are three given points on a straight line; D is 
another point whose distance from B is found by observing that the 


ed 30 
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angles ADB and CDB are equal and of an observed magnitude 6; prove 
that the error in the calculated length of DB consequent on a small 
error 6 in the observed magnitude of 6, is 
___ 2ab (a+b)? sin 6. 5 
(a?-+ b? — 2ab cos 20)? 
approximately, where 4B=a and BC=b. 


7, In measuring the three sides of a triangle small errors « and y 
are made in two of them, a and 0; prove that the error in the angle C 


will be — : cot A — = cot B, and find the errors in the other angles. 


8, In a triangle ABC we have given that approximately a=36 feet, 
b= 50 feet, and C=tan™! find what error in the given value of a will 
cause an error in the calculated value of ¢ equal to that caused by an 
error of 5” in the measurement of C. 


9, A triangle is solved from ‘the parts C=15°, a=,/6, and b=2; 
prove that an error of 10” in the value of C would cause an error of about 
13°66” in the calculated value of B. 


10. Two sides b and ¢ and the included angle 4 of a given triangle 
are supposed to be known; if there be a small error @ in the value of the 
angle A, prove that | 

(1) the consequent error in the calculated value of B is. 


—@sin B cos Ccosec A radians, 


(2) the consequent error in the calculated value of a is c sin B.9@, 
and (3) the consequent error in the calculated area of the triangle is 
6 cot A times that area. 


11, There are errors in the sides a, b, and ¢ of a triangle equal to 
az, y, and z respectively; prove that the consequent error in the calculated 
value of the circum-radius is 


cot A cot B cot C[#sec A+y sec B+z2 sec C]. 


12. The area of a triangle is found by measuring the lengths of the 
sides and the limit of error possible, either in excess or defect, in 
measuring any length is n times that length, where 1 is small. Prove that 
in the case of the triangle whose sides are measured as 110, 81, and 
59 yards, the limit to the error in the deduced area of the triangle is 
about 3:1433n times that area. 
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13, The three sides of a triangle are measured and found to be 
nearly equal. If the measurements can be wrong one per cent. in excess 
or defect, prove that the greatest error that can arise in calculating one 
of the angles is 80’ nearly. 


14, It is observed that the elevation of the summit of a mountain at 
each corner of a plane horizontal equilateral triangle is a; prove that the 
height of the mountain is 

1 
B atana, 
where a is the side of the triangle. If there be a small error n” in the 
elevation at C, shew that the true height is 


ans atena| 1+ es, | 
/3 3 sina cosa_]” 


30—2 


CHAPTER XXXIT. 
MISCELLANEOUS PROPOSITIONS. 


Solution of a Cubic Equation. 
396. The standard form of a cubic equation is 
y> + 3ay? + 8by +¢=0. 
Put y=#—<a, and this equation becomes 
a’ — 3 (a? —b) x + (2a? — 8ab+c) =0, 


2.e. 1t becomes of the form 


Hence any cubic equation can be reduced to the form 
(1), which has no term containing 2’. 


397. To solve the equation a? —3px+q=0. 


Zz 
Put #= Zo and we have 


2B — Bpnrz + Qni=0 ...ccsesecoenes (2). 
Now, by Art. 107, we always have 
cos 30 = 4 cos? @ — 3 cos @, 


so that cos? 6 — : cos 6 — ; COS 80 = Oi craw eas (3). 
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Now (2) and (3) are the same equation if 


z= cos 0, 3p? = e and oP cos 30 = qn’. 


4? 4 
Hence N= (=). 
4p/ 
and therefore cos 30 = — 4¢ Ga) sas aesdaucendset (4). 


The equation (4) can always be solved (by means of 
the tables if necessary) if 


1 \8 
p be positive, and Ag (=) <1, 


1.€. if gq? < 4p’. 


[The student who is acquainted with the Theory of Equations will 
notice that is the case which cannot be solved by Cardan’s Method. It 
is the case when the roots of the original cubic are all real. ] 


If @ be the smallest angle satisfying equation (4), then 


the values @ + si and 6+ = 
also satisfy it, so that the roots of the equation 
xo —d3pe+q=0 
are Pied 6, Bohs (0+ =), and Sit (94 e): 
n n 3 n 3 


4.€. 2r/p cos 8, 2 pcos (0+), and 2 vp cos (8+ 5). 


398, Ex. Solve the equation 
v3 + 622+ 9¢+3=0.. 
Put x=y- 2, and the equation becomes 


y® — 3y +1=0. 
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Put y= , and the equation is 


BPS APE =O wciaie ted oau sateen eeunawiies (1). 
38 1 
Now cos? 6 — 708 6 - 708 DO =O cea saicatirnaweanySnestoes (2). 


Equations (1) and (2) are the same if 


Z=C08 0, (ji and Opa 50a": 


eG 4 
ear 1 
1.é. f ae: 
and cos 86 = — -= COCO eacaeoncoet ices (3). 


The roots of (3) are clearly 
40°, 40°+120°, and 40° + 240°, 
so that z=cos 40°, or cos 160°, or cos 280°. 
“. y=2cos 40°, or 2 cos 160°, or 2 cos 280°. 
. e=y—-%= -24+2cos 40°, or —2—2cos 20°, or —2+2 cos 80°. 


On referring to the tables we then have the values of x. 


EXAMPLES. LXVIL. 


Solve the equations 


1, 203-3*-1=0. 9, 2+322-1=0. 3, xv —242 —-32=0, 
4, 2-62?+62+8=0. 5, «2—-21¢4+7=0. 
6, x2? +4a?+20-—-1=0. 7, 28-—T*#+5=0. 


Maximum and Minimum Values. 


399. In Art. 133 we have given one example of the 
maximum value of a trigonometrical expression. | 

We add another example. 

If cand y be two positive angles whose sum is a constant 
angle a(+7), find when sina siny is a maamum, and 
extend the theorem to more. than two angles. 
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We have 2sina#siny =2 sin wsin (a—2z) 
= cos (a — 2x”) — cos a. 
Hence 2sina#siny is greatest when cos(a—2w) 1s 
greatest, 2.€. when a= 2a, and therefore 


OL 
@=¥=>5. 

The product is therefore greatest when the angles « 
and y are equal. 

Let there be three angles a, y, and z whose sum is 
equal to a constant angle 8. If, in the product 

sin # sin y sin Z, : 
any two of the angles # and y be unequal, we can, by the 
preceding part of the article, increase the product by 
substituting for both # and y half their sum without 
increasing or diminishing the sum of the angles. — 

Hence so long as the angles a, y, and z are unequal, 
we can increase the given product by thus making the 
angles approach to equality. 

The maximum value will therefore be obtained when 
the angles a, y, and z are equal. 

This argument can clearly be applied whatever be the 
number of the angles «, y, 2... 


400. We can now shew that the maamum triangle 
that can be inscribed in a given circle 1s equilateral. 

For, if R be the radius of the circle, we have (as in 
Ex. XXXVI. 10) the area of the triangle 

—9R*%sin A sin Bsin C, 
where A+B+C=27, a constant angle. By the preced- 
ing article it follows that the triangle is greatest when 
A=B=(. 
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EXAMPLES. LXVIII. 


1. If«+y be a given angle, less than 7, prove that 
(1) sinew-+sin y, (2) cos*a+cos?y, and (3) cosxcosy 
all have their greatest values when x=y. 
9 Find the minimum value of 
a* tan x + b* cot x, 
Find the minimum values of 


2cos@ = 4/8 


3. 3 + Fco86" 


4, a*sin? 6+ b? cosec? 6. 


5, If«+y=a, where a is $5 , find when tan # tan y is a maximum. 


2cosa 


| We have 1—tan x tan Ur Gas cosa =n) ; 


6, Prove that the maximum triangle having a given perimeter is 
equilateral, 


| The area of a triangle can be proved to equal s? tan é tan 5 tan © | 


7. Prove that the area of the pedal triangle of an acute-angled 
triangle is never greater than one quarter of the area of the latter. 


8, If ABC bea triangle, prove that the least value of 


8 
cos 24 +cos 2B+cos2Cis——. 


2 
Prove also that cos A4+-cos B+cosC is always >1 and ‘not greater 
3 
than 3° 


On the geometrical representation of complex 
quantities. 


401. In Chap. IV. we pointed out that if a distance 
in any direction (say, horizontally towards the right) be 
represented by a, then —a represents the same distance 


drawn in an opposite direction, 7.e. horizontally towards 
the left. 


COMPLEX QUANTITIES. AT3 


The effect of prefixing — to a is therefore (Fig. 
Art. 48) to rotate OA in the positive direction through 
two right angles. The operation —1 performed on a 
therefore means turning a through two right angles. 


402. Now V—1xV—1=-—1; hence whatever mean- 
ing we give to the operation V—1 it must be such that 
performing that operation twice shall be the same thing as 
performing the operation — 1. 

Let us therefore assign to the operation /—1 the 
turning any length through one right angle in the 
positive direction. Performing the operation V—1 on a 
twice will therefore, as it should do, turn a through two 
right angles. 

Hence, with this interpretation, /—1q@ means a line 
drawn at right angles to the line denoted by a. 


403. We can now shew what is denoted by 
a+v—1 Yy. 

Draw OX and OY two lines at right angles. Measure 
along OX a distance OM equal to wand y, 
then draw MP parallel to OY and equal 
to y, so that MP represents V—1 y. 
Then P is the poimt that represents the P 
quantity «+V—ly, or, again, we may o MX 
say that OP is the line representing this quantity. 


We have OP = VOM?+ MP? = Va? +7, 


, _, MP 
and Z MOP =tan Oar 


=tan7 2, 
x 
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Hence the length of OP represents the modulus and 
MOP the principal value of the Amplitude of #+1y. 
(Art. 265.) | 


404. Addition of two complex quantities. 

Let OP represent the complex quantity «+ 7y and 
OQ represent u +7, so that | 

ON=2, NP =y, OM =u, 

and MQ = v. 

Complete the parallelogram [ie Ed 
OPRQ, and draw RL perpendicu- OM NL x 
lar to OX and PS perpendicular to RL. 

Since PR is equal and parallel to OM, we have 


NL=PS= OM, and SR=MQ. 


as 
wet 
rr ae 


Hence OL=ON+ NL=a2+4u, 
and DR=L184+S8R=y +. 
Therefore OR represents the complex quantity 
e+tu+ti(y t+), 


so that the sum of two complex quantities is repre- 
sented by the diagonal of the parallelogram whose two 
adjacent sides represent the two given complex quantities. 


405. Let 
x +t =r (cos @+7sin @), 
as in Art. 265. 


Then 
(cosa+7sin a) (#+%y) =r (cosa+7sin a) (cos 0 +7 sin 0) 
| =r[cos (a+ 0)+7sin (a+ O)] oc (1). 
Now r [cos 0+ 7 sin 6] 


means, with our interpretation, a line of length r drawn at. 


an angle @ with OX. 


GEOMETRICAL REPRESENTATION. AT5 


Also r [cos (a + @) +7 sin (a + @)] 
means a line of the same length r drawn at an angle a+ @ 
with OX (Art. 403). | 

Hence, by (1), the effect of multiplying 2+ 1 by 
cosa+7sin a is to turn through an angle a the line that 
represents x + ty. | 


406. Geometrical meaning of De Movwvre’s Theorem. 

The quantity 
(cos a+? sin a)(cos 8 +7 sin 8)(cos y +7 sin y)(cos 6+ 7 sin 6), 
means the line represented by cosé6+7sin 6 turned first 
through an angle y, then through @, and finally through 
a, te. altogether turned through a+ 68+y¥. 

- But this total operation gives the same line as 
[cos(a+ B+ y)+7sin (a+ B+ +y¥)] [cos d6+7sin 6. 
Similarly for any number of factors. 

Hence De Moivre’s Theorem expresses algebraically 
the geometrical fact that to turn a line through a number 
of angles successively has the same effect as turning the 
line through an angle equal to the sum of the angles. 


Ex. The three cube roots of unity are easily found to be 


ft Qr .!. Or 

cos 0+%sin 0, cos 3 tésin 5 
and Gos et eine 
3 a? 


so that we have 


(cos 0 +7 sin 0) (cos 0+ sin 0) (cos 0+7 sin 0)=1, 


jes i abe ae co aT sin -™ =] 
3 3 3 3 eg. he ge) oe 


d es Poll i oe Am iain =] 
and GOs 3 +78 5 gard 5 cosy +isin = )=1. 
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The first of these equations states that turning a line three times in 
succession through a zero angle gives the original line. 
The second states that turning it three times in succession through 


an angle = , (i.e. altogether through 27) gives the original line. 
The third states that turning it three times in succession through an 
angle = (i.e, altogether through 47r) gives the original line. 


These statements are all clearly true. 


407. Multiplication of two complex quantities. 
If x+y =r (cosé +7 sin 8), 
and u+iv=p(cosd+zsin >), 
we have 
(w+ ww) (a#+ty) = rp [cos(0 + 6) +7 81n (6 + o)]. 


The effect of multiplying a complex quantity «+i7y 
by another w+ is therefore to turn the line repre- 
senting « + ty through an angle 


sal 
d i. e. tan "| : 


and to alter its length in the ratio 
Lip,tie1: Vw 4+ ov 


Hence the multiplying of one complex quantity by 
another is represented by “a turning and a stretching.” 


EXAMPLES. ATT 


MISCELLANEOUS EXAMPLES. LXIX. 


1, Prove that the equation tan x=kxz has an infinite number of roots. 
9. If A, B and C be the angles of a triangle, prove that 


1-—8cos A cos Beos C 
is always positive. 


8. Ifaand B be the imaginary cube roots of unity prove that 


w 
ac” + BPP ae 2 | sin si — GOs — : 


4. If x be less than a radian prove that s=an/ ao Core very 
5+C08 & 
5 
nearly, the error in the left-hand member being nearly 0 radians. 


5, If cos (0+%¢)=sec (a +78), where a, B, 0, and ¢ are all real, prove 
that 
tanh? ¢ cosh? 6=sin? a and tanh? 8 cosh? ¢=sin? @, 


6, If e=2cosacoshs and y=2sina sinh B, 
prove that 
: ates Ax 
sec (a +78) + sec (a — 78) = ag! ; 
and sec (a +78) — sec (a — 78) = on ‘ 


7, Prove that 
sin” ¢ cos né-+-nsin®—-! ¢ cos (n—- 1) 6 sin (0 - ¢) 
ree sin”? @ cos (n — 2) @ sin? (8@~ d)+...... + sin” (6 ~ d) 
=sin” 0 cos nd. 
8, Prove that the roots of the equation 


oe” sin nO — nx”! sin (nO + o) + a x"? sin (nd + 2¢) 
= adultes to (n+1) terms=0, 
. . vi vie 
are given by w=sin( 0+ o-k7) cosec (-n7), 


where 7 is an integer and & has any integral value from 0 to n—1. 
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9, Prove that the sum to infinity of the series 
Ts cele ede 
2 38 2.4 5 
is 6, if 6 be acute, and, generally, is nr+(-—1)"6, where n is so chosen 


that nar +(-1)" 6 lies between -= and +5 . 


10, If the are of a cirele of radius unity be divided into 7 equal ares, 
and right-angled isosceles triangles be described on the chords of these arcs 
as hypothenuses and have their vertices outwards, prove that when n is 
indefinitely increased the limit of the product of the distances of the 

a 
vertices from the centre is ¢2, where a is the angle subtended by the are 
at the centre. 

11, The sides of a regular polygon of » sides, which is inscribed in a 
circle, meet the tangent at any point P of the circle in A, B, C, D...... 
Prove that the product O4.0B.0C.OD......=a"tanné or a®tan? nd, 
according as 2 is odd or even, where a is the radius of the circle and @ is 
the angle which the line joining P to an angular point subtends at the 
circumference. 

12, Avregular polygon of n sides is inscribed in a circle and from any 
point in the circumference chords are drawn to the angular points; if 
these chords be denoted by c,, Cg, ... Cn, beginning with the chord drawn 
to the nearest angular point and taking the rest in order, prove that the 
quantity 

Cy Cg + Cog oF ln—1ln — Cn Cy 
is independent of the position of the point from which the chords are 
drawn, 


13, Aseries of radii divide the circumference of a circle into 2n equal 
parts; prove that the product of the perpendiculars let fall from any 


point of the circumference upon n successive radii is 
ee <3 
sl sin 74, 
where 7 is the radius of the circle and 6 is the angle between one of the 


extreme of these radii and the radius to the given point, 


14, If a regular polygon of » sides be inscribed in a circle, and l be 
the length of the chord joining any fixed point on the circle to one of the 
angular points of the polygon, prove that 

om 


2m — gz __'—— 
21" = na a {my2" 
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15. ABCD... isa regular polygon of » sides which is inscribed in a 
circle, whose radius is a and whose centre is O; prove that the product of 
_ the distances of its angular points from a straight line at right angles to 
OA and at a distance b(>a) from the centre is | 


1 a 1 a\7]2 
n Nh Dann-ls \ oO eine ( =~ annals \ 
b | 0s G sin | ) Re G sin | ° 


16. Prove that there is one, and only one, solution of the equation 


@=cos 6 and that it is less than 7: 
17, Prove that the general value of @ which satisfies the equation 
(cos 0 +7 sin 8) (cos 26 +7 sin 26) ...... to n factors=1 
ig sete vihGreai aauyanteder 
n(n+1)’ peice 
18, Prove that 
2\2 o\2 . 
e™ +e = 241427} }+(5) } +(5) | sali ad inf. 
19. Prove that 
xe 2 x9 ., 1 -~ / 3a 
ar nae ae mas ah 2 Me Ne 
aT ad et ot ..ad inf, 3 E + 2e cos ( 5 \] 
20, Prove that 
ae an co Oz i. cL 
COB Fe + COs Tet Si7 bts 17 7? 
d oe a s ere ogee ae 
an BOC ay tee eter e 17 17 =O, 


91. From the sum of the series 


sin 26 ~5 sin 4045 8in 66—-—... ad inf,, 


or otherwise, shew that 


99. Prove that 


1 snhe 1 "5 1 ss 1 | 
92 cosha—cosa a?+x2? ,, [(Qnr—a)?+22  (Qnr+a)?+2? 
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93, Prove that the general value of sinh! is 
ike +(-1)'log[a#+./1+ 2°], 
where k is any integer, 
BA, TE pas Por eevee py be the distances of the vertices of a regular 
polygon of n sides from any point P in its plane, prove that 


1 1 1 n p2n _ gran 
~~ 72 2 72% — Darr” cog nO + az’ 


where a is the radius of the circumcircle of the polygon, 7 is the distance 
of P from its centre O, and @ is the angle that OP makes with the radius 
to any angular point of the polygon. 
25, If0+¢+YW=2r7, prove that 
cos? 6 + cos? 6+ cos? y — 2 cos 6 cos dcos y=1. 


Hence deduce the relation between the six straight lines joining 
4 points which are in one plane. 


OPO N 
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2 , 301 , 48869 
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37 1103 
—, ._—T™ ; "7262687. 
10 15 5000 7 16. 1°:7262687 
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1 @« Ir id . 
33? and 3793 radians. 
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IV. (Pages 17, 18.) 


| Take 3=3'14159... and £= "81831. | 
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68°75 inches nearly. 4, :05236 inch nearly. | 
24°555 inches nearly. 6. 1° 25'57” nearly. 
3959°8 miles nearly. 8. mit. = 3:14159 ft. 
Dd: 4, 10. 3:1416. 
An On 14a 192 247, 

d —— radians. 


35’ 35’ 385’ 35? °° 35 


65° 24’ 30°6". 13. 2062-65 ft. nearly. 
15359 ft. nearly. 15. 262°6 ft. nearly. 
32142:9 ft. nearly. 17. 17188-7 ft. nearly. 


18. 
19. 


19. 


22. 


ANSWERS, lil 


1105-8 miles. 
21600; 3437-75 nearly. 


19:099’, 21. 
238,833 miles. 22. 
478 x 10" miles, 


VI. (Page 31.) 


12, 8 7 11, 60 61 3 3. 4 

5? 13 " 60’ 61’ 60° " 5? 3! 

40 4] , 3.4 1 5 | 3 

9° 0° 10. B35 > 5 3 11. rian 

15 17 1 3 | 3 

17°? re 13. gN9; BND. 14 1 or 5: 

a. 5 5 12 ] 

ices ey 16. ine 17 [3° 18 Bo 

1 ] 

5° 20. NES 21. 1+,/2. 

2e(e@+1) 2+] 

Qa? + Qe+1? Qar®+Qa+1° 

VIII. (Pages 44—46.) 

34°64... ft.; 20 ft. 2. 160 ft. 3. 225 ft. 
_ 186-6 ft. 5. 146°4... ft. 

367°8 yards; 453°9 yards. 7. 86°6... ft. 

115-359... ft. 9. 87°846... ft. 

43°3... ft.; 75 ft. from one of the pillars. 

94641... ft.; 54°64]... ft. 12. 1°:366... miles. 

30°. 15. 13°8564 miles per hour. 

25°98... ft; 70°98... ft.; 85°98... ft. 

32,/5 = 71-55... £t. 19. 10 miles per hour. 

86°6... yards. 21. 692°8... yards, 

IX. (Page 63.) 
2500 2250 F 1539 paling 
6289" 6289" “" 6289" 


31—2 


iv 


Il. 


TRIGONOMETRY. 


| 9 
68° 45’ 17-8”. fe ee 
e+ ye ey 
1 : : 
iant A 8? Ais 9, 6= 60°. 


In 14 minutes. 


X. (Pages 74, 75.) 


— '366...; 2°3094.... 5. ~—1:366...; —2:3094. 
0; 2. 7. 1:4142...; ~—2. 
1°366...; —2°3094.... 9. 45° and 135°, 
120° and 240°. ll. 185° and 315°. 
150° and 330°. 13. 150° and 210°. 
210° and 330°, 15. —cos 25°. 

sin 6°. 17. —tan 43°, 18. sin 12°. 
sin 17°. 20. — cot 24°, 21. cos 33°. 
—cos 28°. |§ 28. cot 25°. 24, cos 30°. 
cot 26°. 26. —cosec 23°. 27. cosec 36°. 
negative. 29. negative. 30. positive. 
Zero. 82. positive. 33. positive. 
positive. 35. negative. 

caer, aN2, =: was 


/3 Ro AO J/3° 
XI. (Pages 83, 84.) 


mm + (—1)Pe. 2. nm —(— 1)", 

mm +(—1)"s. 4, Qing se 

Ina F. | 6. Sree ¢. mom + 
nm 9 nm +o. 10 Qn 
ne +(—1)* 5 12. nam 13 me 


ANSWERS. Vv 


14, nm 15, 1 se 16. nee. 
. T = T 
17. a ‘ 18. (27 + l)a+7. 19.. nr —e. 


°Q Ol. ™ a oe m ; 
20, 105° and 45°; (n+ 5) tee + ( 1)" , and 


(F-n) ge (Tp, 
where m and n are any integers. 
21, 187}° and 1424°; 
(n+ J) +575 and (n-F)e-54 og 
2 8 12 8 
22. (1) 60° and 120°; (2) 120° and 240°; (3) 30° 
and 210°. 
23. (1)2; (2)15 (8)1; (4)1; (5) 1. 


XITI.. (Pages 85, 86.) 


1. nm + (— 1)". 2. Qn 
3. nm +(—1)"5. 4, cos = Ot 


5. sing-a =} =sin 18° or sin (—54°) (Art. 120). 


6. 6 = Ines. 7. O=nm +7 or Ce 
Qa Sar 1 1 
8. 0 = r+ or mm +. 9. tan O=— or —F- 
10. O= nme. ll. @=2n7 or Qnm +7. 
Os Mee nx  (2n+1)7 
12, er 1) 90° 13. 4 or ak 0 Gea 
14, 2n7 or (@n+ 1) 15. au or arm ; 
5 m—-n m+n 


v1 


31. 


33, 


30. 


TRIGONOMETRY. 


l\ r Qur 
(2n+5)3 or Zn — 5 17 2n7 or “9° 
1 T 1 wT 

(2n+5) = or (2n-5) 

l\ r 90 5) a. 
(m+5)5 " (m5 n+1 
VT near? l\ x 
re / 14 16’ 22. (m+ 55. 

l\r a . l\ xr 

a 1 T 
aa 28. mee 97, (r+5) 
4 
sin 20= oa] 

, Nv T vin 

n T ea 

i ee a: 

(6m —4n) w= ci ae eee 5 
5 | (om m—4n) wr a ; glk M) 7 Te | 0 
45° and 60° 82 2 2. 

an : - 3 Og: 

1. 1 
| XIII. (Pages 91, 92.). 
133. 84 1596 3444 
~ 9057 205° * 3445? 3445" 
220 171. 220 
221? 9912 “OT 
XIV. (Pages 96, 97.) 

2 sin (0 + nd) in, 31. 2sin (0+ nd) cos © 


25. 
29. 


ANSWERS, Vii 


XV. (Pages 98, 99.) 


cos 26 — cos 120. 2. sin 126 -sin 26. 
cos 146 + cos 86. 4, cos 12°—cos 120°. 


XVI. (Page 102.) 


9 
35 ay. 3. 1, 
XVII. (Pages 109, 110.) 
24 120 2016 
(1) = OFS (2) + 169° (3) 7o95° 
161 7 119 | 
(1) og (2) ~ 95? (3) 169° 3. a 
XVIII. (Pages 123—125.) 
eon NE a NB +42 
18 
eae 2 VF pa N13, 169 
12’ 3° 120 
16 49 
B05) 308° 4. 58 5. sa caer 
oo 
40 
J4- /2- J6 | J4+ f+ 6, (J2-1; 
2/2? 2/2 : 
—(J/24+1)4f/44+2/2. 
: : 
pos 93. —and+.. 24 — and -. 
a+ 6 7 
-— and —-, 


(1) Qn T and 2n7+ se (2) 2nm + a and nm + p 


T 
(3) Zum — 7 and Qn 


(4) Qn 7 


Vill TRIGONOMETRY. 
30. (1) 2am 5 and 2nmr-+—; 
(2) One 4+ = and ees 
(3) 2nr+ 7 and 2na + ee 


XIX. (Pages 129, 130.) 


12. The sine of the angle is equal to 2 sin 18°. 
T 
13. 2n 5 i To’ 
XXI. (Pages 142, 143.) 


ni oe 7 l\ + l\ a7 
or 2nr. 


)) 
ne5)5 or nr +(— ie 
eal 


5, +3)" or (1-2). 

6. “s or se 7, (naz) = or nae 
1 2n | 

8, ns or (n+5) Tr. 9, nr; (3 +5) Tr. 


| 3 
10. nm + (—1)"e 5 nm +(—1)"F53 mm —(—1)" 50. 


1 T Amr 
12. MT 5 ee | | mx —(- 1" s . 13. | 2mrr ; nal 
Wy 2 (ar ‘ 5) ‘i, ee [2 ue 
m+n m—nN 2 M=~N 2. 


17. 


18. 


20. 


22. 
23, 


24, 


26. 


28, 


30. 


32. 


34, 


37. 


38. 


oy ee: 


6. 


ANSWERS. ix 


l T 
Sh ey Ope 
2nm 33 = V0 5) 


ma +(—I)o— =. 19. nm+(—1yh 5-5. 
T ne es 
nm +e + (—1) ZT al. 2na +7 + A. 


— 21°48! + ne + (—1)" [68°12'], 
Qnar + 78°58" 5 Ine + 27°18, [N.B. cos 25° 50’ =9.] 


na+45°; nmr + 26°34", 25. nr; Qn 
Qn ; Qn +5. 27. Ine +5 5 Qn +5. 
dam +e; Qn — 5" 29. 27. 
sin 6 = aJ17—1 31. cosd= = /l7— 3 
8 4, | 

ee Drm = = 33. Onur te 3) Qs 

l\ 3 T 7 
(n+3)5- 35, ne + 7 36. me +4. 
d= or ram also O=nre5, where cos a= 5. 

T 7 
(n+5)¥- 39. IT ee 


XXIII. (Pages 157, 158.) 


1:90309; 3:4771213; 2:0334239; 1°4650389. 


1553361; 2:1241781; -5388340; 13-0759623. 

Fe FO Ae Oe Oe 8B. 4, +312936. 
1°32057; 588453; 461791. 

(1)21; (2)13; (3) 30; (4) the 7th; (5) the 21st 


(6) the 32nd. 


oO ON 


el at ae 


2 


TRIGONOMETRY. 


4 log 3 log 24+ 2log3 
log 7+4log3—log2’ 4log7 —3 log 3 —2 log 2’ 
7 log 3+ 4 log 2 
3 log 3 + log 2— 2 log 7" 
22991, 9, 86414, 10. 9:6192. 
1:6389. 12. 4:7161. 13, °41432. 


XXIV. (Pages 167—169.) 


45527375; 15527394. [N.B, log 35706 = 4°5527412.] 
4:7689529 ; 3°7689502. 

478-475 ; :004784777. 4, 2583674; -0258362. 
(1) 4:7204815; (2) 27220462; (3) 2-7240079; 
(4) 5273-63; (5) 05296726; (6) 5-26064. 


‘6870417. 7. 43°28'45", 
8455104; :8454509, 9, 32°16'35"; 32°16'21". 
4*1203060 ; 4:1218748. 

. 4°3993263 ; 4°3976823. 12.. 13°84?" 
9:9147334. 14. 34°44'27", 
95254497 5 71°27'43"" 16. 10:0229414. 
18°27°17". 18. 36°52'12". 


XXV. (Pages 171, 172.) 


13°27'31”, 9, 29°1/28". 

1-0997340 ; 65°24'12-5”. 

9-6198509 ; 22°36'28", 

10° 1534", 6. 44°55'55". | 

(1) 9-7279043; (2) 9-9270857; (3) 101958917; 
(4) 10-0757907 ; (5) 10-2001337 ; 

(6) 100725027 ; (7) 9-7245162. 

(1) 57°30'24"; (2) 57°31'58"; (3) 32°29'15”; 
(4) 57°6'39”. 

53736037. 


10. 


17. 


i i ee 


ANSWERS. x1 


(1) cos(a—y)secusecy; (2) cos(w%+y)secausecy; 
(3) cos (# —y) cosec x sec y ; 

(4) cos (# + y) cosec x sec y ; 

(5) tan?a; (6) tan « ¢ tan y. 


XXVI. (Pages 179, 180.) 


1 il 9 
5? 9? and 7 

4 3 sa 8 40 24 a —-496 
J4l’ 5? B Jl’ 41? 257" 1025" 
- el 
5 12 4 56 . 12 
‘2’ a5 and GO. 5. 65 and [3° 
7 I87 fe) 0 LY ] 
ral and 816° | 7. 60°, 45°, and 75°, 

XXVII. (Pages 185—187.) 
2 313 

4, pee pot 

164 ft, 19. 5. 22. sae. 


XXVIII. (Page 190.) 


18660... and 193°18. 

26°33'54"; 63°26'6" ; 10,/5 ft. 

48° 35'25”, 36°52'12” and 94°32'23”, 
75° and 15°. 


XXIX. (Page 193.) 


90°. 2. 30°. 4, 120°. 

45°, 120° and 15°. 6. 45°, 60°, and 75°. 
58° 59! 33" 8. 77°19'11". 9. 76°39'9", 
104° 28’39”, 

56°15'4", 59°51/11”" and 63°53'45”. 

38°56'33”", 47°41'7" and 93°22'20”. 

130° 42' 20:5’, 23°27'8°5”, and 25°50'31", 


x] TRIGONOMETRY. 
XXX. (Pages 197—200.) 
1, 63°13'2"; 43°58'28”, 2.. 117°38'45"; 27° 38'45”, 
3. 8/7; 79°6'24" ; 40°53'36", 
4, 87°27'25°5" ; 32°32'34:°5", 
5. 40°53'26"; 19°6'24"; ./7:2. 
6. 71°44'30"; 48°15°30". 7. 78°17'41”"; 48°36'19", 
8, 108°12’25:5"; 49°27'34:5". | 
9, A=45°; B=75°; c=,/6. 10. ./6; 15°; 105°. 
ll. +8965, 14, 40 yds.; 120°; 30°. 
15. 7:589467 ; 108°26'6"; 18°26’6”; 53°7'48”. 
16. 226°87; 73°34'50"; 39°45'10". 17. 2:529823. 
18. A = 83°7'39"; B=42°16'21"; c=199-099. 
19. B=110°48'15"; C=26°56'15"; a=93°5192, 
20. 73°1’51” and 48°41'9". 
91. 88°30'1” and 33°30'59”". 
XXXII, (Pages 205—207.) 
1. There is no triangle. 
2. B,= 30°, C,=105°, and 6,=,/2; B,=60°, C,=75., 
and 6,= ,/6. 
8. B,= 30°, C,=120°, and 6,=100; B,=90°, C,= 60°, 
and 6, = 200. 
5. 4,/8+£2,/5. 
6. 100,/3; the triangle is right-angled. 
8. 33°29’30” and 101°380’30". 9. 17-1 or 3°68. 
10. (1) The triangle is right-angled and B - 60°. 
(2) Bb, =84)' and C,=141°19'; B,=111°19' and 38°41’. 
ll. 65°54’ and 42°1'12”. 
12. 5988... and 2°6718... miles per hour. 
13. 63°2'12” or 116°57'48”, 
14. 62°31'23” and 102°17'37”, or 117°28'37” and 47°20’ 23”. 


59266'1. 


1. 
0. 
8. 


10. 


eae aS 


4, 
o. 


ANSWERS. Xill 


XXXII. (Page 208.) 


7:9:11. 4, 79-063. 

1 mile; 1-219714... miles. 7, 20-97615... ft. 
685673... and 54378468... miles. 9, 404:4352 ft. 
233°2883 yards. 11. 2229-02 yards. 


XXXII. (Pages 213—216.) 
100 ft. high and 50 ft. broad; 25 feet. 


25°783414 yds. 8. 33:07... ft.; 174 ft. 
18:3... ft. 5. 120 ft. 6. Atanacot B. 
1939-2... ft. 8. 100 ft. 9. 61:224... ft. 
100,/2 ft. 


PQ = BP = BQ=1000 ft.; AP = 500 (./6 — ,/2) ft ; 
AQ = 1000 ,/2 ft. 

-32119 miles. 

‘1736482 miles ; -9848078 miles. 


119:2862 ft. 19. 132-266 ft. 
141-682 yds. 21. 1:42771 miles. 
125-3167 ft. 

XXXIV. (Pages 220—225.) 
20 ft; 40 ft. 


i cosec y, where y is the sun’s altitude; sin y = a4 


3°732... miles; 12°342... miles per hour at an angle, 


whose tangent is ,/3+1, 8. of E. 


6. 
7. 


10-2426... miles per hour. 
16-3923... miles; 17°394... miles. 
2°39 miles ; 1°366 miles. 


ae ee, 
It makes an angle whose tangent is =; == hour. 


3° 52 
c sin B cosec (a + 8); ¢sin asin £ cosec (a + B). 
a 20a 
9 yds.; 2 yds. WW. 33 a: 


X1V 


35. 
39. 


14. 


TRIGONOMETRY. 


75,/3 ft. | 22. c(1—sin a) seca. 

114-122 ft. 25. 1069°745645 ft. 
.. The angle whose tangent is .. 30. 45°. 

18°24’6", 35, tanasec PB: 1. 

91°896 ft. 89. 1960°95 yds. 


2°45832 miles. 41. 333:°4932 ft. 
XXXV. (Pages 227, 228.) 


84. 2. 216. 3. 630. 4. 3720. 
270. 6. 117096. 7. 1470. | 
ALSO sss 12. 35 yds. and 26 yds. nearly. 
14-941... inch, #14. 5, 7, and 8 ft. 15. 120°. 


45° and 105°; 135° and 15°. 
17-1064... sq. ins. 


XXXVI. (Pages 235, 236.) 
81, 14, 8, 2, and 24 respectively. 
XXXVII. (Pages 244—248.) 
9°1547... or ‘(1547 times the radius of each circle. 


a nm On Mase 
y= 2+(-1)%.2 (4 =) ees 


XXXVIII. (Pages 253, 254.) 
(1) 3,/105 ft. ; (2) 10,/7 ft. 3. Ile and 22 ft. 
XXXIX. (Pages 257—259.) 


77°98 ins. 2. 3°215. 

(1) 1°720... sq. ft. ; (2) 2°598... sq, ft. ; 
(3) 48284... sq. ft.; (4) 7694... sq. ft. ; 
(5) 11:196... sq. ft. 


1°8866... sq. ft. 5. 3°3136... sq. ft. 
Fs JOSE S RIO IOs. 12. :3. 
6. 15. 9 or 16. 16. 20 and 10. 


ANSWERS. XV 


17. and 5, 12 and 8, 18 and 10, 22 and 11, 27 and 12, 
42 and 14, 54 and 15, 72 and 16, 102 and 17, 162 and 18, 


342 and 19 sides respectively. 19, = 3 ; /6. 
XL. (Pages 264, 265.) 
1. 00204. 2. °00007. 3. °00029. 
4, :99999. 5. 25783-100... 6. 1:0000011. 
7. 34°23”, 8, 28°41'7", 9, 39'34”. 


10, 2°96'15". IL. 114-59... inches. 
XLI. (Pages 267, 268.) 


1. 435-77 sq. ft. 2. 4:9087... sq. ft. 
8. 127°19°26", 4. 6 sq. ft. 
5. 11-0004 inches. 6. -00044625 inch.. 
2 
7. 3 Tr. 
XLII. (Pages 269, 270.) 
1. “F102 2. 17:14 miles. 
3. ‘61 miles; 1°48’ nearly. 
5. About 61800 metres=about 382 miles. 
6. 3960 miles, 


XLIV. (Pages 285—287.) 


1. agi 2n6 cosec 0. 


2 
3n—1 . dn 3 
2. cos m Asin 7 4 cosec 7 A. 
5 a 2 cosec Eun 
~ @ ae oO a+10 
; 1 B . ne 
6. sin[a+(n—3) 6 |sinnBsec5. 8 —sin 5 


9. sin 2na (cos 2nx + sin 2nx) (cos «+ sin x) cosec 2x. 


10. : [(2 + 1) sin 2a— sin (2n + 2) a] cosec a. 


XVi 


11. 
12. 
13. 
14. 
15. 
16. 

17. 
18. 


19. 


20. 


10. 
11. 
12. 
13. 


ee ae ee 


TRIGONOMETRY. 


1. . 
5 sin (1+ 2) a. sin na cosec a. 


n 1 
5 008 2a — 5 008 (1+ 3) asin na cosec a. 


cos (2na — a) cos (n +1) ee cos (2na +a) cos nB + cos a (1—cos B) 
2 (cos B — cos 2a) 


i [(2n + 1) sin a — sin (27 + 1) a] cosec oa. 


; cos [20 + (n — 1) a] sin na, cosec a. 


a= 
3 sin Eales sin Geto i ben a. i eee 
7 ae aaa) a” 4 5} g Sg 


; [32 — 4 cos (n+1) a sinna coseca-+ cos (2n-+2) a sin 2na cosec 2a}. 


; [8n-+ 4 cos (n+1) a sinna coseca-+ cos (2n + 2) a sin 2na cosec 2a]. 


1 in @ E ead re a+ 3 6 + cos ae 4 aetae @ 
4 2 2 2 Wy, 2 
ii gee dag re 39 
4 yy) 2 9° 


en : sin (2a + 2nB) sin 2nB sec f. 


XLV. (Pages 291, 292.) 
e+F=27+ a7. 


2 2 
e+ EY 0s (a 8) =sin? (a — 8). 
a (2c? ae bde. 4, asina+bcosa=,/2b (a+b). 
= LY a y" 
Yo =], 6. goers: 


@ +1)?+ 29 (p* +1) (p+q)=4(p+a)y. 

a’ (a — 6) (a—c) =0? (6—c) (b—d). 

8bce = a {407 + (0? —c”)}. 

yf (a+b+0)(—at+b+c)=a(e—a?—b") /(a—b+c)(at+b—c). 
6? [a (6? a®) + a (a? + 0°) P = 404 [67 a? + ay’? |. 


L, 


ANSWERS. XV 


XLVI. (Pages 303—305.) 
8. log, 2, 9. log, 3 — log, 2. 


XLVII. (Pages 316—318.) 
T bee IE 
2 (cos ae cas i) ; 
3a ek 37 
/2 | cos (- =) +4@sin (- 7) . 
Dr, . Or _ 3. 4 

2 [cos F +i sin y | | 4. 5[E+i.5 |. 

aE J2+1 ; 1 ] 
VE+2/2 Reece ee JEe2 24. 


(x/6— 2) [ cos 35 +4 sin 7 |. 
cos (100+ 120) —zsin (106 + 12a). 
cos (a +B—y—8)+iésin (a+ B-y—6S). 
cos 1076 —7 sin 1078. 10. —1. 
sin (4a + 58) —4 cos (4a + 58). 
d—¢ T+O+a 

ry 2. : 


Q%+1 gin” GOS 7 


cos = + ae cos oF , SI io 
eae} : =o Si 
i 5? Bs 5 


XLVIII. (Pages 321, 322.) 


—~14+4,/3 i aes J34+7. TN8 EO 


le. 5 , 2 EU es 5 


Vr yr 
+ (008 7g te sin aa) where r= 3, 7, or 11. 


+2, and + (cos F jot? sin 13)? where r=1 or 3. 


+2 (cos FF aq 7 sin sa)? where 7 = 1, 9, or 17. 
7. 32 


XVI TRIGONOMETRY. 
6. ~/2048 cos +ésin =|) where » = 11, 15, or 19. 
7. +4/2 [cos 75 ~ sin 15 [> Where y=lor 7. 


8. ¥/2 [cos Ty + ésin war where r = 1, 13, or 25. 


9. /4 con TE +7sin i where r=—1, 5, 11, 17, or 28. 
10. +2 and + 22. 
il, 2, and 2 [00 5 — +%4sin + |; where r= 2 or 4. 


12. —1024. 13. 4 St N Ean i/8-1 ta. 


; owt .. TF _ oT 
16. +1444 (cos § + isin§), and + (co sisin?) 
The last four values. | 


17. 22/2 cos =; 5 where r=1, 7, or 13. 


XLIX. (Pages 327, 328.) 
5 tan 0 — 10 tan® 6 + tan® 0 


6. 1—10tan?64+5tan*é@ — | 
7 7 tan 6 — 35 tan? @ + 21 tan? 6 — tan’ 6 
: 1 — 21 tan? 6+ 35 tan*@—7 tan®@ — 
3 9 tan 6 — 84 tan® 6 + 126 tan® 6 — 36 tan’ 6 + tan? 6 
"  1=36 tan? 6 + 126 tan*é@—84 tan?d+9tan?O * 
L. (Pages 337—339.) 
ere 1 ee . a 4 
6. 3°48'51". 7. B" 8; mE 9. 3 10. 5° 
ae : aw i | Bas a +ab + 6 
11. 3.) 12. pe 13. 0. 14. a ae 
i 1 25 
15. oo). . er sn GSE 
9 16, -2 17 é 18 iA° 


19. 


22. 


17, 


ANSWERS. XIX 


ee ee l 
ei, 20, 2 a a1. a. 
) ae 
en) 23. 24, 24. 0 

3 mn 

log 5. 26. 1. 27. 28. 9 
_2 

1 30. 0. 31, 1 39. 6? 

— 8 J 
o.@) ov. 6 57 6 . 
LIII, (Pages 361, 362.) 
a? — Dba + 3300? — 46202 + 1652 —11 =0. 


1 e 
3m cos 26, (n odd) ; = [(— 1)? cos n@], (m even), 
1 


n=l 
(— 1) : 9n-1 


sinn6, (nodd); (—1)? a 1—cosn@), (neven), 
n* cosec’ 06, (n odd) ; sn cosec” se , (neven). 


n?sec?nd — n, (n odd); n? + [1 — (— 1)? cos-n6| — 2, (n even). 


— n cot (F + 6) , 20. cot né. 


(— 1)? tan 6, (n odd); (—1)?, (n even). 
n* cot? (F + nd) +n(n—1). 


1 n° 
0 or = —__——_———_ , according as v is odd or even. 


n 


9 2 
(— 1)? cos n6- 1 


LV. (Pages, 375—377.) 


cosa cosh B— isin a sinh f. 


sin 2a —7 sinh 28 
cosh 28 — cos 2a ° 
32—2 


XX TRIGONOMETRY. 


sin a cosh 8B —7 cosa sinh B 

“= Fegs OB cea 

cos a cosh 8+ 7 sin a sinh 8 
cos 2a + cosh 28 

21, sinhacos 8 +72 cosh asin Bf. 

sinh 2a +2 sin 28 | 


of cosh 2a + cos 28 © 
99 cosh a cos 8B —7¢sinhasin B 
" “~~ cosh 2a + cos 28 
LVI. (Page 381.) 
1 o+ _ ces log —- according as cos @ is positive or 
negative. | 


2, sin-}(,/sin 6) + ¢ log [,/1 + sin 6 — ,/sin 6]. 


LVII. (Page 388.) 


165. : log (u? + v*) +2 tan™ ~ , where 
= ; log cael ain and v = tan! (cot # tanh y). 
LIX. (Pages 402, 403.) 
1, 3. 2. 2. 3. 5. 4. —1. 5. —3. 
LX. (Pages 407, 408.) 
1 4 sin a | 
" 5-4 cosa 


2. Q, provided a does not equal a multiple of 7. 
sin? a sin a (COs a — sin a) 
3. Go 2 a ee ° 4. Te SS Gye ew . 

1 — sin 20+ sin’ a —  l-sin 2a+sin’« 
sina —¢ sin (a— B)- —oe"sin(a+nB)+ce"*1sin {a+ (n— YB, 
1—2ccos B+ 
sin a —¢ sin (a — 8) 
1 — 2¢ cos B +0? 


15. 


16. 


ata 


ANSWERS, 


1 —e cosh a — ce” cosh na + c”*! cosh (n= l)a a 
l- -2¢ cosh a +o” 
csinha 
1 — 2¢ cosh a +c?’ 
cosa+(—1 n= 1§(n'+1) cos (n— ei CESS 9 
2 (1 + cosa) 


sin a+(2n +3) sin na—(2n + 1) sin ue +l)a 


2 (1 — cos a) 
0, if n=4m or 4m—1, and 1, if n=4m— 2 or 4m=3 
0, if n=4m or 4m—3, and —1, if n= 4m—1 or 4m— 


(2 COS 5) . sin (0 ‘i “B) : 


(2 sin a)” “4 sin (f+ 3) except when a= nr. 


4. 2 


0, if m be odd ;. (- 1)3 sin” a, if m be even. 

: “ ay Vir 

(2 sin 5) . sin (5-3), if.n be <1. 

(cos 6 (1 + cos 6), if 0 be between -3 and + 5" 


(2 soa 5) Bae 


2 


LXI. (Pages 411—413.) 


ecosp ccosp — 


e sin (a +c sin f). - Qe 


e~ 0084 C8F cos (cosa sin f). 
sin a cos (cos £) cosh (sin f): 

— cos a sin (cos #) sinh (sin B). 
sin (cos #8) cosh (sin B) cos (a — 8) 


; — cos (cos 8) sinh ia B) sin (a = 8). 
g (e+e), 7. 5 (6 ome), 


e¥08(5N4) cos fy sin (sin a)}, har yee 


XX1 


2, 


cos (a + ¢sin f), 


XXil TRIGONOMETRY. 


9. 7 SS) | cos {y sin (cos a)}, where-y =e", 


10. xe ©8? {cos (6 + sin 6) + 4 cos (sin 6)! 


Se , 7 0088 {cos (6 — sin 6) aid cos (sin 6)}. 


11. tan Seeaiy , except when ¢ = 1 and a= (2 + 1) a. 
l+ecosa* oa 
12. | * ban eons , except when c=1 anda =nz. 
1 1 + 2c cosa+c? 
18 718 Tae cosa to 
1, _, 2c cosa su, «of t+ 2esina +c 
a ae 1. 798 | oesina te 
16. +55 ~7 , or 0 according as cosa is positive, negative, 
or zero, 
1 ee ‘re _, 2¢sin B 
17. 5 008 (a — B) tan a 5 Sin(a—f) tanh i 
18. log (sin “ <P cosec 2) except when a+ £ is a mul- 
tiple of 27. | 
19. log [(1 +) +,./1 + 2m cos 2a + m*]. 
20. a 2, ~5 tan? (cos 8 cosech a). 
22, = [2/8 log, (2 + 4/3) — a} 


LXII. (Pages 415, 416.) 
cots cot 276. cosec 6 {cot 6 — cot (n + 1) 6}. 
cosec 6 {tan (n +1) 6—tan 6}. 
cosec d {tan (9+ np) —tan 6}. 


Sf oe 


50sec 6 {tan (n +1) 6 tan 6}. 


OI 


22. 


. tan-(n+1)—tan1, ae. tan 


ANSWERS. XXi11 
Sn = Es sa Cot b sgai~ 2eot 265 S., 5-2 dot 26. 


2 coth 26 — a ae a. 8. tan 2” 6—tan 6. 


tan O- tan Laas tan 6. 
sin 0 (cot 6 — cot 26). 


Pan 204(- 1D a fs sin 2”+1-6, 


9 9n+1 

; sin 20 — = sin 2" 6. 

z cosee 5 (se ont * 9— see 5) 
d > aan Teed 2) 


1 
Sn = sq ban %%q—Atana; Se =2a—-2 tan a. 


L {3 6 =) 0s 3” ot 
Z 72 60s + ( 3 - 


i ee ae 
i {3 sin 5, — sin 6} . 


: [3” tan gn 6 —tan 6). 


5 [cot 6 — 3" cot 3 6] 
tan“! {(n " 1) (n 4 2) — tan 2. 


+ 


+2 
S,,= tan! 2"—tan71; S, =F 


1 
S,, = sin? 1 —sin7! ————.; Sy =<. 
/ n+l ae 
LXIII. (Pages 421, 422.) 


1 — a.cos 6+ a? cos 26—- a’ cos 30+... ad inf, 
cos 6 + a cos (0 + h) +a" cos (0+ 2) +... ad inf. 


XX1V- TRIGONOMETRY. 
3. eee eet eee sin (9+ 26) +... ad inf. 
4. cos 0+ a cos (9+) + 75 ao (9+ 99) +5 po (6 + 34) 
+... ad inf. 
re Ci ~~ 
5. ré sind + —— sin 26+ ——sin 3+ .. ad inf,, 
2 2 
where pat fat 6? and stan 
9. ees sin eee ee nee 
2 3 4 
- ea cos 5a —.,. ad inf. 
ee ree 1 
10. x+y—rmr=—cosasin & — 5 COS’ a. sin 20 — 5 cos’ a sin 3a 
—... ad inf. 
12, (1) m= tan? 5 = ie m= — tan? a. 
: bs 1 
18, — log 2—sin 20 4 = cos 46 + =sin 66 —= cos 86 
2 3 4 
— sin 106+... ad inf. 
me ee De see 
14, 2| sind — 3 sin ee ae 56 —...ad inf | 
15. log € COS B) + (tan a + cot a) cos 6 
_ : (tan? a + cot? “) cos 26 + 3 = (tan? a+ cot® a) cos 36 —.., ad inf, 
LXIV. (Pages 434—436.) 
1, IL 2+ 2acos (87 + ns + i where r=0, 1, or 2 
2. T| a?— 2a cos (6r +1) 1) pt, where 7= 0, i 2, or 3. 


where 


ANSWERS. XXV 


11 a*— 20 cos (6r-+1) 5 +1], 
r=0, 1, 2, 3, or 4. 
n| *— 2r cos (3r+1)5 +1], 
r=0, 1, 2, 3, 4, or 5. 
II a? — Bar cos (6r + 2) 35 atl, 
r=0, I, 3, eae 


_ (@e—1) 01, 2 — 2a cos aT 1|, where r= 1 or 2. 


II| x? — 2x cos (2r + let 1], where r= 0, 1, or 2. 
(e-1) 1] 28 2a 608 =" + mE where r=1, 2, or 3. 
(+1) ID} 2? — 2a cos (27 + 1) 5 + 1]; 

7=0, 1, 2, or 3. 
(@—1) m1 *— 2a 008 = + 1|, where v= 1, 2, 3, or 4. 
(w+ 1) | a 22008 (2r-+1) 7 + 1]; 

p= 0,1, ...5. 
YT 

(@—1) 01] * — 22 COS + 1], where r=1, 2, ...6. 
|  _ 2a cos (27 + 1) 5 + 1|, where r=0, l, 2, ...9. 


LXVI. (Pages 465, 466.) 


+ '32746.. 
Sniak. 3 and asin? B 
cos* (a + 26) cos? (a + 28) 


10rJ/2 . 5(2—,/3) m 
a.) ai and a feet. 


XXV1 


Sl a oa a 


x —y cos C y~ % cos C 


TRIGONOMETRY, 
— 4. radians, 
csin B .¢ sin A 


Tv . 
TG inches. 


LXVITI. (Page 470.) 
—l, and rte 
—1+2cos 40°, —1+2 cos 160°, and —1 +2 cos 280°. 
—4, and 2+ 2,/3. 4, 4, and 1+ ,/3. 
2,/7 cos 6, where 0 =33° 37' 52”, 153° 37’ 52”, and 
273° 37’ 52", 
2/10 
3 


4 
Sesion lis 


5 cos 6, where 6 = 39° 5’ 51”, 159° 5’ 51”, and 


279° 5' 51" 


5 31 cos 6, where 6= 44° 50' 49”, 164° 50’ 49”, and 
284° 50’ 49”, 


LXVIII. (Page 472.) 
2ab. ie. sae 4, 2ab. 
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